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Historical Preface

This monograph covers the authors’ work over the past twenty five years
on generalizing the classical results of John Oxtoby and Stan Ulam on
the typical dynamical behavior of manifold homeomorphisms which pre-
serve a fixed measure. In the main text of the book we will take a logical
rather than historical perspective, designed to give the reader a concise
and unified treatment of results we obtained in a series of articles that
were written before the overall structure of the theory was clear. How-
ever, since the true significance of this field of study can be understood
only from a historical perspective, we devote this preface to a discus-
sion of the problem considered by Oxtoby and Ulam when they were
Junior Fellows at Harvard in the 1930s, and of their accomplishment in
its solution. We shall use their own words where possible.

The origins of Ergodic Theory lie in the study of physical systems
which evolve in time as solutions to certain differential equations. Such
systems can be initially described by parameters giving the states of the
system as points in Euclidean n-space. Taking conservation laws into
account, the phase space may be decomposed into lower dimensional
manifolds. Regularities in the differential equations obeyed by the sys-
tem are reflected in the differentiability or the continuity of the flow
that describes the evolution of the system over time. Furthermore, Li-
ouville’s Theorem ensures that for Hamiltonian systems this flow has an
invariant measure. Thus one is led in a natural way from the underlying
physics to the study of measure preserving manifold homeomorphisms
or diffeomorphisms. As the latter have received much attention we will
confine our attention here to the case of homeomorphisms.

An important historical assumption that was often made in the study
of such systems was the so called ‘ergodic hypothesis’ of statistical
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xii Historical Preface

mechanics, as described by Oxtoby and Ulam in their 1941 paper [88,
p. 874]:

In the classical theory the assumption was made that the average time spent
in any region of phase space is proportional to the volume of the region in
terms of the invariant measure, more generally, that time-averages may be re-
placed by space-averages. To justify this interchange, a number of hypotheses
were proposed, variously known as ergodic or quasi-ergodic hypotheses. . . . A
rigorous discussion of the precise conditions under which the interchange was
admissible was only made possible in 1931 by the ergodic theorem of Birkhoff.
This established the existence of the time-averages in question . . . and showed
that . . . the interchange is permissible if and only if the flow in phase space is
metrically transitive [the older term for ergodic]. A transformation or a flow
is metrically transitive [ergodic] if there do not exist two disjoint invariant
sets both having positive measure. Thus the effect of the ergodic theorem was
to replace the ergodic hypothesis by the hypothesis of metrical transitivity
[ergodicity].

An important question in the 1930s was consequently the determina-
tion of which known transformations were ergodic, and more generally,
which manifolds could support an ergodic homeomorphism. Aside from
the pure existence question, both Birkhoff and Hopf had conjectured that
ergodicity was the general case for transformations, in some unspecified
sense. A natural setting at that time in which to make their conjecture
precise was Baire’s notion of category. In this topological context, er-
godic homeomorphisms represent the general case if the nonergodic ones
constitute a set of first category (that is, the union of countably many
nowhere dense sets).

When Oxtoby and Ulam were Junior Fellows at Harvard in the late
1930s, the main problem they worked on was the determination of those
(connected) compact manifolds for which ergodicity was the general case
for measure preserving homeomorphisms. Their main finding was that
ergodicity is the general case for all compact manifolds, or as they put
it, ‘the hypothesis of metrical transitivity in dynamics involves no topo-
logical contradiction’. John Oxtoby told us that during this period
G. D. Birkhoff was their main source of problems (in particular this
one) and Marshall Stone was the main source of techniques regarding
their solution.

Ulam describes his work with Oxtoby on this problem in his autobi-
ography Adventures of a Mathematician [103], in the chapter Harvard
Years, 1936–1939:

In order to complete the foundation of the ideas of statistical mechanics con-
nected with the ergodic theorem, it was necessary to prove the existence, and
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what is more, the prevalence of ergodic transformations. G. D. Birkhoff himself
had worked on special cases in dynamical problems, but there were no general
results. We wanted to show that on every manifold (a space representing the
possible states of a dynamical system) – the kind used in statistical mechanics
– such ergodic behavior is the rule. . . . We discussed various approaches to
a possible construction of these transformations. . . . We kept G. D. Birkhoff
informed of the status of our attacks on the problem. . . . He would check
what I told him with Oxtoby, a more cautious person. It took us more than
two years to break through and to finish a long paper [88] which appeared
in The Annals of Mathematics in 1941, and which I consider one of the more
important results that I had a part in.

The result of Oxtoby and Ulam that ergodicity is generic for measure
preserving homeomorphisms of compact manifolds has been generalized
in two ways. The first direction in which their result extends is that the
property of ergodicity has been generalized to more specialized measure
theoretic behavior. This was first done by Katok and Stepin [76], who
in 1970 proved that weak mixing homeomorphisms are also generic. To
put Katok and Stepin’s result in a historical context, we note that sub-
sequent to Oxtoby and Ulam’s 1941 paper, Paul Halmos published two
papers: the first [69] in 1944 showed that ergodicity is generic in the
weak topology in the space of all measure preserving bijections (called
automorphisms) of a measure space; in a second paper that year [70],
Halmos proved that weak mixing is also a generic property for mea-
sure preserving bijections. In describing the relation between his theo-
rem [69, Theorem 6] on ergodicity being generic for measure preserving
bijections and Oxtoby and Ulam’s theorem on generic ergodicity for
measure preserving homeomorphisms, Halmos notes [69, p. 2, footnote
1]:

The first theorem of this type is due to J. C. Oxtoby and S. M. Ulam . . .
Their topology is however, very different from mine and depends on the topo-
logical and metric (as opposed to purely measure theoretic) structure of the
underlying space.

Further on in his paper, Halmos states [69, p. 12]:

. . . there is, however, no implication between [Halmos’s] Theorem 6 and the
corresponding result of Oxtoby and Ulam: they define a stronger topology
and I consider a wider class of transformations.

Halmos’s statement notwithstanding, the first author (S. Alpern)
showed that in fact any measure theoretic property which is generic for
abstract measure preserving automorphisms is also generic for measure
preserving homeomorphisms of compact manifolds. Thus Alpern’s result
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related the two 1944 papers of Halmos in the former context (proofs that
ergodicity and then weak mixing were generic) to the work of Oxtoby–
Ulam and Katok–Stepin. This generalization of the Oxtoby–Ulam The-
orem to all typical measure theoretic properties is covered in the first
half of the book (Parts I and II), which is devoted to compact manifolds.
In fact most of the theory is developed in Part I in the special context of
volume preserving homeomorphisms of the unit n-cube. Part II shows
how these results may be generalized to homeomorphisms of a compact
manifold which preserve a certain finite measure. Some of the more el-
ementary aspects of this work can be very simply developed using the
ideas of Lax [80] on discrete approximation of measure preserving homeo-
morphisms, including some applications to fixed point theory. However,
the main logical development is independent of these combinatorial no-
tions and uses instead the idea of viewing the space of measure preserving
homeomorphisms of a manifold as being embedded in the larger space
consisting of all bijections of the manifold which preserve that measure.
Properties of this embedding are established through a Lusin Theorem
for measure preserving homeomorphisms.

The second direction of generalization of the result of Oxtoby and
Ulam, covered in Part III, is the removal of the compactness assump-
tion on the underlying manifold, and the concomitant consideration of
infinite preserved measures. Although Besicovitch had established the
existence of a transitive homeomorphism of the plane in 1937, the cor-
responding result for ergodicity was not established until 1979, when
Prasad [96] showed that in fact ergodicity is generic for volume preserv-
ing homeomorphisms of Rn. However, it soon became clear that unlike
the compact case, in which all manifolds supported generic ergodicity,
not all noncompact manifolds had this property. The search for the
relevant manifold property which determined the supported dynamical
behavior then centered on the so called ends of the manifold, roughly
speaking, the distinct ways of going to infinity. The purely measure
theoretic underpinning for the infinite measure work was established by
Choksi and Kakutani [50], who showed in 1979 that ergodicity is a typ-
ical property for measure preserving bijections of an infinite Lebesgue
space.

For noncompact manifolds, the space of measure preserving homeo-
morphisms divides into components according to the induced homeo-
morphism of the set of ends. We find, for example, that if the in-
duced end homeomorphism is transitive then ergodicity is generic within
such a component. Furthermore, if the induced end homeomorphism is
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topologically weak mixing, then any property generic for measure pre-
serving transformations of an infinite Lebesgue space is generic within
the component. A fuller description of the authors’ work on noncompact
manifolds is contained in the Introduction to Part III.

This book covers only those aspects of the field of measure preserving
homeomorphisms of a manifold that involve typical properties of such
transformations. So for example we do not discuss the important result
of Lind and Thouvenot [83] on ergodic theoretic behavior represented by
some measure preserving torus homeomorphisms, because the behavior
they demonstrate is not typical.

Our aim is to give a streamlined approach to our work in this area,
from a perspective only recently reached and not fully appreciated in
our articles on the subject. As this is a work centered on the interac-
tion of measure and topology, we have given full proofs of all results
that combine these two fields (the core of the theory) while leaving out
some proofs of results that fall fully within measure theory or manifold
topology.

Most of the work described in the first two parts of the book was car-
ried out under the guidance and encouragement of John Oxtoby. The
early work of Alpern in this area also benefited from discussions with
Stan Ulam. Aside from these two founders of the field of measure pre-
serving homeomorphisms, the four mathematicians whose ideas most
influenced this work are Jal Choksi, Robert D. Edwards, Shizuo Kaku-
tani, and Peter Lax.
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The book as a whole gives a unified presentation of the authors’ work
on establishing conditions under which an ergodic theoretic dynamical
property is typical in the space M[X,µ] consisting of all homeomorph-
isms of a sigma compact manifold X which preserve a fixed nonatomic
Borel measure µ. The first half of the book, comprising Parts I and II,
covers the first author’s work on compact manifolds (for which µ is nec-
essarily finite). For clarity of exposition the material in the first eight
chapters (Part I) is presented for the special case where the compact
manifold X is simply the unit n-dimensional cube In and the measure
µ is n-dimensional Lebesgue measure (volume). In Part II, comprising
Chapters 9 and 10, we show how the results obtained for the cube hold
as well for arbitrary compact manifolds. The second half of the book,
Part III (Chapters 11–17), describes the work of both authors in extend-
ing the earlier work to the case where the manifold X is not compact
(and µ may be infinite). In some cases the earlier work for the compact
case cannot be extended, and we establish such negative results as well.
In this half of the book the results depend in a significant way on the
structure of the ‘ends’ of the manifold X, which are roughly the ways
of going to infinity on the manifold. In particular, the ergodic theoretic
properties of a µ-preserving homeomorphism h of a noncompact mani-
fold X will depend on its induced action on the ends of X and on the net
measure that it flows into each end. Following Part III, there are two
appendices. Appendix 1 is mainly concerned with presenting a purely
measure theoretic result of the first author, which we call the Multiple
Tower Rokhlin Theorem, as it generalizes a similar result due to Rokhlin
and Halmos for a single tower. Corollaries of this theorem, as well as
that of an infinite measure version due to the authors and J. Choksi,
are used extensively in the main part of the book. Appendix 2 is the
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only chapter of the book which is not based on the work of the au-
thors. It presents theorems, due to von Neumann and Oxtoby–Ulam
(for compact manifolds), to Oxtoby–Prasad (for the Hilbert cube), and
to Berlanga and Epstein (for sigma compact manifolds), which give nec-
essary and sufficient conditions for two measures µ and ν on a manifold
to be ‘homeomorphic’. This means that for some self-homeomorphism
of the manifold we have µ(A) = ν (h(A)) for all Borel sets A.

Recalling the first sentence of this outline, we now say what we mean
by an ‘ergodic theoretic dynamical property’ and by ‘typical’. There are
of course many types of properties that a measure preserving homeo-
morphism might possess. For example if the manifold is the cube, it
must have a fixed point. However, this property ‘lives’ on a set of mea-
sure zero, and we are concerned mainly with properties that ‘live’ on a
set of full measure, such as ergodicity. More precisely, we are concerned
with properties that can be defined in the larger space G[X,µ] consist-
ing of all µ-preserving bijections of the manifold X viewed simply as
a measure space, where the manifold structure is irrelevant. Examples
of such measure theoretic properties are ergodicity, weak mixing, and
zero entropy. In order to say what we mean by a ‘typical’ property, we
must endow the space M[X,µ] with a topology, which we take to be the
uniform topology when X is compact, and more generally the topology
of uniform convergence on compact sets when it is not. Then we say a
property is typical in M[X,µ] if the homeomorphisms possessing it con-
tain a dense Gδ subset. In a similar fashion we will say that a measure
theoretic property is typical in the space G[X,µ] if it contains a dense Gδ

subset of that space, with respect to a commonly used topology called
the weak topology.

The main aim of the first half of the book, carried out in Parts I and II,
is the derivation of the first author’s result that any measure theoretic
property (such as ergodicity or weak mixing) which is typical in the
measure theoretic context (that is, in G[X,µ]) is also typical for measure
preserving homeomorphisms (that is, in M[X,µ] for compact manifolds
X). The aims of the second half are more varied. We develop the results
of both authors in establishing positive and negative results regarding
the typicality of certain properties on various manifolds. Unlike the
fairly universal result stated above for compact manifolds (universal in
that all properties and all manifolds are treated similarly), we find that
our results for noncompact manifolds depend both on the property and
on the manifold. For Euclidean space Rn, the second author showed
that ergodicity is typical for volume preserving homeomorphisms. This
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is the first result presented in Part III. We then present examples of
manifolds where ergodicity is not typical. After an extensive treatment
of the interaction of ends and measures, we obtain a synthesis of the
positive and negative results regarding ergodicity: A homeomorphism h

in M[X,µ] is the limit of ergodic homeomorphisms if and only if it does
not compress any set of ends of X (into a proper subset of itself) and
it does not induce a positive flow of measure into any set of ends. As
the identity homeomorphism on X has these properties, it follows that
any manifold supports an ergodic homeomorphism. We then consider
more general properties, and show that any property typical in G[X,µ]
is typical in a certain nonempty closed subspace of M[X,µ], and is
consequently possessed by some µ-preserving homeomorphism of X. In
particular there are weak mixing homeomorphisms of any sigma compact
manifold (X,µ).

Despite our earlier disclaimer regarding properties that live on sets of
measure zero, the book does include results for such a property, namely
maximal chaos. This is a topological property introduced by the authors
which entails topological transitivity, dense periodic points, and a max-
imal form of sensitive dependence on initial conditions. As such, it is
a strictly stronger property than Devaney’s version of chaos. In Chap-
ter 4 we establish that homeomorphisms with maximal chaos are dense
in M[X,µ] when X is compact, and in Chapter 17 we establish that
for arbitrary sigma compact manifolds such homeomorphisms are dense
in a nonempty subset of M[X,µ]. In particular, any sigma compact
manifold supports a maximally chaotic homeomorphism. In addition to
the topological property of chaos, we also apply our techniques to the
fixed point property. In Chapter 5 we look at the relationship between
this property and area preservation, for various 2-dimensional mani-
folds. We apply an approximation technique due to Peter Lax to give
simple proofs of both the Poincaré–Birkhoff Theorem and the Conley–
Zehnder–Franks Theorem, results which assert the existence of fixed
points for area preserving homeomorphisms of the annulus and torus,
respectively, under some additional hypotheses. The same technique
(involving the Marriage Theorem) is also used in Chapter 7 to give a
new proof that ergodicity is typical for volume preserving homeomorph-
isms of the cube.

The material above is meant to give the reader a very informal idea
of the main results covered in this book. For a slightly more detailed
presentation of the main results, the reader is referred to Section 1.3
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(for results on compact manifolds) and Section 11.3 (for noncompact
manifolds).

We wish to assure readers who come to this book with little or no
familiarity with the fields of ergodic theory or measure theory that no
prior knowledge of these fields is required. All the ergodic theoretic
notions that we will use will be explained and defined when they are
needed.





Part I

Volume Preserving Homeomorphisms of the
Cube





1

Introduction to Parts I and II
(Compact Manifolds)

1.1 Dynamics on Compact Manifolds

Two of the principal analytic structures that may be put on a set X are
measure and topology. We are interested in transformations of X which
preserve both of these structures: measure preserving homeomorphisms.
In the first half of the book, Parts I and II, the topological space X will
be a compact manifold, possibly with boundary. (In fact Part I special-
izes to the case where X is simply the unit cube In in some dimension
n ≥ 2.) The measure, denoted µ, will be a nonatomic Borel probabil-
ity measure which assigns the manifold boundary measure zero and is
positive on all nonempty open sets (a property we call locally positive).
(In Part I, µ is simply the volume measure on the cube.) The first two
parts of the book are concerned with determining typical properties of
µ-preserving homeomorphisms of the (arbitrary) compact manifold X.
We denote the set of all such homeomorphisms by M[X,µ], which we
endow with the uniform topology, with respect to which it is complete.
We call a property typical, or generic, if it is possessed by a dense Gδ

(or larger) subset of transformations. The purpose of this introductory
chapter is to give a nontechnical presentation of the main results, and
the definitions they involve, for measure preserving homeomorphisms of
compact manifolds. Both the definitions and theorems mentioned in this
chapter will be presented more rigorously in later chapters.

1.2 Automorphisms of a Measure Space

Given X and µ, we will often consider more general transformations
called automorphisms, which are bimeasurable bijections of X which
preserve the measure µ. In particular, automorphisms do not need to

3



4 Introduction to Parts I and II (Compact Manifolds)

be continuous. Since the topological structure of X is ignored the re-
maining measure space (X,µ) is measure theoretically the same as the
unit interval with Lebesgue measure. Such a measure space is called
a finite Lebesgue space (see [71]). Consequently the space G = G[X,µ]
consisting of all automorphisms of (X,µ) is essentially the same as the
space of all Lebesgue measure preserving bijections of the unit interval.
We endow the space G[X,µ] with the weak topology, which is determined
by defining the sequential convergence of a sequence of automorphisms
gi to a limit automorphism g if µ (gi(A)� g(A)) → 0 for all measurable
sets A. Here the symbol � denotes the symmetric difference between
sets, defined by A�B =

(
A∩ B̃

)
∪
(
Ã∩B

)
= (A−B)∪ (B −A). The

space G[X,µ] is complete with respect to the weak topology.

1.3 Main Results for Compact Manifolds

Historically, the question of typical properties has been studied quite
separately for the two settings (G[X,µ], weak topology) and (M[X,µ],
uniform topology) with different techniques being applied. In each case,
the first property shown to be typical was ergodicity. (An automorphism
of a measure space is called ergodic if every invariant set either has mea-
sure zero or its complement has measure zero.) Ergodicity was proved to
be typical for G[X,µ], that is for automorphisms of any finite Lebesgue
space, by Halmos in 1944 [69]. This followed the slightly earlier (1941)
and more difficult proof of Oxtoby and Ulam [88] that ergodicity is typ-
ical in M[X,µ]. In a second 1944 paper, Halmos further proved that
weak mixing automorphisms are typical in G[X,µ] (an automorphism f

of (X,µ) is weak mixing if f ×f is ergodic on (X×X,µ×µ)). However,
it was not until 1970 that Katok and Stepin [76] proved the correspond-
ing result for M[X,µ]. Other properties have also been shown to be
typical in both spaces, first in G[X,µ] and later in M[X,µ]. In the case
of homeomorphisms these results are also existence results for the spec-
ified measure theoretic behavior on arbitrary compact manifolds, since
it is not known how to construct examples. However, it is easy to con-
struct automorphisms with the required behavior. The main purpose
of this part of the book is to unify these two theories in the following
Theorem C obtained by the first author in 1978 [11]. In the form given,
it is Corollary 10.4, which follows from a symmetric version giving si-
multaneous typicality in both contexts (Theorem 10.3). By a ‘measure
theoretic property’, we mean a set V of automorphisms which is invari-
ant under conjugation by any automorphism (i.e., V ⊂ G[X,µ] such that
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g−1Vg = V for all g ∈ G[X,µ]). See also Theorem 8.2 for a version of
the theorem for the cube.

Theorem C If a measure theoretic property is typical for length pre-
serving automorphisms of the unit interval then it is also typical for
homeomorphisms of a compact manifold which preserve a given finite
nonatomic locally positive measure.

The main idea of this part of the book, used to obtain the unifica-
tion mentioned above in Theorem C, is to view the space M[X,µ] as
a subset of G[X,µ]. Thus even when the questions are entirely about
homeomorphisms in M[X,µ], we may employ approximations which go
outside that space into G[X,µ] and hence do not have to be continuous.

In order to obtain Theorem C, we need two results on the embed-
ding of M[X,µ] in G[X,µ]. The first, Theorem A (Theorem 8.4), lets
us uniformly approximate any homeomorphism in M[X,µ] by an auto-
morphism with a desired measure theoretic property (e.g., weak mixing).
An automorphism is called antiperiodic if its set of periodic points has
zero measure.

Theorem A (Conjugacy Approximation) Any homeomorphism
in M[X,µ] may be uniformly approximated by an automorphism of the
underlying measure space which is conjugate to any given antiperiodic
automorphism.

For example, if the given automorphism is taken to be ergodic, this
says that any µ-preserving homeomorphism may be uniformly approxi-
mated by an ergodic automorphism. However, since the approximating
automorphism is not necessarily continuous (may lie outside M[X,µ]),
we need an additional mechanism to eventually go back into the space
M[X,µ] of homeomorphisms. The relevant mechanism is a type of Lusin
Theorem which says that

Theorem B (Lusin Theorem for Measure Preserving Homeo-
morphisms) The space M[X,µ] is dense in the space G[X,µ], in the
weak topology.

Actually a stronger version of this result, Theorem 6.2, is needed.
These two results (Theorem A (8.4) and Theorem B (6.2)) on the em-
bedding of M[X,µ] in G[X,µ] are exactly what is needed to obtain the
synthesis of Theorem C (Corollary 10.4) mentioned above regarding the
identity of typical measure theoretic properties in the two spaces. These
three results, Theorems A, B, C, form the core of this half of the book,
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on compact manifolds. In addition, we make extensive use of the ‘Home-
omorphic Measures Theorem’ of von Neumann, and Oxtoby and Ulam,
which enables us to restrict ourselves to the simple case of the unit cube
with Lebesgue measure for the first eight chapters (which we call Part I),
and then to simply extend the theory in Chapters 9 and 10 (which we
call Part II) to any finite nonatomic locally positive measure on any
compact manifold. Thus the core of this half of the book is contained in
Chapters 2 (definitions), 6 (Theorem B), 8 (Theorems A, C), and 9, 10
(covering the applications of the Homeomorphic Measures Theorem).

All of these theorems establish typical ergodic theoretic behavior for
volume preserving homeomorphisms. Some of the techniques can be used
to establish some typical topological dynamical properties for volume
preserving homeomorphisms such as transitivity or chaos. Theorem 4.8
shows that every volume preserving homeomorphism of the n-cube (n ≥
2) can be uniformly approximated by one which is maximally chaotic
(the latter notion is stronger than the usual notion of chaos in the sense
of Devaney – see Chapter 4). This result can be combined with a result
of Daalderop and Fokkink [55] to prove

Theorem D Maximal chaos is typical for volume preserving homeo-
morphisms of the cube.

This is a purely topological result which has no counterpart in G[In, λ],
the space of volume preserving automorphisms.

In addition to the above core results of this half of the book, we present
a number of ancillary results based on Peter Lax’s idea of approximating
volume preserving homeomorphisms of the cube by permutations of the
cells of some dyadic decomposition. This is a very powerful and intuitive
technique which often lead to the initial proofs of new results. Indeed,
the first (slightly weaker) versions of Theorems A, B, C were based on
this combinatorial idea. For this reason we have included a chapter on
these combinatorial techniques, as well as chapters on some applications:
existence of a transitive homeomorphism of the cube and of Rn, a proof
of Poincaré’s Last Geometric Theorem, and the typicality of ergodicity
and chaos for volume preserving homeomorphisms of the cube. The
results of these Chapters (3, 4, 5, 7) will not be used elsewhere, so
these chapters may be considered optional. However, they will certainly
increase the reader’s intuitive grasp of the ideas in this book.
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Measure Preserving Homeomorphisms

2.1 The Spaces M,H,G

This book is primarily concerned with typical measure theoretic prop-
erties (such as ergodicity or weak mixing) of members of the space
M[X,µ] consisting of all self-homeomorphisms of a manifold X which
preserve a given Borel measure µ. To a much lesser extent, we will
also consider topological properties, such as transitivity or the exis-
tence of fixed points. We will only consider manifolds of dimension
at least 2. The transformations we study preserve both the measure
theoretic and topological structure of the underlying space. That is,
they belong to both the space of self-homeomorphisms of the mani-
fold (denoted H[X]) and to the space of automorphisms of the under-
lying Borel measure space (X,µ) (denoted G[X,µ]). An automorphism
g ∈ G[X,µ] is a bijection g : X → X with both g and g−1 measurable
and µ(A) = µ(g(A)) = µ(g−1(A)) for all measurable sets A. Auto-
morphisms which differ on a set of measure zero will be identified. The
measure theoretic properties that we are interested in, such as ergodicity
and weak mixing, do not rely on the topology of the underlying space
– rather they depend only on the measure theoretic structure of the
space, and for the manifolds we consider these are all the same: namely
the manifolds that we consider are all measure theoretically the same
as the standard Lebesgue space (I, λ), the unit interval with the sigma
algebra of Lebesgue measurable sets and Lebesgue measure λ (length
measure). Such measure spaces (X,µ) are called Lebesgue spaces and
are distinguished only by their total measure µ(X).

In Parts I and II we consider compact manifolds with probability
measures and indeed for Part I (Chapters 1–8) we consider only Lebesgue
measure λ (n-dimensional volume measure) on the n-cube In. We denote

7
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by M[In, λ] the space of volume preserving homeomorphisms of the
unit cube In. In Part II, Chapters 9 and 10 we will show that all the
results obtained for this special case can be easily extended to compact
manifolds with finite nonatomic measures which are positive on open
sets.

In the compact case we will endow the spaces H [X], M[X,µ], and
G[X,µ] with the uniform topology defined by the metric ‖f − g‖ ≡
ess supx∈X d(f(x), g(x)), where d is a metric on the manifold X, usually
the Euclidean or maximum metrics on the cube or torus, and denoted
by |x− y|. We will also denote ‖f‖ ≡ ess supx∈X d(f(x), x) as the norm
of f , observing that ‖fg−1‖ = ‖f−g‖ in our notation. Of course for the
spacesH [X],M[X,µ], the essential supremum reduces to the maximum.
We will use the notation H [X,Y ] (M[X,Y, µ]) to denote the subspace
of H [X] (respectively M[X,µ]) consisting of homeomorphisms equal to
the identity on the subset Y .

The spaces H [X] and its closed subset M[X,µ] are not complete un-
der the uniform topology metric given above. However, they are topo-
logically complete, since that metric is equivalent to the complete metric
defined by u(f, g) = ‖f − g‖+ ‖f−1 − g−1‖ (see [91]). We call this the
uniform metric. This will justify our repeated application of the Baire
Category Theorem (see [91] for discussion and proof):

Theorem 2.1 In a complete metric space the countable intersection of
dense open sets is dense.

A set which is the countable intersection of open sets is called a Gδ

set. We shall call a property typical, or generic, if the set of points with
this property contains a dense Gδ set. Typical properties represent sets
which are large in a topological sense, and in particular, nonempty. For
this reason many of the results to be presented here can be considered
existence proofs. For example, the main classical result of Oxtoby and
Ulam says that ergodicity is typical among measure preserving homeo-
morphisms of a compact manifold. We note that a set V ⊂ X is nowhere
dense if for every nonempty open set U there is a nonempty open set in
U − V (i.e., every open set U has an open subset, ‘a hole’, missing V ).
It is easy to see that V is nowhere dense if and only if the interior of the
closure of V is empty. Thus a nowhere dense set V is a ‘topologically
small’ set (V is like a piece of Swiss cheese where the ‘holes’ missing V
are dense in every open set). Furthermore, in a complete metric space
the countable union of closed nowhere dense sets is small (since by the
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Category Theorem, the complement would be a dense Gδ set). Any set
which is the countable union of closed nowhere dense sets in a complete
metric space is said to be a set of first (Baire) category (or Baire cat-
egory I) – the complement of a set of first category is called a residual
set . For a delightful investigation of the analogies between notions of
topological smallness and measure theoretic smallness (zero measure)
see J. C. Oxtoby’s book Measure and Category [91].

At this point in the exposition, the reader would probably like to
see some examples of measure preserving homeomorphisms. There is
always of course the identity map. On manifolds with an additive struc-
ture which leaves the measure invariant (e.g., Euclidean space or the
torus), translations of the form x �→ x+ c give simple examples. Unfor-
tunately these will be of no use to us on general manifolds, or on the
important special case of the cube, because they cannot be localized.
On Euclidean space, rotations form another important example. These
will in fact be useful in general because they can be localized. For ex-
ample, given a planar disk of radius r centered about a point p, and a
continuous function α : [0, r] → [0,∞), α(r) = 0, we may consider the
transformation which rotates the circle of radius t by an angle α(t), for
t ≤ r. We call this a variable rotation. This is clearly an area preserving
homeomorphism, and we shall find that most of our constructions are
ultimately limits of compositions of such local variable rotations. (An
exception to this is the construction in Chapter 6.)

2.2 Extending a Finite Map

A simple question one may ask about the space M[In, λ] of volume
preserving homeomorphisms of the cube, is whether it acts transitively
on the interior. That is, given any pair of interior points x, y, can one
always find a transformation h in M[In, λ] with h(x) = y? Actually,
the space M[In, λ] possesses the stronger finite extension property : Any
embedding ȟ : F → In of a finite set F ⊂ Int In, the interior of In,
can be extended to a homeomorphism h in M[In, λ] with the norm ‖h‖
as close to that of ȟ as desired. It is this property that allows us to
combine combinatorial constructions based on finite sets with contin-
uous approximations of various sorts. The actual construction of the
extension h outlined in the lemmas below is slightly more explicit than
in the original proof of Oxtoby and Ulam, to allow some additional ap-
plications not given in their original paper (in particular to the Lusin
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theory given in Chapter 6). It uses the variable rotations discussed in
the previous section.

Lemma 2.2 Given any two points p, q in Rn (n ≥ 2), and any positive
number δ, let B = B(p, q; δ) denote the closed Euclidean ball centered at
the midpoint of p and q, and with radius |p−q|/2+δ, where |x−y| denotes
Euclidean distance. Then there is a volume preserving homeomorphism
h of Rn which equals the identity off B, satisfies h(p) = q, and maps
some neighborhood of p rigidly onto a neighborhood of q.

Proof First consider the case n = 2. Define h by rotating the disk
B(p, q; δ/2) by an angle π and rotating the circle given by the boundary
of B(p, q; δ/2+ t) by the angle π−2πt/δ, for 0 ≤ t ≤ δ/2. For n > 2, let
D = D(p, q; δ) be the intersection of B(p, q; δ) with any 2-dimensional
plane through p and q. Define h on D as in the 2-dimensional case and
extend it to B(p, q; δ) by requiring it to be a rigid motion of every sphere
concentric to B(p, q; δ/2). Finally, extend h to the rest of Rn by setting
it equal to the identity off B.

Lemma 2.3 Let U ⊂ In be an open neighborhood of an arc L from p

to q. Then there is a volume preserving homeomorphism h of In with
h(p) = q, which maps some neighborhood of p onto a neighborhood of q
by simple translation, and equals the identity off U .

Proof Choose δ > 0 and points p = p0, p1, . . . , pk = q in L sufficiently
close so that B(pi, pi+1; δ) ⊂ U , for i = 0, . . . , k−1. For i = 0, . . . , k−1,
let hi be the homeomorphism given by the previous lemma for the points
pi and pi+1. Then the composition h = hk ◦ hk−1 ◦ · · · ◦ h1 ◦ h0 will be
the required homeomorphism if the homeomorphism hk is an appropriate
rigid motion of B(q, q; δ) which equals the identity off U .

Theorem 2.4 Let {pi}Ni=1 and {qi}Ni=1 be two sets of N distinct interior
points of In, with |pi−qi| < ε. Then there is a volume preserving homeo-
morphism h, with ‖h‖ < ε and equal to the identity on the boundary of
In, which for each i maps some neighborhood of pi by simple translation
onto a neighborhood of qi, and pi into qi. The homeomorphism h can be
made to equal the identity on a given finite set disjoint from the p’s and
q’s.
This result also holds for any manifold possessing a metric with the

property that any two points at a distance less than δ can be joined
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by an arc of length less than δ (the underlying metric will be denoted by
|x−y|). Note that the maximum metric (on In or the torus Tn) has this
property. In all cases the required homeomorphism h can be constructed
as the composition of homeomorphisms with support ({x : h(x) �= x}) in
balls.

Proof Select N arcs Li : [0, 1] → Int In, satisfying

d(Li(t), Li(t′)) < ε|t− t′|, Li(0) = pi, Li(1) = qi.

We first prove the result under the assumption that the N sets Li [0, 1]
are disjoint, and then use this special case to prove the general result.

Assuming disjoint arcs Li, we may choose a δ > 0 sufficiently small so
that the sets Ui of points within distance δ of the arc Li are disjoint open
subsets of the interior of In, with diameter less than ε. Applying the
previous lemma for each i, we obtain volume preserving homeomorph-
isms hi with supports ({x : hi(x) �= x}) in Ui, which map each pi into
qi, and are locally translations at pi. The composition of the hi gives
the required homeomorphism h. The Li and Ui can always be chosen to
avoid the given finite set.

In the general case, where the arcs Li are not necessarily disjoint,
we may at least assume (by suitable small displacements of the Li, if
necessary) that the arcs Li intersect in a finite subset F , and (by small
reparameterization, if necessary) that for each fixed t in [0, 1] the points
Li(t), i = 1, . . . , N , are distinct. Let t1 < t2 < · · · < tk be all the
values of t for which Li(t) ∈ F for some i. Choose numbers sj for
j = 1, . . . , k − 1 so that

0 = s0 ≤ t1 < s1 < t2 < · · · < sk−1 < tk < sk = 1.

Next define pij = Li(sj) and qij = Li(sj+1) for i = 1, . . . , N and
j = 0, . . . , k − 1. Then for each fixed j, the sets {pij}Ni=1 and {qij}Ni=1

satisfy the disjoint arc assumption (with respect to the arcs obtained
by restricting the Li to the interval [sj , sj+1]) and the distance con-
dition |pij − qij | < ε(sj+1 − sj). Hence by the special case already
established, we obtain for each j = 0, . . . , k − 1 a volume preserving
homeomorphism hj with ‖hj‖ < ε(sj+1 − sj) and hj(pij) = qij . The
composition h = hk−1 ◦ hk−2 ◦ · · · ◦ h0 satisfies the requirements of the
theorem.

Since all the constructions used in the above proof for In are local,
they can be carried out on any manifold, and produce an h which is the
composition of homeomorphisms supported by balls. Also note that the
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only property of the underlying (Euclidean) metric which was used in
the proof was that two points at distance less than δ can be joined by
an arc of length less than δ.

Theorem 2.4 is due to Oxtoby and Ulam [88]. The explicit construc-
tion given here comes from Alpern and Edwards [19].
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Discrete Approximations

3.1 Introduction

Much of the early work in the 1970s on simplifying and extending the re-
sults of Oxtoby and Ulam was based on an observation of Peter Lax [80]
that volume preserving homeomorphisms of the cube could be uniformly
approximated by dyadic permutations. Lax’s approximation technique,
based on the combinatorial Marriage Theorem, was able to simply sub-
stitute for the original use of the Individual (Birkhoff) Ergodic Theorem
by Oxtoby and Ulam. These discrete techniques were later replaced
in the theory by more powerful methods (see Chapters 6 and 8). The
results in this chapter and those that are based on it (Chapters 4, 5,
and 7) will not be used elsewhere. However, the idea of approximating
volume preserving homeomorphisms by dyadic permutations is very in-
tuitive and has often led to the first proof of new results later improved
on by the other methods.

We motivate the approach of this chapter by considering how volume
preserving homeomorphisms may be approximately modeled on a digital
computer. Suppose that h is a volume preserving homeomorphism of the
space X which is the unit n-cube In or the n-torus Tn obtained from
it by identifying opposite sides. We consider schemes by which we may
input any point x in X, and obtain the point h(x) as output. Of course
we cannot actually input vectors of real numbers into a finite computer,
nor can we expect to get them as output. More realistically we would
input some number m of binary digits for each coordinate of x, and
obtain similar output. Thus what the computer actually gives us is a
map hc : D → D, where D is the set of all N = 2mn dyadic n-cubes
of order m. (Such an n-cube is the product of intervals of the form
[k/2m, (k + 1) /2m].) We now consider to what extent the approximate
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computer scheme hc, which we require to be uniformly close to h, can
model the properties of h. In particular, we ask the following questions:

(i) Since h is a bijection, can we always choose hc to be a bijection,
that is, a permutation of D?

(ii) If h is ergodic (has no nontrivial invariant sets), can we choose hc
to be ergodic on D, that is, a cyclic permutation of D?

(iii) If X is the torus Tn it is easy to define for h (we shall do so formally
below) the mean rotation of points around each of the fundamental
circles of Tn. If the mean rotation for h is zero in each circle
direction, can we choose hc so that it is a cyclic permutation which
also has mean rotation vector zero?

The first question was raised by Peter Lax [80], who used the Marriage
Theorem of P. Hall to give an affirmative answer. The second question
was answered affirmatively by the first author, who showed [6] that hc
can be taken to be cyclic whether or not h is ergodic. That the ergodicity
of h is not required should not surprise us, given the result of Oxtoby and
Ulam that any h can be uniformly approximated by an ergodic homeo-
morphism. However, we will turn this argument around in Chapter 7
by showing that the cyclic permutation approximation can be used to
find a dense class of ergodic homeomorphisms. Finally, the affirmative
answer to the last question was given by the authors [26], who used it to
obtain a simple proof (presented in the next chapter) of Franks’s result
[62] that volume preserving homeomorphisms of Tn with mean rotation
zero have a fixed point. So while the questions given above can all be
motivated by purely computational considerations, their answers are not
without theoretical consequences. The rest of this chapter is devoted to
proving the affirmative answers to the three computational questions.

3.2 Dyadic Permutations

We now give the elegant proof of Lax on the approximation of volume
preserving homeomorphisms by dyadic permutations. A dyadic permu-
tation of In of order m is a map P : In → In which permutes the dyadic
cubes of order m by simple translation. Its behavior on the boundary of
these cubes will not matter, as P will only be considered as a member of
the space G[In, λ], where zero measure behavior is irrelevant. The same
definition applies to spaces like Tn which can be obtained from In by
boundary identifications.
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Theorem 3.1 (Lax) Let X be any compact manifold obtained from In

by boundary identifications, let h be a volume preserving homeomorphism
of X, and let ε > 0. Then for all sufficiently large m there is a dyadic
permutation P of X of order m such that ‖P − h‖ < ε.

Proof Let D = {αi, i = 1, . . . , N} be the N = 2mn closed dyadic n-
cubes of some large order m to be determined later. If we can find a
dyadic permutation P of X satisfying

P (αi) ∩ h(αi) �= ∅, i = 1, . . . , N (3.1)

then for all x ∈ X we will have that

|P (x)− h(x)| ≤ |α|+ |h(α)| < ε, for sufficiently large m. (3.2)

Here |h(α)| denotes the maximum diameter of the sets h(αi), and |α|
denotes the diameter of each cube αi. Say that cube αi knows cube αj
if αj ∩ h(αi) �= ∅. The ‘Marriage Theorem’ of P. Hall [68] asserts that
we can always assign a distinct cube among those it knows to each αi,
as long as the following condition is met: every set of any k cubes must
together know at least k cubes. But since h preserves volume, any set A
consisting of k cubes has an image h(A) which also has the volume of k
cubes, and hence must intersect at least k cubes. Thus Hall’s condition
is satisfied, and to all the cubes αi we may assign distinct cubes P (αi)
satisfying (3.1) and hence (3.2).

An alternative proof of Lax’s result may be obtained by convexity
considerations. Define the ‘transition probability’ matrix T of h with
respect to the cubes αi according to the formula

tij = λ(h(αi) ∩ αj)/λ(αi).

The matrix T has all of its row and column sums equal to 1, a con-
dition called doubly stochastic. Viewed as a subset of N × N dimen-
sional Euclidean space, the doubly stochastic matrices form a closed
convex set whose extreme points are the permutation matrices (0–1 ma-
trices with a single 1 in each row and each column). The Birkhoff–
von Neumann Theorem [42, 104] asserts that T can be represented as
a convex combination of permutation matrices. The dyadic permuta-
tion P corresponding to any of the permutation matrices (pij) appear-
ing in the representation of T (with positive coefficient a) will satisfy
αj = P (αi) ⇔ pij = 1 ⇒ tij > a · 1 > 0 and hence also condition (3.1).
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It is worthwhile to compare Lax’s result with an earlier result of Hal-
mos [72, p. 65] asserting that the dyadic permutations are dense in
G[In, λ] with respect to the weak topology. Lax’s result has a finer
topology (uniform) but only claims to approximate homeomorphisms.

3.3 Cyclic Dyadic Permutations

We now investigate whether the approximating dyadic permutation of
Theorem 3.1 can be taken to be cyclic, that is, to permute the dyadic
cubes in a single cycle. Given Theorem 3.1, this amounts to asking
whether any dyadic permutation can be uniformly approximated, to
within a fixed number of cube lengths, by a cyclic dyadic permutation.
The answer is yes, and two cube lengths are sufficient. In other words,
we can take P to be cyclic in (3.2) if we change the |α| to 3|α|. This result
can be proved (see [6]) by an analysis which makes use of the adjacency
structure of the set of dyadic n-cubes. However, we prefer to use a
simpler and more general method based on the following combinatorial
result from [7]:

Lemma 3.2 Given any permutation ρ of J = {1, . . . , N}, there is a
cyclic permutation σ of J with |ρ(j)− σ(j)| ≤ 2 for all j in J .

Proof We describe an algorithm for constructing σ, given ρ. First as-
sume that N = 2m is even. Define permutations r1, r2, . . . , rm recur-
sively as follows: Let r1 be either the identity or the transposition of
1 and 2, depending on whether those integers lie on the same cycle or
different cycles of ρ, respectively. Observe that in either case they lie on
the same cycle of r1 ◦ ρ. Recursively define rj to be either the identity
or the transposition of 2j−1 and 2j, depending respectively on whether
those integers lie on the same or different cycles of rj−1◦rj−2◦· · ·◦r1◦ρ.
For brevity set R ≡ rm ◦ · · · ◦r1 and observe that under the permutation
R◦ρ each consecutive odd–even pair of the form 2k−1, 2k lies on a single
cycle. Furthermore since R is the composition of disjoint transpositions
of consecutive integers we have that

|R(j)− j| ≤ 1, for all j in J. (3.3)

Similarly we define permutations s1, . . . , sm−1 to link the even–odd
pairs: Let sj be either the identity or the transposition of 2j and 2j+1,
depending respectively on whether those two numbers lie on the same
or different cycles of the permutation sj−1 ◦ · · · ◦ s1 ◦ R ◦ ρ. Set S ≡
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sm−1 ◦ · · · ◦ s1 and σ ≡ S ◦R ◦ ρ. By the same reasoning used for (3.3)
we conclude that

|S(j)− j| ≤ 1, for all j in J. (3.4)

Combining (3.3) with (3.4) and the definition of σ gives

|ρ(j)− σ(j)| ≤ 2, for all j in J.

To see that in fact σ is cyclic, observe that by construction every consec-
utive odd–even pair and every consecutive even–odd pair lies on a single
cycle. It follows that there is only one cycle, completing the proof for
N even. If N = 2m + 1 is odd the same algorithm, with an additional
permutation sm at the end, produces the required cyclic permutation.

To see if you have understood the algorithm given above, check that if
you start with (in cycle notation) ρ = [(1) (27) (3) (4) (56) (8) (9)] then
you get R = [(12) (34) (5) (6) (78) (9)], S = [(1) (23) (45) (6) (7) (89)]
and σ = [(135642987)]. Note that σ ◦ ρ−1 = [(13542) (6) (798)] is a
permutation which moves no number more than two places. This simple
combinatorial lemma may be thought of as a discrete version of the fact
that ‘ergodicity is a dense property’.

To apply the lemma to produce a cyclic dyadic approximation to the
P of Theorem 3.1, simply number the N = 2mn dyadic cubes so that
consecutive cubes share a common face. Then replace P by its cyclic
approximation, which increases the error estimate (3.2) by at most 2 |α|,
proving the following cyclic version of Theorem 3.1.

Theorem 3.3 Let X be any compact manifold obtained from In by
boundary identifications, let h be a volume preserving homeomorphism
of X, and let ε > 0. Then for all sufficiently large m there is a cyclic
dyadic permutation P of X, of order m, such that ‖P − h‖ < ε.

Of course there is nothing special about the dyadic cubes (of order m)
obtained by dividing each axis of In in half m times. We could equally
well apply the Marriage Theorem to k-adic cubes of order m, obtained
by taking n-fold products of the form [i/km, (i+ 1) /km], for any natural
number k. So the above theorem applies as well to produce cyclic k-adic
permutations. Sometimes we will need a version of the above theorem in
which h is approximated by another volume preserving homeomorphism
of X which agrees with P on the centers of the k-adic cubes. The result
we will need is the following.
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Corollary 3.4 Let X be any compact manifold obtained from In by
boundary identifications, let h be a volume preserving homeomorphism
of X, let k be any natural number, and let ε > 0. Then for all sufficiently
large m, there is a volume preserving homeomorphism f of X, with
‖f‖ < ε, such that fh cyclically permutes the centers of the N = kmn

k-adic cubes of order m. Furthermore f can be chosen to fix any given
finite set disjoint from these centers.

Proof It follows from Theorem 3.3 that there is k-adic permutation
P , of some k-adic decomposition {σj}Nj=1 of order m, which satisfies

‖h − P‖ < ε. Number the cubes {σj}Nj=1 so that P (σj) = σj+1 (where
j+1 is understood mod(N)), and let pj denote the center of the cube σj .
Since |h (pj)−P (pj) | < ε for each j = 1, . . . , N , it follows from Theorem
2.4 that there is a homeomorphism f ∈ M [In, λ] which fixes the given
finite set, satisfies ‖f‖ < ε, and is such that f (h (pj)) = P (pj) = pj+1

for all j = 1, . . . , N . It follows that the homeomorphism fh cyclically
permutes the centers pj .

The techniques used in this subsection can be extended to approxi-
mate any permutation of the vertices of a connected graph by a cyclic
permutation of these vertices such that the two permutations differ by
at most 6 edges [9]. (Lemma 3.2 gives a smaller error of 2 edges for the
line graph.)

3.4 Rotationless Dyadic Permutations

We now restrict our attention to the case where the underlying manifold
X is the n-dimensional torus Tn or the annulus (or cylinder) A = S1×I.
It is convenient to assume that the distance is given by the maximum
metric |x−y| = maxi |xi − yi|, with length |x| = maxi |xi|, and that ‖g‖
denotes the corresponding maximum norm of an automorphism g. Let
X̂ be the universal covering space of X, that is, Rn (Euclidean n-space)
or R1×I (the strip). We consider question (iii) of the introduction which
asked whether the approximation hc to a homeomorphism h with mean
rotation zero could be chosen to also have mean rotation zero. We call
a transformation with mean rotation zero rotationless.

Define the mean rotation vector v of a volume preserving homeo-
morphism h of X (or the mean translation vt(ĥ) of a lift ĥ) by the
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formula

v(h) = vt(ĥ) =
∫

Ω

(ĥ(x)− x) dλ(x), (3.5)

where ĥ is a lift of h to the covering space X̂, Ω = I×I is a fundamental
domain and λ, as usual, denotes Lebesgue measure. We call (3.5) the
mean translation of ĥ. Since ĥ is defined only up to unit translations
in each direction, v is defined modulo 1 in each coordinate. Observe
that according to this definition the rotation x �→ x + w (taken mod
1 in each coordinate) will have mean rotation w. Let f and g be two
homeomorphisms of the torus (or the annulus). By choosing the lift f̂g
appropriately, and noting that f̂g(x) − x = f̂g(x) − ĝ(x) + ĝ(x) − x, it
is easy to see that the rotation vector of the lift f̂g satisfies

vt(f̂g) = vt(f̂) + vt(ĝ). (3.6)

Consequently, the mean rotation vector of the composition of f and g
satisfies v(fg) = v(f) + v(g). When X is the annulus A, the mean
rotation vector will always have the second coordinate zero.

We will find it useful to extend the definition of mean rotation to
volume preserving automorphisms g ∈ G [X,λ] so that we can in par-
ticular apply the notion to dyadic permutations. If such a g satisfies
‖g−h‖ < 1/2 for some homeomorphism h, then there is clearly a unique
lift ĝ to X̂ (that is, with πĝ = gπ, where π denotes the covering projec-
tion) satisfying ‖ĝ− ĥ‖ < 1. As long as there is such a homeomorphism
near g, we can use this lift ĝ to define v(g) as in (3.5) (otherwise v(g)
might not be well defined). It is easy to see that if P is a dyadic per-
mutation (near some homeomorphism) with well defined mean rotation,
each coordinate of its mean rotation vector is an integer multiple of the
volume (1/N) of the cubes it permutes. A final general observation is
that v (identity) = 50 and that for any g ∈ G [X,λ], |v(g)| ≤ ‖g‖. To
explain the last inequality in say the first coordinate, it is enough to
observe that the average amount moved to the right is bounded by the
maximum that any point moves to the right. Of course this last inequal-
ity shows that if h is uniformly approximated by hc (that is, the dyadic
permutation P of Theorem 3.1), then v (hc) ≡ v(P ) will be close to v(h).
The only problem to be dealt with in the following theorem is thus how
to ensure exact equality (both zero).

Theorem 3.5 Let X be the n-torus Tn or the annulus A, let h be a
volume preserving homeomorphism of X with mean rotation zero, and
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let ε > 0. Then for all sufficiently large m there is an mth order dyadic
permutation Q of X such that ‖Q− h‖ < ε, and the mean rotation of Q
is zero.

Proof We consider only the case X = Tn, as the proof for the annulus
is essentially the same, but easier. According to Theorem 3.1 there is an
mth order dyadic permutation P with ‖P−h‖ < ε/3. LetM = 2m > 3/ε
denote the number of dyadic cubes in each coordinate direction, so that
the diameter of each cube (in the max metric) is 1/M . Since we are
assuming that v(h) = 50, it follows that

|v(P )| = |v(P )− v(h)| ≤ ‖P − h‖ < ε/3.

To obtain a mean rotation zero dyadic permutation Q near P (and hence
near h) we simply counteract any mean rotation in some coordinate by
a rotation (or as close to a rotation as we can get dyadically) in the
opposite direction. We begin with the first coordinate v1(P ), which we
may assume without loss of generality is positive. In particular, we may
write v1(P ) = k/N , for some integer k between 1 and N − 1, where
N = Mn is the number of dyadic cubes in X. Hence we may write
v1(P ) =

(
aMn−1 + b

)
/Mn for some integers a and b with 0 ≤ a ≤M−1

and 0 ≤ b < Mn−1. It follows that
a

M
≤ v1(P ) ≤ ε/3.

We consider the N =Mn dyadic cubes of Tn as being arranged inMn−1

horizontal strips (cylinders) each consisting of M dyadic cubes. Let R1

denote the dyadic permutation which shifts (mod 1) all of these rows
a cubes to the left, and b of these rows an additional cube to the left.
Then

v1 (R1) = −
(
a+ b/Mn−1

)
(1/M) = −v1(P )

so that by (3.6), v1(R1◦P ) = 0. Note that since R1 moves no point more
than a+1 cube lengths, we have that ‖R1‖ < (a+ 1) /M ≤ ε/3+1/M <

2ε/3. Perform a similar rotational correction Rj in the jth coordinate,
and let R be their product. Since we are using the maximum metric,
we have ‖R‖ ≤ 2ε/3. Then the dyadic permutation Q = R ◦ P satisfies
v(Q) = 50, ‖P −Q‖ = ‖R‖ ≤ 2ε/3, and hence ‖Q− h‖ < ε.

The argument used in the previous section to show that the permu-
tation P of Theorem 3.1 could be taken to be cyclic can also be used
to show that the permutation Q of Theorem 3.6 can be taken to be
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cyclic. Since that argument numbered the dyadic cubes so that consec-
utive cubes shared a common interior face of In the property of having
mean rotation zero will not be destroyed in the process. Also note that
if a cyclic dyadic permutation Q has mean rotation zero, then the lift
Q̂ with

∫
Ω
(Q̂(x)− x) dλ(x) = 50 to a dyadic permutation of the covering

space consists of identical cycles of the same length N . (Otherwise we
would have that Q̂N (α) = α + w for all α and some vector w �= 50, in
which case v(Q) would be equal to w/N �= 50.) Hence we have proved
the following.

Corollary 3.6 Let X be the n-torus Tn or the annulus A, let h be a
mean rotation zero volume preserving homeomorphism of X, and let ĥ
be a lift to the covering space Rn or R1 × I satisfying∫

Ω

(
ĥ(x)− x

)
dλ(x) = 50.

Then for all ε > 0 and sufficiently large m there is an mth order cyclic
dyadic permutation Q of X with a lift Q̂ which permutes all themth order
dyadic cubes of the covering space in cycles of length 2mnand satisfies
‖Q̂− ĥ‖ < ε.

For applications to the fixed point theorems of the next chapter, we
will need the following consequence of this result.

Theorem 3.7 Any volume preserving homeomorphism of the n-torus or
annulus X which has mean rotation zero can be uniformly approximated
by a similar homeomorphism which has a lift with a periodic point.

Proof Using the proof and notation of the previous corollary, let pi, i =
1, . . . , 2mn, be the centers of the permuted cubes, numbered cyclically
so that Q (pi) = pi+1 (mod 2mn). Since ‖Q (pi)− h (pi) ‖ < ε, it follows
from Theorem 2.4 that there is a volume preserving homeomorphism
f of X, with ‖f‖ < ε, such that f (h(pi)) = pi+1(index i mod2mn).
Hence the lift of fh which is near ĥ permutes all the centers of the mth
order dyadic cubes of the covering space in cycles of length 2mn. Since
‖fh− h‖ < ε, and ε was arbitrary, this completes the proof.
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Transitive Homeomorphisms of In and Rn

4.1 Transitive Homeomorphisms

A mapping h of a topological space is called transitive if for any open
sets U and V , there is a positive integer k with hkU ∩ V �= ∅. For
manifolds (actually, for any complete, separable metric space without
isolated points) this is equivalent to the existence of a dense orbit under
h. For some spaces, it is easy to exhibit transitive homeomorphisms
(e.g., irrational rotations of the circle), while for other spaces where
they exist more subtlety is required. Besicovitch [40] first defined such
a transformation for the plane in 1937, partially answering a question of
Ulam (see Chapter 12). In the same year, Oxtoby [89] used the Baire
Category Theorem to demonstrate that in fact transitivity is typical
for volume preserving homeomorphisms of the cube. At that time, the
existence of such transformations had not been established. Recently Xu
([108, 109]) has shown how Besicovitch’s transitive homeomorphism of
the plane can be used to construct an explicit transitive homeomorphism
of the closed unit square and Cairns, Jessup and Nicolau [48] have given
examples on the 2-sphere and more generally on quotients of tori.

In this chapter we present a simplification of Oxtoby’s original proof
based on the combinatorial techniques of Chapter 3, and then we ex-
tend this method to show the existence of spatially periodic transitive
homeomorphisms of Rn, or equivalently, rotationless homeomorphisms
of the torus with transitive lifts. The first result (Theorem 4.1) is a
weaker version of the similar result for ergodic homeomorphisms (Theo-
rem 7.1) to be given later (independently) and is presented here mainly
to give the reader an early introduction to the category techniques to
be used throughout the book. The second result (Theorem 4.2) will
however not be improved upon here, as the corresponding result for

22
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ergodic homeomorphisms is an open question. A slightly stronger prop-
erty than transitivity called topological weak mixing is shown to hold
typically in the volume preserving homeomorphisms in the next section.
We conclude this chapter by showing that a modification of these con-
structions can be used to prove the existence of a volume preserving
chaotic homeomorphism of In (n ≥ 2). The notion of chaos used here is
based on a weaker concept due to Devaney [56].

The results of this chapter will not be used in later chapters.

4.2 A Transitive Homeomorphism of In

To prove the existence of a transitive homeomorphism of the cube by
category methods, we must impose the additional requirement of vol-
ume preservation. To see this, simply observe that if a homeomorphism
maps some closed set into its interior, so does any sufficiently close
homeomorphism, which therefore cannot be transitive. Thus transitive
homeomorphisms are not even dense in the space of all homeomorph-
isms of the cube. The problem caused by a closed set being mapped
into its interior is avoided by assuming volume preservation, and in fact
this assumption (restricting to the space M[In, λ]) is sufficient to make
transitivity typical.

Theorem 4.1 The subset T of M[In, λ] consisting of transitive vol-
ume preserving homeomorphisms of In contains a dense Gδ subset of
M[In, λ] with respect to the uniform topology.

Proof Let τi, i = 1, . . . ,∞, be an enumeration of all the open dyadic
cubes of In, of all orders. Let

Tij =
{
h ∈M[In, λ] : ∃k ≥ 1, hk (τi) ∩ τj �= ∅

}
.

These sets are unions of open sets, hence open. Since every open set in In

contains a dyadic cube, it follows from the definition of transitivity that⋂
ij Tij ⊂ T . According to the Baire Category Theorem (see Theorem

2.1), it remains only to establish that each set Tij is dense in M[In, λ].
So let h ∈ M[In, λ] and ε > 0 be given. It follows from Theorem
3.3 that there is a cyclic dyadic permutation P , of some decomposition
{σm}Nm=1 refining the decompositions τi and τj , which satisfies ‖h−P‖ <
ε. Number the cubes {σm}Nm=1 so that P (σm) = σm+1 where arithmetic
on the indices is done modN , and let pm denote the center of the cube
σm. Since |h(pm) − P (pm)| < ε for each m = 1, . . . , N , it follows from
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Theorem 2.4 that there is a homeomorphism f ∈ M[In, λ] which is the
identity on the boundary, with ‖f‖ < ε, such that f(h(pm)) = P (pm) =
pm+1 for all m = 1, . . . , N . It follows that the homeomorphism fh

cyclically permutes the centers pm and hence belongs to the set Tij ,
since both τi and τj contain at least one of these centers. Furthermore
‖fh− h‖ = ‖f‖ < ε, as required.

A slightly earlier version of this proof, adapted from [5], is included
in the appendix to the second edition of Oxtoby’s book [91].

4.3 A Transitive Homeomorphism of Rn

If a torus homeomorphism has a transitive lift to the covering space Rn

then it is easy to see that it must be transitive itself (note that such a
lift of a torus homeomorphism to Rn is spatially periodic). However, the
converse of this statement is obviously false, so that the techniques of
the previous section must be improved to obtain a torus homeomorphism
with a transitive lift.

Theorem 4.2 Let M0[Tn, λ] denote the space of all homeomorphisms
of the n-dimensional torus Tn, n ≥ 2, which have mean rotation zero.
Then the subset T L of M0[Tn, λ], consisting of homeomorphisms whose
mean translation zero lift to Rn is transitive, contains a dense Gδ subset.

Proof The proof begins almost identically to the previous one. Let τi,
i = 1, . . . ,∞, be an enumeration of all the open dyadic cubes of Rn, of
all orders. Define the sets

Tij =
{
h ∈M0[Tn, λ] : ∃k ≥ 1, ĥk (τi) ∩ τj �= ∅

}
,

where the ˆ denotes the unique lift to Rn with mean translation zero.
As in the previous proof, we have that

⋂
ij Tij ⊂ T L. According to the

Baire Category Theorem, it remains only to establish that each set Tij
is dense in M0[Tn, λ]. So given an h ∈ M0[Tn, λ] and ε > 0, we must
find an f ∈M0[Tn, λ] with ‖f‖ < ε and fh ∈ Tij .

We now describe the construction of the required homeomorphism
f . By Corollary 3.6, there is a cyclic dyadic permutation P , of some
decomposition {σm}Nm=1 of Tn with diameter less than ε/2 and of higher
order than that of τi and τj , which satisfies ‖h−P‖ < ε/2. Furthermore,
P has a lift P̂ with ‖ĥ−P̂‖ < ε/2, which permutes the Rn decomposition
σs,m, m = 1, . . . , N , s = 1, . . . ,∞, via the formula P̂ (σs,m) = σs′,m+1
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(where arithmetic on m is modulo N and σs,m projects onto σm via the
covering projection π : Rn → Tn).

We now select a sequence of points qk ∈ Rn, k = 1, . . . ,K, of some
length K, with the following properties:

• |qk+1 − qk| < ε/2, for k = 1, . . . ,K − 1
• q1 ∈ τi, and qK ∈ τj
• The projections π (qk), k = 1, . . . ,K, are distinct points of the

torus Tn, each lying in distinct relative positions in the interior
of some cube σ. (The last requirement ensures that the points
Pm (π (qk)), m = 0, . . . , N − 1; k = 1, . . . ,K, are all distinct.)

Define qk,m = P̂m(qk), for k = 1, . . . ,K, and m = 0, . . . , N − 1.
Observe that for each fixed k, P̂ permutes the points qk,m in a cycle of
length N . To link all K of these N -cycles into a single chain, going from
q1 = q1,0 in τi to qK = qK,0 in τj , we now use Theorem 2.4 to define a
homeomorphism f ∈ M0[Tn, λ] mapping h(π(qk,m)) into π(qk,m+1) for
m < N−1 and h(π(qk,N−1)) into π(qk+1,0) = π(qk+1). Since |hπ (qk,m)−
π(qk,m+1)| = |hπ (qk,m)−Pπ (qk,m) | < ε/2 for all m and |hπ (qk,N−1)−
π(qk+1)| ≤ |hπ (qk,N−1)−Pπ (qk,N−1) |+|Pπ (qk,N−1)−π(qk+1)| < ε/2+
ε/2 = ε (since P̂ (qk,N−1) = qk,0 = qk), we may choose f with ‖f‖ < ε.
Observe that (f̂h)NK (q1) = qK . Also, by the last part of Theorem 2.4,
f can be chosen to be the composition of homeomorphisms supported
by balls. Since a homeomorphism of Tn with support in a small ball is
rotationless, it follows from equation (3.6) that a composition of such
homeomorphisms is also rotationless. Thus we can choose f so that it
is rotationless. Therefore fh ∈ Tij , and the proof is completed.

Related work can be found in [25, 28, 29, 30].

4.4 Topological Weak Mixing

Earlier in this chapter we showed that transitivity is typical for volume
preserving homeomorphisms of In. We now show how the same tech-
nique can be used to establish typicality for the stronger property called
topological weak mixing, defined below.

Definition 4.3 A map f : X → X of a topological space X is called
topologically weak mixing if given any nonempty open sets U1, V1, U2, V2,
there is a common iterate i such that both f i (U1) ∩ V1 and f i (U2) ∩ V2

are nonempty.
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It is worth observing that if f is topologically weak mixing then it
is transitive. In order to show that such transformations are dense in
M[In, λ], we will need the following result.

Lemma 4.4 Let h be a volume preserving homeomorphism of In, let
ε > 0, and let U1, V1, U2, V2, be given nonempty open sets. Then there
is another volume preserving homeomorphism f with ‖f‖ < ε, such that
fh has two cyclic orbits of relatively prime lengths, one of which enters
U1 and V1, the other U2 and V2. Furthermore we can choose f so as to
fix any given finite set. The lengths of the two orbits can be respectively
chosen from the powers of any two relatively prime numbers.

Proof Apply Corollary 3.4 to produce f1 ∈ M[In, λ] with ‖f1‖ < ε/2
such that f1h cyclically permutes the centers of some dyadic decompo-
sition sufficiently fine so that it has cubes contained in U1 and V1 whose
centers are not in the given finite set. Once f1 is chosen, pick a δ > 0 suf-
ficiently small so that ‖f2‖ < δ implies ‖f2f1‖ < ε. Apply Corollary 3.4
again to produce an f2 ∈M[In, λ] which fixes the centers permuted by
f1h, satisfies ‖f2‖ < δ, and is such that f2f1h = fh cyclically permutes
the centers of some triadic (3-adic) decomposition containing cubes in
U2 and V2. Thus fh has a cyclic orbit with length some power of 2
entering U1 and V1 and another with length a power of 3 entering U2

and V2.

We can now prove that topological weak mixing is typical. The proof
is similar to our earlier result for transitivity, so we will emphasize only
the differences.

Theorem 4.5 The subset W of M [In, λ], consisting of all topologically
weak mixing volume preserving homeomorphisms of In, contains a dense
Gδ subset of M [In, λ] with respect to the uniform topology.

Proof Fix some countable base for the open subsets of In, and let
(Ur

1 , V
r
1 , U

r
2 , V

r
2 ), r = 1, 2, . . . be an enumeration of all 4-tuples of such

nonempty open sets. Define the sets Tr, r = 1, 2, . . ., by

Tr =
{
g ∈M [In, λ] : ∃i ≥ 1 : giUr

j ∩ V r
j �= ∅, j = 1, 2

}
.

Since each set Tr is open, and
⋂
r Tr ⊂ W, we need only prove that

each set Tr is dense in M [In, λ]. We claim that given h ∈ M [In, λ]
and ε > 0, the approximation fh given by the previous lemma (with
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appropriate superscripts) belongs to Tr. Since there are cyclic fh-orbits
of relatively prime lengths Nj which enter Ur

j and V r
j , j = 1, 2, there

are points pj ∈ Ur
j with

(fh)i p1 ∈ V r
1 for i = a (modN1), and

(fh)i p2 ∈ V r
2 for i = b (modN2).

Since N1 and N2 are relatively prime, there are infinitely many positive
integers i satisfying both equations and for these i we have (fh)i Ur

j ∩
V r
j �= ∅, j = 1, 2. Hence fh belongs to Tr, as claimed.

4.5 A Chaotic Homeomorphism of In

In this section we modify the earlier constructions of this chapter to
produce a volume preserving homeomorphism of In which is chaotic.
Our notion of chaos is based on a weaker concept due to Devaney [56].
See also related work in [29, 30].

Definition 4.6 A map h : X → X of a metric space (X, d) is called
Devaney-chaotic if it satisfies the following three conditions:

(i) h is transitive
(ii) the periodic points of h are dense in X
(iii) h has ‘sensitive dependence on initial conditions’. This means that

for some D > 0, for any x ∈ X and ε > 0 there is always some y
with d (x, y) < ε and some i ≥ 1 with d

(
hix, hiy

)
≥ D.

It is known [37] that in fact the first two conditions (i) and (ii) im-
ply the third, but we prefer to keep the definition in this form for the
purposes of later comparison. We define a stronger notion of chaos,
which we call maximal chaos, by strengthening the notion of sensitive
dependence, as follows.

Definition 4.7 A map h : X → X of a metric space (X, d) is called
maximally chaotic if it satisfies the following three conditions:

(i) h is transitive
(ii) the periodic points of h are dense in X
(iii) h has ‘maximal dependence on initial conditions’. This means that

for any nonempty open subset U of X, limi d
(
hiU
)
= d(X), where

d(A) denotes the diameter of A.
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Condition (iii) is stronger than sensitive dependence on initial condi-
tions and in fact implies that condition with any value of D less than
d(X)/2. This is maximal because we might have that x is a fixed point
at the metric center of X. The following result extends a similar result of
Aarts and Daalderop [2] for Devaney-chaotic volume preserving homeo-
morphisms (see also Alpern [17] for compact manifolds and Alpern and
Prasad [30] for the noncompact case).

Theorem 4.8 Given any h ∈ M [In, λ], and ε > 0, there is an f ∈
M [In, λ] of norm ‖f‖ < ε for which fh is maximally chaotic.

Proof As in the construction of topologically weak mixing homeomorph-
isms, we fix some countable base for the open subsets of In, and let
(Ur

1 , V
r
1 , U

r
2 , V

r
2 ), r = 1, 2, . . . be an enumeration of all 4-tuples of such

nonempty open sets. Apply Lemma 4.4 to obtain f1 ∈ M [In, λ] with
‖f1‖ < ε/2 such that f1h has periodic orbits O1

j , j = 1, 2, which re-
spectively enter both U1

j and V 1
j , and the length of O1

j is a power of
j + 1. Suppose we have constructed automorphisms fi ∈ M [In, λ],
i = 1, . . . , r, such that the uniform distance u (frfr−1 . . . f1, identity) <
ε/2 + ε/4 + · · · + ε/2r and frfr−1 . . . f1h has periodic orbits Oi

j , i = 1,
. . . , r and j = 1, 2, which have length some power of j + 1 and enter
both sets Ur

j and V r
j . Define Fr = frfr−1 . . . f1. Choose δ so that if

‖g‖ < δ then u (gFr, Fr) < ε/2r+1. Apply Lemma 4.4 again to ob-
tain fr+1 ∈ M [In, λ] with ‖fr+1‖ < δ, which fixes all the orbits Oi

j ,
i = 1, . . . , r and j = 1, 2 and is such that fr+1fr . . . f1h has periodic
orbits Or+1

j , j = 1, 2, which have length some power of j + 1 and enter
both sets Ur+1

j and V r+1
j . Since ‖fr+1‖ < δ, u(Fr+1, Fr) < ε/2r+1.

Hence Fr is Cauchy with respect to the uniform metric u. Thus
limr→∞ frfr−1 . . . f1 converges to some f ∈ M [In, λ], with ‖f‖ < ε

such that fh has periodic orbits Oi
j , i = 1, 2, . . . and j = 1, 2, which

have length some power of j + 1 and enter both sets U i
j and V i

j . We
claim that fh is maximally chaotic. Since the orbits Oi

j enter all of a
basic family of open sets, the periodic points of fh are dense. Since
fh belongs to each set Tr in the previous theorem, it is topologically
weak mixing, and hence transitive. Finally, we show that fh (or any
topologically weak mixing homeomorphism) satisfies the third condition
regarding maximal dependence on initial conditions. If D < d(X), we
can find basic open sets V r

1 and V r
2 with d (y1, y2) > D for any y1 ∈ V r

1 ,
y2 ∈ V r

2 . Choose Ur
1 and Ur

2 contained within the open set U given in
the definition of maximal dependence on initial conditions. Using the
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same idea as in the proof of the previous theorem, there are infinitely
many positive integers i for which (fh)i Ur

j ∩V r
j �= ∅, j = 1, 2, and hence

for which d((fh)iU) > D.

Very recently, Daalderop and Fokkink [55] and also Akin [4] have
shown that property (ii) of Definitions 4.6 or 4.7 (having dense periodic
points) is a residual property in M[In, λ]. If that result is combined
with Theorem 4.8, then we see that maximal chaos is also a residual
property in M[In, λ]. These results apply more generally to compact
manifolds.

If volume preservation is not required, then the main results for exis-
tence of chaotic actions of compact manifolds are given in [49] and [47].

4.6 Periodic Approximations

We conclude this chapter with a construction (originally due to Oxtoby
and Ulam and generalized by the first author) that approximates an
automorphism of the cube by another which is locally linear almost
everywhere. In fact, a degenerate case of this construction gives uniform
approximation by Devaney-chaotic automorphisms on arbitrary compact
manifolds. Of course this latter application was not realized when the
construction was formulated.

For any α, 0 ≤ α ≤ 1, define an α-cube of order m to be a closed cube
concentric to and with a side length α times that of some dyadic cube
of order m. (A 0-cube is simply the center of a dyadic cube.) These
fractional cubes will be used later in Lemma 6.6. We call α a dyadic
rational if it has the form k/2m. The following result was proved in
the first author’s thesis [5] using successive application of our Corollary
3.4 (to permute the centers of the α-cubes) and the Annulus Theorem,
our Theorem 12.1 (to enlarge these centers to α-cubes). Actually only
the case α = 1/2 was stated there, but the proof is the same (and can
be found in [17] for all α in [0, 1)). It generalizes an earlier result of
Oxtoby and Ulam [88, Theorem 12] which applied only to the unit cube
itself and to automorphisms h which are isotopic to the identity on the
boundary of the unit cube.

Theorem 4.9 Let X be a compact manifold obtained by making bound-
ary identifications of In, let α, 0 ≤ α < 1, be any dyadic rational and
let ε > 0. Then given any automorphism h of X, there is an automor-
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phism f of X with ‖f‖ < ε, and an infinite strictly increasing sequence
of positive integers m1,m2, . . . with the following property: For each
k = 1, 2, . . ., the α-cubes of order mk which are not contained in any
α-cube of order m1,m2, . . . ,mk−1 are rigidly permuted in a single cycle
by h̄ = fh.

The consequences of the above result are very different in the two
cases α > 0 and α = 0. For α > 0, the permuted α-cubes have total
volume 1. This means that for almost every point x in In, x is periodic
under h̄, and in fact belongs to a closed cube on which h̄ acts rigidly and
hence linearly. So we immediately obtain the following corollary, which
we state for simplicity on the cube.

Corollary 4.10 A volume preserving homeomorphism h of the closed
unit cube In, n ≥ 2, can be uniformly approximated by another which is
measure theoretically periodic and is locally linear almost everywhere.

For the case α = 0, the α-cubes are simply the centers of their dyadic
cubes, and so all these centers of cubes of order mk are permuted in a
single cycle of h̄. It follows that since any given pair U, V of nonempty
open subsets of In contain dyadic cubes of some order mk, there is an
orbit of h̄ which enters both U and V . This condition clearly implies
that h̄ (i) is transitive, and (ii) has a dense set of periodic points. Con-
sequently we have another proof that

Corollary 4.11 Every volume preserving homeomorphism of the closed
unit n-cube, n ≥ 2, with boundary identifications, can be uniformly ap-
proximated by another which is chaotic in the sense of Devaney.
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Fixed Points and Area Preservation

5.1 Introduction

Fixed point theorems are usually purely topological in nature, and do not
usually have any measure theoretic hypotheses. However, there are three
surfaces where the assumption that a homeomorphism is area preserving,
by itself or with additional assumptions, implies the existence of a fixed
point: the open square, the torus, and the annulus. The reason only 2-
dimensional manifolds are covered is that all these results follow from a
purely topological fixed point theorem of Brouwer for homeomorphisms
of the plane, known as the ‘Plane Translation Theorem’. This theorem
says that if an orientation preserving homeomorphism of the plane has
no fixed point then it is ‘like a translation’. This phrase can be made
precise in various ways, but it will be sufficient for our purposes here to
take it to mean ‘has no periodic points’.

Since the issue of fixed points is not a main concern of this book, we
will not attempt to give the strongest forms of theorems, but merely show
how results obtained earlier in the book can give simple demonstrations
of the existence of fixed points. References to the stronger results of
Franks and Flucher will be given.

The organization of this chapter is as follows. In Section 5.2 we state
a special case of Brouwer’s Plane Translation Theorem due to Andrea
[32]. We apply this in Section 5.3 to prove a result of Montgomery [86]
that any orientation preserving, area preserving homeomorphism of the
open square has a fixed point. In Section 5.4 we use the techniques of
the last chapter to prove Franks’s result [62] that any area preserving
homeomorphism of the torus which is homotopic to the identity and has
mean rotation zero has a fixed point. This is a topological version of
a well known theorem of Conley and Zehnder [53] for diffeomorphisms.
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Finally, we show in Section 5.5 that the approach of Section 5.4 also
yields a proof of Poincaré’s ‘Last Geometric Theorem’ [94], that any
orientation preserving, area preserving homeomorphism of the annulus
which rotates the two bounding circles in opposite directions has a fixed
point. We will mention extensions to these results which give additional
fixed points.

5.2 The Plane Translation Theorem

Brouwer’s 1912 paper [44] was a deep investigation into the properties of
orientation preserving homeomorphisms of the plane which have no fixed
points. He found that such homeomorphisms possess many properties of
nontrivial translations hv(x) = x+v, where v is not the zero vector. For
example, consider the set F of points lying between a line L1 perpen-
dicular to v and its image L2 = hv(L1), including those points on L2.
Such a set F is called a translation field for hv in that its iterates under
positive and negative powers of hv fill up the plane without overlapping.
Brouwer showed that such a set (lying between two homeomorphs of the
real line) always exists for an orientation preserving homeomorphism of
the plane without fixed points. Another version of this type of property
is given in (5.1). Note that if a translation has no fixed points then it is
nontrivial and also has no periodic points. A special case of the Brouwer
Plane Translation Theorem, as observed by Andrea [32], says that this
property of translations is possessed by fixed point free homeomorphisms
of the plane.

Theorem 5.1 (Plane Translation Theorem) Suppose that h is any
orientation preserving homeomorphism of the plane which has no fixed
point. Then it satisfies the following property:

If C is compact and connected and h(C) ∩ C = ∅,
then hm(C) ∩ C = ∅, for all integers m �= 0,

(5.1)

and in particular, h has no periodic points. (5.2)

Since this is a purely topological result whose proof uses techniques
which are not otherwise useful in the book, we will not present a proof.
Those interested can find a nice proof of (5.2) in [59] and a short argu-
ment that (5.2) implies (5.1) in [32].

To apply the above result in a measure theoretic context, we need the
following definition and application of the notion of µ-recurrence.
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Definition 5.2 An automorphism g of a measure space (X,Σ, µ) is said
to be recurrent, or µ-recurrent, if for any A ∈ Σ with µ(A) > 0, µ-almost
every point of A eventually returns to A under some positive iterate of
g. That is, µ

(
A−

⋃
m≥1 g

−m(A)
)

= 0.

Corollary 5.3 A sufficient condition that an orientation preserving
homeomorphism of the plane has a fixed point is that it is µ-recurrent
for some invariant measure µ which is positive on open sets.

Proof Suppose some such homeomorphism h has no fixed point. Then
we can find a closed disk C of positive radius with h(C)∩C = ∅, which
by (5.1) satisfies hm(C)∩C = ∅, for all integers m. But since µ(C) > 0
and no point of C returns to C, h cannot be µ-recurrent.

5.3 The Open Square

We begin our discussion of the case of the open square S = (0, 1)2

by recalling Brouwer’s more famous fixed point theorem, that any con-
tinuous map of the closed square [0, 1]2 into itself has a fixed point.
However, even for homeomorphisms of the closed square, there need be
no interior fixed points, and so there are homeomorphisms of the open
square with no fixed points. A simple example is the homeomorphism
(x1, x2) �→

(
x2

1, x2

)
. Note that this transformation pushes all points to

the left and hence does not preserve area, or indeed any other finite mea-
sure. Since this transformation is obviously not recurrent, an easy way
to verify the last observation is via the following well known but elemen-
tary result known as the Poincaré Recurrence Theorem, which says that
if a transformation preserves a finite measure (i.e., is an automorphism
of the measure space) then it is recurrent.

Theorem 5.4 (Poincaré Recurrence Theorem) Any automorphism
g of a finite measure space (X,Σ, µ) is µ-recurrent.

Proof Suppose on the contrary that the (measurable) set of nonreturn-
ing points B = A−

⋃
m≥1 g

−m(A) has positive measure, µ(B) > 0. Ob-
serve that since µ

(
gm+k(B) ∩ gk(B)

)
= µ (gm(B) ∩B) = 0, the iterates

gm(B), m > 1 must be disjoint (up to sets of measure zero). But this
means that µ(X) ≥ µ

(
B ∪ g(B) ∪ g2(B) ∪ · · · ∪ gr−1(B)

)
= r µ(B) for
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any integer r, which implies that µ(X) is infinite, contrary to hypothesis.

We note that for infinite measure spaces not all automorphisms are
recurrent. For example simple translation by one unit to the right is
a length preserving automorphism of the line which is not recurrent.
However, we will find that if the invariant measure has no atoms (is zero
for points) then all ergodic automorphisms are recurrent. But, these are
matters for Part III.

Before finishing our discussion of fixed points, we cannot resist men-
tioning a paradoxical application of the Poincaré Recurrence Theorem
to statistical mechanics. It is known (as Liouville’s Theorem) that the
dynamical system describing the motion of particles of an ideal gas pre-
serves a finite measure which is the probability that the system is in a
given state (set in phase space). Suppose all the particles in a room are
pushed to the left side of the room by a moving partition of the room,
and then this partition is removed and the gas continues its motion.
Since the state A described by ‘all the particles are in the left side of the
room’ has a very small but positive probability, Poincaré’s Recurrence
Theorem says that eventually (for the m with µ (gm(A) ∩A) > 0) there
will be another time when all the particles are on the left side.

Returning to the fixed point problem, we can now prove the following
application of Brouwer’s Plane Translation Theorem, which was first
observed in passing by Montgomery [86]. See also [32] and [43].

Theorem 5.5 Let h be any orientation preserving, area preserving
homeomorphism of the open square S = (0, 1)2. Then h has a fixed
point.

Proof Since h preserves a finite measure (area λ on the open square),
Poincaré’s Recurrence Theorem says that h is λ-recurrent. But the open
square is homeomorphic to the plane, so that by Corollary 5.3 (of the
Plane Translation Theorem) h must have a fixed point.

Bourgin [43] has asked whether this result can be extended to higher
dimensions or orientation reversing homeomorphisms. We cannot an-
swer this question now, but in the last section of Chapter 10 (see Theo-
rem 10.8) we will show how the Homeomorphic Measures Theorem can
be used to construct counterexamples.
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5.4 The Torus

The second surface where the assumption of area preservation leads to
a fixed point is the torus T 2, which we will consider in the form of the
unit square with opposite sides identified. As in the previous chapter, we
will assume that distance is given by the maximum metric. An obvious
example of an area preserving homeomorphism of T 2 is the rotation by a
vector v, i.e., xi �→ xi+vi (mod 1). This rotation lifts to a translation by
v in the plane, and hence has mean rotation vector v. One way to avoid
this ‘no fixed point’ example, which turns out to avoid all such examples,
is to require mean rotation zero. As techniques of this section work
equally well on the annulus A obtained from the square by identifying
opposite sides in the first coordinate only, we will include the case that
the underlying space is the annulus as an alternative hypothesis. This
will be the relevant case for the next section, which considers fixed points
of homeomorphisms of the annulus.

Theorem 5.6 (Franks) An area preserving homeomorphism f of the
torus or the annulus which is homotopic to the identity and has mean
rotation zero has a fixed point.

Before proving this result it is worth tracing its history. It was con-
jectured by Arnold (see [34] and [35, Appendix 9]), and later proved
(along with more general results) by Conley and Zehnder [53], that any
diffeomorphism of the torus which has mean rotation zero must have at
least three fixed points. Franks [62] gave a direct proof that weaken-
ing the smoothness hypothesis from diffeomorphism to homeomorphism
would still keep a fixed point; and then Flucher [60] showed that with
Franks’s hypotheses there are at least two fixed points. The existence
of a third fixed point under these assumptions has recently been shown
by P. Le Calvez [81].

The shortest proof of Franks’s Theorem runs along the following lines.
Suppose f is a torus homeomorphism satisfying Franks’s hypotheses
which has no fixed point. Then all sufficiently close homeomorphisms h,
as well as their lifts ĥ to the plane, will also have no fixed points. Hence
if C is a sufficiently small closed disk, the condition (5.1) ensures that the
ĥ iterates of C are disjoint. So an ĥ-orbit can enter C at most once and
consequently cannot be dense in C (or in the plane). So ĥ is not transi-
tive. It follows that a neighborhood of f in M0[T 2, λ] has nontransitive
lifts to the plane, contradicting our earlier result, Theorem 4.2.
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We prefer however to give the following self-contained proof of Franks’s
Theorem based on the discrete methods of Chapter 3, which does not
require the Baire Category Theorem.

Proof We use Franks’s idea of uniformly approximating f by a homeo-
morphism h, whose lift ĥ to the plane has a periodic point. Our combi-
natorial proof of this fact is given in Theorem 3.7. Hence by the Plane
Translation Theorem (Theorem 5.1) ĥ, and therefore h as well, must
have a fixed point. Since f can be uniformly approximated by homeo-
morphisms with fixed points, it follows from the fact that the torus is
compact that f itself must have a fixed point.

5.5 The Annulus

In the same year, 1912, that Brouwer published his investigations on
plane homeomorphisms, Poincaré published the paper containing his
celebrated ‘Last Geometric Theorem’. He conjectured (and gave proofs
for certain cases) that an orientation preserving, area preserving homeo-
morphism of the annulus which rotates the bounding circles in oppo-
site directions must have a fixed point. The condition on the bound-
ing circles is clearly needed to exclude rotations, which have no fixed
points. Birkhoff’s work on this problem [41] proved the general case,
and established the existence of a second fixed point. Recently, Franks
[61] has weakened the assumption of area preservation. The interested
reader may also wish to consult the recent book by Pollicott and Yuri,
Dynamical systems and ergodic theory for further details [95] (see also
[82] for another approach to these results).

We will prove the following version of the Last Geometric Theorem,
first for the special case where the bounding circles are each rotated
by some fixed angle and then (referring to results from Chapter 9 on
homeomorphic measures) for the more general stated condition on the
circles.

Theorem 5.7 Let f be an area preserving homeomorphism of the annu-
lus A = S1 × [0, 1], homotopic to the identity, with a lift f̂ to R1 × [0, 1]
satisfying one of the following conditions for all x ∈ R1:

(i) f̂ (x, 0) = (x− a, 0), f̂ (x, 1) = (x+ b, 1), a, b > 0,

or the weaker condition
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(ii) The first coordinate f̂1 (x, 0) < x and f̂1 (x, 1) > x.

Then the homeomorphisms f̂ and f have fixed points.

Proof We begin with a self-contained proof for the simpler case (i).
Note that if vt(f̂) = 0, where vt is the mean translation vector defined
in formula (3.5), the result is already included in Franks’s Theorem
(Theorem 5.6) above. So without loss of generality we assume that
vt(f̂) < 0. In this case extend f̂ to a homeomorphism ĝ of the strip
R1 × [0, 1 − vt(f̂)/b] by defining ĝ (x, y) = (x+ b, y) for y > 1. Since ĝ
is a rotationless orientation preserving area preserving homeomorphism
of a strip R1 × J (J an interval) it follows from the proof of Franks’s
Theorem above that it has a fixed point. Since the fixed point must lie
below the line at height 1, it projects onto a fixed point of f .

In the more general case (ii) we first extend f to an area preserving
homeomorphism h of the larger annulus S1×[−1, 2], such that h satisfies
condition (i) for the circles at height −1, 2. The existence of such an
extension follows from the Homeomorphic Measures Theorem. While
h has a fixed point by part (i), we cannot assert it lies in the original
annulus, so a slight modification is needed. Let ĥ be the lift of h to
R1 × [−1, 2] which extends f̂ . Let ŝ be a shear homeomorphism of
R1 × [−1, 2] (a translation on each horizontal line) which is the identity
on R1 × [0, 1] and moves every line above 1 sufficiently far to the right
and every line below 0 sufficiently far to the left so that the composition
ŝĥ moves every point above 1 to the right and every point below 0 to
the left. Thus if ŝĥ has a fixed point, it projects onto a fixed point of
f in the original annulus A = S1 × [0, 1]. But the homeomorphism ŝĥ

satisfies the hypotheses of case (i), and the existence of a fixed point in
this case has been shown above.
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Measure Preserving Lusin Theorem

6.1 Introduction

A central idea of real variable theory, ‘Littlewood’s Second Principle’, is
that every measurable function is nearly continuous. Two forms of this
principle are contained in the following well known result, the stronger
second part of which is known as ‘Lusin’s Theorem’.

Theorem 6.1 Let g : R→ R be a measurable real valued function with
|g(x) − x| < ε on the interval [a, b]. Then for any δ > 0 there is a
continuous function h : R→ R with |h(x)− x| < ε on [a, b] satisfying

(i) λ {x : |g(x)− h(x)| ≥ δ} < δ, and even
(ii) λ {x : g(x) �= h(x)} < δ.

In this chapter we will prove an analogous result which relates mea-
surable and continuous ergodic theory. That is, we show that a volume
preserving bimeasurable bijection of the cube In is nearly a volume pre-
serving homeomorphism. The notion of ‘nearly’ is made precise in the
following result obtained by Alpern [8].

Theorem 6.2 (Measure Preserving Lusin Theorem) Let g be a
bimeasurable volume preserving bijection (i.e., automorphism) of the
cube In, n ≥ 2, with ‖g‖ ≡ ess sup |g(x)−x| < ε. Then given any δ > 0,
there is a volume preserving homeomorphism h of In, with ‖h‖ < ε and
equal to the identity on the boundary of In, satisfying

(i) λ {x : |g(x)− h(x)| ≥ δ} < δ
(ii) λ {x : g(x) �= h(x)} < δ.

We shall only prove the weaker part (i) in this book, as it has many
important consequences in the ergodic theory of measure preserving
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homeomorphisms, and the stronger part (ii) is more difficult yet has
few additional known consequences. We should also note that while
in the real variables result (Theorem 6.1) the preservation of the uni-
form ε bound is a trivial afterthought, in our context it is crucial to the
applications and not easy to prove.

Our Theorem 6.2 can be viewed more abstractly as saying that the
space M[In, λ] of volume preserving homeomorphisms of In is a dense
subset of the space G[In, λ] with respect to the weak topology given by
the weak metric ρ (f, g) = inf {δ : λ{x : |f(x)− g(x)| ≥ δ} < δ}. It can
be shown that this topology is the same as that given without refer-
ence to the topology of In, by saying that a sequence gi converges to
a limit g if and only if λ (gi(A)� g(A)) → 0 for every measurable set
A [8]. Recall that both the uniform topology on M [In, λ] (given by
the distance ‖h − h′‖) and the weak topology on G[In, λ] (see [72]) are
topologically complete. We shall also consider the uniform topology on
G[In, λ] – it is complete with this topology. The space G[In, λ] with the
weak topology was extensively studied by Halmos in two 1944 papers
[69] and [70]. In the second paper he applied Baire category arguments
to show that the set of weak mixing transformations is generic in the
weak topology. The approximation theorem of this chapter will enable
us to establish similar and more general results for the space M [In, λ]
with the uniform topology, using the following corollary of Theorem 6.2
(which we will prove later).

Corollary 6.3 Let V be a Gδ subset of G[In, λ] in the weak topology. If
the uniform topology closure of V contains M[In, λ], then V ∩M[In, λ]
is a dense Gδ subset of M[In, λ], in the uniform topology. In partic-
ular, V ∩ M[In, λ] is nonempty. This result remains true if M[In, λ]
is replaced by M[In, ∂In], the subset of M[In, λ] consisting of homeo-
morphisms equal to the identity on ∂In, the boundary of In.

Proof We leave the proof of the final sentence regarding M[In, ∂In] to
the end. For the results onM[In, λ] we first prove the result with ‘Gδ’ re-
placed by ‘open’ in both instances. So assume that V is open in the weak
topology. Since the uniform topology is finer than the weak topology,
V ∩ M[In, λ] is open in the uniform topology on M[In, λ]. Theorem
6.2 and the hypotheses imply that V is dense in G[In, λ] in the weak
topology. To show that V ∩M[In, λ] is dense in M[In, λ] in the uniform
topology, it suffices to show that V ∩M[In, λ] ∩ B �= ∅ for every uni-
form metric ball B = B (f ; ε) =

{
g ∈ G[In, λ] : ‖gf−1‖ < ε

}
in G[In, λ]
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centered at a homeomorphism f in M[In, λ]. By hypothesis there is
some g0 in V ∩B. Therefore ‖g0f−1‖ < ε, and also g0f−1 belongs to the
weak topology open set Vf−1 =

{
cf−1, c ∈ V

}
. By Theorem 6.2 applied

to the transformation g0f−1, there is a homeomorphism h ∈ M[In, λ]
which equals the identity on the boundary of the cube, belongs to the
weak open neighborhood Vf−1 and satisfies ‖h‖ < ε. Consequently
hf belongs to the set V ∩ M[In, λ] ∩ B which is thus nonempty, as
required.

We now consider the ‘Gδ’ case, that is, we assume that V is a weak
topology Gδ set. The facts that V is dense in G[In, λ] in the weak
topology and that V∩M[In, λ] is a Gδ subset ofM[In, λ] in the uniform
topology follow as in the ‘open’ case. To prove the rest, represent V as
the countable intersection of weak open sets Vi. Observe that each open
set Vi satisfies the assumptions of the ‘open’ case of this corollary already
proved, so we may conclude that each set Vi ∩ M[In, λ] is dense and
open in the uniform topology on M[In, λ]. Hence the Baire Category
Theorem asserts that the intersection

V ∩M[In, λ] =
∞⋂
i=1

(Vi ∩M[In, λ])

of these dense open sets is a dense Gδ set, as required.
The proof for the statement whereM[In, λ] is replaced byM[In, ∂In]

is essentially the same; only the first paragraph must be changed slightly.
When we choose the target homeomorphism f , we may additionally
assert that f ∈ M[In, ∂In]. Since the proof in the first paragraph
asserts that h is the identity on ∂In, the boundary of In, it follows that
hf is also the identity on ∂In, so that hf belongs to the smaller set
V ∩M[In, ∂In] ∩ B.

The importance of this corollary is that it gives us a way to establish
the existence (and typicality) of homeomorphisms with specified ergodic
theoretic properties described by the subset V of G[In, λ]. For example,
we may take V to be the set of all ergodic or perhaps weak mixing trans-
formations – sets known to be defined by a countable number of weakly
open conditions (and hence Gδ). Corollary 6.3 enables us to do our ap-
proximations (in establishing density) by discontinuous automorphisms
with properties such as ergodicity.

What remains to be shown then is the second condition, that an ar-
bitrary volume preserving homeomorphism can be uniformly approxi-
mated by a transformation in G[In, λ] (not necessarily continuous) with
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the required property (membership in V). In the next chapter we will
show how an arbitrary volume preserving homeomorphism of In can be
uniformly approximated by a (discontinuous) ergodic transformation of
In. This corollary then will imply the existence and general nature of er-
godic volume preserving homeomorphisms of In. We shall later use this
corollary to establish the existence of volume preserving homeomorph-
isms with much more general measure theoretic properties.

6.2 Approximation Techniques

In this section we outline the techniques of approximation that will be
needed in the next section to prove Theorem 6.2(i). It may be useful
at this point to recall the method of proof for the real variable result of
Theorem 6.1(i). There, the measurable function is first approximated by
a step function, which is in turn approximated by a continuous function.
Here, the role of intermediate is played by dyadic permutations. The
rough outline of the proof, given a transformation g ∈ G[In, λ] with
‖g‖ < ε, is as follows:

step 1 Approximate g by a dyadic permutation R with ρ (g,R) small.
The technique for this approximation is given in Lemma 6.4
below. Clearly most dyadic cubes will also move less than ε,
but a small fraction (the ‘bad’ cubes) may move further, so that
‖R‖ may be large.

step 2 Approximate R by another dyadic permutation P with ρ (R,P )
small and ‖P‖ < ε. This is accomplished by setting P equal to
the identity on the ‘bad’ cubes of R, and modifying R on the
remaining dyadic cubes so that their images avoid the small set
of bad cubes. A 1-dimensional version of this process is given
in Lemma 6.5, where Q̂ will be R−1 on the set F of images of
the bad cubes and P = QR is the required dyadic permutation.
The extension to higher dimensions is achieved by numbering
the dyadic cubes so that close indices imply close cubes.

step 3 Approximate the dyadic permutation P by a volume preserving
homeomorphism h ∈ M [In, ∂In] with ‖h‖ < ε and ρ (P, h)
small. The technique for this step is given in Lemma 6.6 below,
which relies on constructions from Chapter 2.

We now present the three lemmas corresponding to the three steps
above in order to prove Theorem 6.2, which will itself be proved in the
next section. The following lemma was first proved by Halmos in [69,
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p. 6] (see also [72]) though in a different way. In his paper [69, footnote
14], Halmos notes that the result below

. . . has the rank of a ‘folk theorem’. . . . It has a satisfying intuitive content:
it says that, in the limit, every measure preserving transformation is obtained
by cutting up the space (with an ordinary pair of Euclidean scissors) into
a finite number of pieces and then merely permuting the pieces. The first
precise formulation of this result (not the one below) I heard from John von
Neumann in November 1940. . . . The first published version (different from
both von Neumann’s and mine) is due to Oxtoby and Ulam [88, p. 919].

The theorem of Oxtoby and Ulam referred to by Halmos above is [88,
Theorem 12] and generalized in Theorem 4.9. The proof given here is
based on [8].

Lemma 6.4 The dyadic permutations are dense in G[In, λ], in the weak
topology. That is, given g ∈ G[In, λ] and positive numbers δ and γ, there
is a dyadic permutation R ∈ G[In, λ] with

λ {x : |g(x)−R(x)| ≥ δ} < γ.

Proof Choose a dyadic decomposition σi, i = 1, . . . , N , of In with
diameter less than δ. Let Ci, i = 1, . . . , N , be disjoint compact sets
with Ci ⊂ g−1 (σi) and λ

(⋃N
i=1 Ci

)
> 1 − γ/2. Let d > 0 denote

the minimum distance between points in distinct sets Ci and let τj ,
j = 1, . . . ,M , be any dyadic decomposition with cubes of diameter less
than d and volume less than 1/N −max iλ(Ci) that refines the σi. Thus
no dyadic cube τj can intersect more than one of the sets Ci.

We now assign to each set Ci a collection of the cubes τj which inter-
sect it and have total measure between λ (Ci) and 1/N . Let Si be the
union of these cubes. Now define R as a permutation of the τj by first
defining it on cubes in the set Si so that if τj ⊂ Si then R (τj) ⊂ σi, and
then extending it arbitrarily to the remaining cubes.

Since Si ∩ Ci′ = ∅ for i �= i′ we have

N⋃
i=1

(Ci ∩ Si) =

(
N⋃
i=1

Ci

)
∩
(

N⋃
i=1

Si

)
.

Call this common set S and observe from the right side of the equation
that λ(S) > 1−γ. Furthermore it follows from the left side that if x ∈ S
then for some i, x ∈ Ci ∩ Si so g(x) ∈ σi and R(x) ∈ σi. Therefore for
x ∈ S, |g(x)−R(x)| < δ, as required.



6.2 Approximation Techniques 43

Lemma 6.5 Let F ⊂ {1, . . . , N} and let Q̂ : F → {1, . . . , N} be injec-
tive. Then there is a permutation Q : {1, . . . , N} → {1, . . . , N} which
extends Q̂ and satisfies |j−Q(j)| ≤ #(F ) for j /∈ F , where #(F ) denotes
the cardinality of the set F .

Proof Define Q as Q̂ on F , and Q̌ on the complement F̃ , where Q̌ on
the complement of F is the unique order preserving bijection onto the
complement of QF (i.e., Q̌ : F̃ → Q̃F ). That is, if j ∈ F̃ and Q̌j = j′,
then

q = #
{
k : k ∈ F̃ and k ≤ j

}
= #

{
l : l ∈ ˜̂QF and l ≤ j′

}
.

It follows that j −#(F ) ≤ q ≤ j and j′ −#(Q̂F ) ≤ q ≤ j′. But since
#F = #(Q̂F ) we have that j − #(F ) ≤ j′ and j′ − #(F ) ≤ j, or
|j − j′| ≤ #(F ), which is the required estimate.

The next lemma says that the strong topology closure of M[In, ∂In]
(the volume preserving homeomorphisms of In which fix the boundary
∂In) in G[In, λ] contains the set of all dyadic permutations. The strong
topology is given by the metric which defines the distance between two
automorphisms f and g by λ {x : f(x) �= g(x)}. It is obviously finer than
the weak topology.

The following result is a special case of Theorem 6.2(ii) with g re-
stricted to dyadic permutations, and constitutes what we earlier called
step 3.

Lemma 6.6 Given a dyadic permutation P of In with ‖P‖ < ε,
and a positive number γ, there is a volume preserving homeomorphism
h ∈ M[In, λ], ‖h‖ < ε, which equals the identity on the boundary and
satisfies

λ {x : P (x) �= h(x)} < γ.

Proof View P as a permutation of dyadic cubes σi, i = 1, . . . , N , with
diameter less than (ε− ‖P‖) /3. For 0 < β < 1, let σβi denote the
cubes concentric to σi, with parallel faces, and with a fraction β of
the measure of σi. We now apply Theorem 2.4 to the N centers of
the σi, and to their images under P , which are by assumption within
a distance ε. Since ‖P‖ < ε − 2

3 (ε− ‖P‖) we obtain in this way a
homeomorphism f ∈ M[In, ∂In] with ‖f‖ < ε − 2

3 (ε− ‖P‖); further-
more there is some positive number α, with 0 < α < 1, such that the
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homeomorphism f agrees with P pointwise on every cube σαi and thus
λ {x : P (x) �= f(x)} ≤ 1 − α. Unfortunately this α may be too small.
However, if we could find a homeomorphism h which agreed with P on
the cubes σβi , for some β large enough so that β > 1 − γ, the lemma
would be proved. Take such a number β (i.e., β > 1 − γ). To obtain h
we will define a homeomorphism (not volume preserving) T : In → In,
which leaves each cube σi invariant, maps each cube σαi radially onto the
concentric cube σβi , and has constant Jacobian β/α on the f -invariant
set A =

⋃N
i=1 σ

α
i and constant Jacobian (1− β)/(1− α) on Ã, the com-

plement of A. The composition h = TfT−1 will then have the required
properties.

The construction of T reduces to the construction of homeomorphisms
Ti : σi → σi which fix the boundary of σi, and furthermore Ti : σαi → σβi
with constant scaling β/α on σαi and constant Jacobian (1− β)/(1−α)
on σi − σαi . The Ti together define T by T (x) = Ti(x) for x ∈ σi.
To this end we define Ti : σi → σi to be the homeomorphism which
maps the boundary of σti linearly (radially) onto the boundary of the
concentric cube σr(t)i , where r : [0, 1] → [0, 1] is the piecewise linear
function determined by r (0) = 0, r (α) = β and r (1) = 1. Note that
since T leaves each cube σi invariant, it follows that ‖T‖ ≤ diam(σi) <
(ε− ‖P‖)/3.

We now check that h = TfT−1 has the required properties. It follows
immediately from the definitions of f and T that h = P on each cube
σβi , and hence that λ {x : P (x) �= h(x)} ≤ 1− β < γ. To establish that
h preserves volume, we need only check that λ (h(S)) = λ(S) for each
subset S of the complement of

⋃
i σ

β
i . For such a set S we see that

λ (h(S)) = λ
(
TfT−1(S)

)
=

1− β
1− αλ

(
fT−1(S)

)
=

1− β
1− αλ

(
T−1(S)

)
=

1− α
1− β

1− β
1− αλ(S)

= λ(S).

Finally, we calculate that
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‖h‖ ≤ ‖f‖+ 2‖T‖

< ε− 2
3
(ε− ‖P‖) +

2
3
(ε− ‖P‖) = ε.

Note that we can give the following ‘physical’ model of the action of
h = TfT−1 in the previous lemma. Consider the cube In as consisting
of N ice cubes in positions σβi , i = 1, . . . , N , and filled up with water
elsewhere. The transformation T−1 in the proof changes the tempera-
ture so that the ice cubes σβi shrink uniformly in volume to σαi and the
water expands uniformly in volume so that In is completely filled with
smaller ice cubes and more water. Furthermore the temperature change
T is effected so that each σi is invariant. The shrunken ice cubes σαi are
moved by the measure preserving homeomorphism f rigidly to their new
positions P (σαi ). Next we bring the temperature back to normal (i.e.,
apply T to In), so that the small ice cubes σαi grow back to their original
size σβi . The composition of these maps (the temperature changes T and
T−1 and the rigid motion f) is volume preserving (since the initial and
final temperatures are the same) and equals P on all of the σβi .

6.3 Proof of Theorem 6.2(i)

In this section we combine the various approximation techniques of the
previous section to complete the proof of the first part of Theorem 6.2.
The second part of Theorem 6.2, the ‘Lusin Theorem for Measure Pre-
serving Homeomorphisms’, uses similar ideas but also more complicated
topological ideas that have little to do with the assumption of volume
preservation, and hence lies outside the scope of this book. In addition,
we shall have no need for the stronger result in the rest of the book.
The full proof of that result can be found in [8] which uses many results
from [19]. Earlier proofs of this result without the norm preservation
clause (which is essential for our applications) are due to Oxtoby [90]
and White [107].

Proof of Theorem 6.2(i) To avoid confusion between the first δ (which
represents distance) and the second δ (which represents volume), we
will use two constants, constructing an h ∈ M[In, ∂In] which satisfies
λ {x : |g(x)− h(x)| ≥ δ} < γ, for arbitrary positive δ and γ. We begin
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the construction of h by first fixing a dyadic decomposition {τi}Li=1 with
diameter less than α/2 where

α < max [(ε− ‖g‖) /2, δ/2].

For later purposes we fix a numbering of the τi so that cubes with
consecutive indices share a common face. Next choose β > 0 with β <
min [1/L, γ]. By Lemma 6.4, there is a dyadic permutation R which
weakly approximates the given transformation g ∈ G[In, λ], in the sense
that

λ {x : |g(x)−R(x)| ≥ α} < β. (6.1)

We may view R as a dyadic permutation of a decomposition {σj}Nj=1,
where N = KL and thus σj refines the τi. Number the cubes σj so that
σj ⊂ τi if and only if (i− 1)K < j ≤ iK. The numberings of the τi
and the σj together ensure that if |j1 − j2| ≤ K then σj1 and σj2 are in
adjacent elements of the τi and therefore

diam (σj1 ∪ σj2) < α if |j1 − j2| ≤ K. (6.2)

We now wish to weakly approximate the dyadic permutation R by
another dyadic approximation P , with ‖P‖ < ε, a process referred to as
step 2 in the last section. This involves defining P to be the identity on
the ‘bad cubes’ σj belonging to the set D = {x : |x−R(x)| ≥ ‖g‖+ α},
and as close as possible to R on the remaining cubes. Note that the set
D is the union of dyadic cubes (since on each cube R is a translation and
so R(x)−x is constant there). First observe that there are relatively few
bad cubes, in the sense that λ(D) < β < 1/L by (6.1) and the choice
of β. Since each cube σj has volume 1/N = 1/(KL) this estimate on
the volume of D implies that D consists of fewer than K = N/L of the
σj . Let Q̂ : R(D) → In be the restriction of R−1 to R(D), so that
Q̂R will be the identity on the bad cubes D. Since Q̂ is a permutation
of the N cubes σj we may view it as a map of the cube indices, i.e.,
Q̂ : F → {1, . . . , N} where F =

{
j : R−1(σj) ⊂ D

}
.

Now apply Lemma 6.5 to the injection Q̂ : F → {1, . . . , N}, to
obtain an extension (permutation) Q : {1, . . . , N} → {1, . . . , N} with
|j − Q(j)| ≤ #(F ) ≤ K for all j �∈ F . If we now view Q as a dyadic
permutation of the σj , we claim that the dyadic permutation P = QR

satisfies

‖P‖ < ε, and (6.3)

λ {x : |g(x)− P (x)| ≥ δ} < γ. (6.4)
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If we can establish these two properties of P , then we can apply Lemma
6.6 to find a homeomorphism h ∈M[In, ∂In] with small norm, ‖h‖ < ε,
and close to P , λ {x : P (x) �= h(x)} < γ0 where γ0 is the difference
between the right and left sides of the inequality (6.4). Hence we will
have λ {x : |g(x)− h(x)| ≥ δ} < γ, as required.

It remains only to establish the two properties (6.3) and (6.4). To
check the first of these recall that by definition P equals the identity on
the ‘bad cubes’ (those in D). On the other hand suppose that y �∈ D,
and that R(y) ∈ σj1 . Then QR(y) ∈ σj2 for some j2 with |j1 − j2| ≤ K
and hence |R(y)−QR(y)| < α by (6.2). It follows that

|y −QR(y)| ≤ |y −R(y)|+ |R(y)−QR(y)|
≤ (‖g‖+ α) + α ≤ ε,

by the definition of D and the initial choice of α. This proves (6.3).
To establish (6.4), first consider any point y belonging to the set S =
{x : |g(x)−R(x)| < α} ⊂ D̃ with λ(S) ≥ 1−β > 1−γ (by (6.1)), where
R is a good approximation to g. Observe that

|g(y)− P (y)| ≤ |g(y)−R(y)|+ |R(y)− P (y)|
≤ α+ α < δ.

It follows that λ {x : |g(x)− P (x)| ≥ δ} < γ, establishing the last re-
quired estimate (6.4).

The approach to Lusin’s Theorem for measure preserving homeo-
morphisms taken by Oxtoby [90] and White [107] is quite different.
Given a volume preserving automorphism g of the cube, they use a
general (i.e., one without a measure preserving assumption) Lusin The-
orem to assert that for a set A of special topological type and measure
arbitrarily close to that of the cube, the restriction ĝ of g to A is con-
tinuous. The special topological type (a Cantor set, in [90]; a sectionally
0-dimensional set in [107]) is chosen with the property that a homeo-
morphism ĝ with domain of that type may be extended to a homeo-
morphism h of the cube. The fact that the extension may also be done
in a volume preserving manner (with h ∈M[In, λ]) is established using
the Homeomorphic Measures Theorem (our Theorem 9.1). However, it
is not the case that a homeomorphism between (say) Cantor sets in the
cube which moves no point a distance of more than ε may be extended
to a homeomorphism of the whole cube with that property. Thus the
norm preserving aspect of our Theorem 6.2 cannot be established via
the methods of Oxtoby or White.
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Ergodic Homeomorphisms

7.1 Introduction

The Lusin Theorem (or rather its consequence Corollary 6.3) in the
previous chapter provides us with a method of constructing volume
preserving homeomorphisms with desired measure theoretic properties.
This method reduces the problem to approximating a volume preserving
homeomorphism uniformly by a volume preserving automorphism (not
necessarily continuous) with the desired measure theoretic property. In
the next chapter we will give a very general application of this method,
but here we use it simply to demonstrate the existence (and typicality) of
ergodic homeomorphisms of the cube. (We recall that an automorphism
of a finite measure space is said to be ergodic if its only invariant sets
are of measure zero or full measure.) Again, this is an optional chapter,
in that a stronger result (Theorem 8.2) will be proved independently in
the next chapter.

However, the proof we present here, that ergodicity is typical among
volume preserving homeomorphisms of the cube, is a very clear il-
lustration of the method of approximation by discontinuous automor-
phisms. Given Corollary 6.3 of the previous chapter, we are required
only to approximate an arbitrary homeomorphism in M[In, λ] by an er-
godic (generally discontinuous) automorphism in G[In, λ], in the uniform
topology.

Theorem 7.1 The ergodic homeomorphisms form a dense Gδ subset of
the volume preserving homeomorphisms of In, in the uniform topology.

Proof Let G[In, λ] denote the space of all volume (λ) preserving bimea-
surable bijections of the unit cube, endowed with the weak topology.

48
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Since the set E ⊂ G[In, λ] consisting of ergodic automorphisms is a
Gδ set (see [72]), Corollary 6.3 reduces the problem to showing the
following: given any h ∈ M[In, λ] and any ε > 0, there is an er-
godic automorphism f ∈ G[In, λ] with |h(x) − f(x)| < ε for λ-a.e. x
in In.

By Theorem 3.3, there is a cyclic dyadic permutation P ∈ G[In, λ]
of some dyadic decomposition σi, i = 1, . . . , N , such that ‖h − P‖ +
diameter (σi) < ε. Number the cubes σi so that P (σi) = σi+1 for
i < N , and P (σN ) = σ1. Let f̂ be any ergodic volume preserving bi-
jection of the cube σ1, extended to an element of G[In, λ] by setting
it equal to the identity off σ1. (Note that we are not assuming that
f̂ is a homeomorphism.) Define f = f̂P . The automorphism f may
be viewed by stacking the cubes (think of squares) above one another,
with base σ1 and top σN . A point not in the top cube moves linearly
up to the next cube under f , unless it is in the top cube – in which
case it moves linearly to the bottom cube and then moves within the
bottom cube according to the ergodic automorphism f̂ . For such con-
structions (and more general ones called skyscraper constructions – see
Theorem A1.2 in Appendix 1) the resulting automorphism is ergodic if
the base automorphism is ergodic. To see this, suppose that there is
an f -invariant set S (that is, f(S) = S), with 0 < λ(S) < 1. Then
the sets Si = S ∩ σi also have intermediate volume. It follows from the
definitions of f and the Si that fN (Si) = Si. But fN (S1) = f̂ (S1)
so that S1 is a nontrivial invariant set of f̂ , contradicting the assumed
ergodicity of f̂ . Hence our assumption that f is not ergodic (the ex-
istence of the set S) is false. Thus f is an ergodic automorphism
with ‖P − f‖ < diameter(σi) and hence ‖h − f‖ < ε, as required.

The above theorem, originally a conjecture of Birkhoff, is due to Ox-
toby and Ulam [88] and is the main result of their theory. It is clearly
stronger than Oxtoby’s earlier corresponding result for transitivity [89],
since ergodic homeomorphisms are necessarily transitive. The proof
given here (not previously published) is very easy precisely because the
Lusin Theory of Chapter 6 enables us to go outside of M[In, λ] (i.e.,
to use discontinuous automorphisms) to construct our ergodic approx-
imations. The use of the Lusin Theory here (our Corollary 6.3) is es-
sentially the same as in the next chapter, where we approximate by
automorphisms with more restrictive measure theoretic properties, of
which ergodicity and weak mixing are but special examples.
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7.2 A Classical Proof of Generic Ergodicity

The proof of Theorem 7.1 (Generic Ergodicity) given in the previous
section of this chapter relies heavily on the embedding of M[In, λ] in
G[In, λ] and the consequent ability to use discontinuous automorphisms
(elements of G[In, λ]) in the approximation process. In particular, the
above proof used dyadic permutations, which are not continuous. It
also used the fact that the ergodic automorphisms form a Gδ subset
of G[In, λ] with respect to the weak topology, and the existence of an
ergodic automorphism. We now present, for historical comparisons, a
version of the original proof of Theorem 7.1 given by Oxtoby and Ulam
[88] as modified in [6]. Note that all the constructions take place within
the space M[In, λ], and that all automorphisms are homeomorphisms.
Note that nowhere is the existence of any ergodic automorphism as-
sumed, nor any facts about G[In, λ] or the weak topology required.

Recall that in our modern proof of generic ergodicity (Theorem 7.1)
given above, the dyadic permutations played a prominent role in the
approximation argument. Since the dyadic permutations are not con-
tinuous, the classical argument used a continuous analog, given in the
following lemma.

Lemma 7.2 Let f ∈M[In, λ] be any volume preserving homeomorphism
of the unit cube In, n ≥ 2, onto itself. Then given any ε > 0, there exists
another such homeomorphism h ∈ M[In, λ], ‖h− f‖ < ε, such that for
some arbitrarily fine dyadic decomposition {Di}Ni=1, there is a compact
set B ⊂ D1 with λ(B) = 1

2λ (D1) and hi(B) in the interior of the dyadic
cube Di+1, for i = 0, . . . , N − 1.

A version of this lemma was proved by Oxtoby and Ulam [88] by a
long and elaborate argument which used Birkhoff’s Individual Ergodic
Theorem to find orbits of f which were approximately uniformly dis-
tributed with respect to the volume distribution. We will give a short
proof based on modern ideas at the end of this chapter. We now show
how generic ergodicity, Theorem 7.1, may be established based on this
lemma, following the original approach of Oxtoby and Ulam. (Actu-
ally this proof shows that ergodic homeomorphisms are residual in M –
Gδ-ness can be shown separately.)

Proof of Theorem 7.1 Let D̂i, i = 1, 2, . . ., be an enumeration of all
dyadic subcubes of In, of all orders. For indices i and j corresponding
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to dyadic cubes of the same order, define the subset Fij of M[In, λ] by

h ∈ Fij if for some h-invariant set A,

λ(A ∩ D̂i) >
3
4
λ(D̂i) and λ(A ∩ D̂j) <

1
4
λ(D̂j).

Since for any measurable set A ⊂ In with 0 < λ(A) < 1 we can find
such sets D̂i and D̂j in the definition of Fij , it follows from the definition
of ergodicity that every nonergodic homeomorphism belongs to some set
Fij , or M[In, λ]− E ⊂

⋃
ij Fij . In the previous expression, the union is

taken over pairs i, j corresponding to dyadic cubes of the same order. So
by Baire’s Category Theorem it remains only to show that the sets Fij

are nowhere dense, in the uniform topology. Suppose that f ∈ Fij . Then
by Lemma 7.2 there is a uniformly close homeomorphism h̃ ∈ M[In, λ]
which has a set B that is equidistributed, in the sense of that lemma,
with respect to some dyadic decomposition {Dk}Nk=1 which refines that
of D̂i and D̂j . Note that there is a uniform topology neighborhood of h̃,
such that every h in this neighborhood has this same equidistribution
property with the same set B. We claim that any h in this neighborhood
of h̃ does not belong to Fij . Since this shows that every neighborhood
of f ∈ Fij contains a smaller neighborhood in the complement of Fij ,
then Fij is nowhere dense in M[In, λ]. To establish the claim suppose
that A is any h-invariant set satisfying the condition

λ
(
A ∩ D̂i

)
>

3
4
λ
(
D̂i

)
.

Since A is h-invariant, it follows that λ
(
A ∩ hkB

)
= cλ(Dk) = cλ(Di),

for some constant c, for k = 0, . . . , N −1. Since the first N iterates of B
under h fill up exactly half of D̂i and of D̂j , it follows from the displayed
inequality that c > 1/4. Consequently we have that

λ
(
A ∩ D̂j

)
>

1
4
λ
(
D̂j

)
,

and therefore we have established that h cannot belong to Fij . This
shows that E ∩M[In, λ] is a residual set, i.e., its complement is a subset
of a countable union of nowhere dense sets.

As we said above, the proof of Lemma 7.2 given by Oxtoby and Ulam
is long and complicated. We now give a short proof based on ideas
developed earlier in the book.

Proof of Lemma 7.2 By Theorem 3.3 there is a cyclic dyadic permuta-
tion P of some dyadic decomposition D1, . . . , DN with P (Di) = Di+1,
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for i = 1, . . . , N−1, and P (DN ) = D1, with ‖Pf−1‖ < ε. Consequently,
by Theorem 6.2, there is a homeomorphism g ∈ M[In, λ] with ‖g‖ < ε,
such that g is arbitrarily close to Pf−1 in the weak topology. Setting
h = gf , this is equivalent to saying that there is a homeomorphism
h ∈ M[In, λ], with ‖h − f‖ < ε, which is arbitrarily close to P in the
weak topology. Using an appropriate weak topology neighborhood, this
gives a measurable set B̌ with λ

(
B̌
)
> 1

2λ (D1), such that hi
(
B̌
)

is a
subset of Di+1, i = 0, . . . , N − 1. Choosing a sufficiently large compact
subset B of B̌ gives the condition of the lemma.
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Uniform Approximation in G[In, λ] and
Generic Properties inM[In, λ]

8.1 Introduction

In this chapter we show that any volume preserving homeomorphism
of the cube can be uniformly approximated by volume preserving au-
tomorphisms (not generally continuous) with certain specified measure
theoretic properties. As shown in the previous section (when the prop-
erty was ergodicity), this approximation can then be combined with the
Lusin Theory to produce homeomorphisms possessing that property, and
a version of Theorem C (of Chapter 1) for generic properties of volume
preserving homeomorphisms of the cube.

Suppose we want to find homeomorphisms of In which have some
particular measure theoretic property, such as ergodicity or weak mix-
ing. Such a property can be designated by specifying a subset V of the
space G[X,µ] of all automorphisms of a Lebesgue space (X,µ), which we
will take for convenience as all volume preserving bijections of (In, λ).
We will only consider properties V which don’t depend on the names
of the points, i.e., which are conjugate invariant in G[In, λ]. (This as-
sumption means that g ∈ V implies f−1gf ∈ V for all f ∈ G[In, λ].) In
this context the statement at the beginning of this paragraph is equiv-
alent to showing V ∩M[In, λ] is nonempty. Many important measure
theoretic properties in G[In, λ] are determined by a countable number
of conditions, which each define an open set in the weak topology on
G[In, λ], that is, they are Gδ subsets of G[In, λ]. For such sets, we have
already determined (in Corollary 6.3) a property which will ensure that
V ∩M[In, λ] is nonempty, namely that the uniform topology closure of
V contains M[In, λ]. In this chapter we give a simple property of V that
ensures its uniform closure is all of G[In, λ], namely that V contains an
antiperiodic automorphism. (An automorphism g ∈ G[In, λ] is called

53
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antiperiodic if its periodic points have measure zero.) It is worth not-
ing that if V is generic in G[In, λ] (with respect to the weak topology)
then it must have a nonempty intersection with the generic property E
(ergodic automorphisms). Since an ergodic automorphism is necessarily
antiperiodic, V must contain an antiperiodic automorphism.

Since (for the present) we only need that the uniform closure of V
contains M[In, λ] (rather than G[In, λ]) that is all we shall prove in this
chapter (Theorem 8.4). However, the more general result (with G[In, λ]
rather than M[In, λ]) is proved in Appendix 1 as Corollary A1.12 – this
more general result is stated here as follows.

Theorem 8.1 The conjugacy class of any antiperiodic automorphism is
dense in G[In, λ] in the uniform topology. That is, given g, h ∈ G[In, λ]
with g antiperiodic and ε > 0, there is an f ∈ G[In, λ] satisfying
‖f−1gf − h‖ < ε, that is

|f−1gf(x)− h(x)| < ε for λ-a.e. x.

This result due to Alpern in 1979 ([10], and [11, Conjugacy Lemma])
is a strengthening of a similar result of Halmos ([70, Theorem 1] and
Halmos’s book [72]), that the conjugacy class of an antiperiodic trans-
formation is dense in G[In, λ] in the weak topology. This result and
Corollary 6.3 immediately give the following means of showing that cer-
tain measure theoretic properties not only exist but are in fact typical
for volume preserving homeomorphisms of In. It generalizes the special
cases where V represents ergodicity (established by Oxtoby and Ulam
[88] – see previous chapter) or weak mixing (established by Katok and
Stepin [76]) or in fact any property which is generic in G[In, λ]. By
combining the approximation result Theorem 8.1 with the measure pre-
serving Lusin Theorem of Chapter 6, we will obtain the following simple
condition for a property to be generic in M[In, λ]. Since any property
V which is generic in G[In, λ] contains an antiperiodic automorphism,
the following result (ii) is the version of Theorem C (of Chapter 1) for
the cube.

Theorem 8.2 Let V be any conjugate invariant, weak topology Gδ subset
of G[In, λ] which contains an antiperiodic automorphism. Then

(i) V is a dense Gδ subset of G[In, λ] in the weak topology, and
(ii) V ∩M[In, λ] is a dense Gδ subset of M[In, λ] in the uniform

topology.
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The result (ii) remains true if M[In, λ] is replaced by M[In, ∂In, λ] (the
volume preserving homeomorphisms fixing the boundary of the cube) in
both instances.

8.2 Rokhlin Towers and Stochastic Matrices

We leave the proof of Theorem 8.1 to Appendix 1 and instead prove
a slightly weakened version of that theorem where the target automor-
phism h is actually a volume preserving homeomorphism – this is The-
orem 8.4. To do this we will need to use either (i) Rokhlin’s Tower
Theorem (see Theorem 8.3) combined with the fixed point property of
the cube (Brouwer’s Theorem), or (ii) a stronger form of Rokhlin’s The-
orem in terms of stochastic matrices, without any topological properties.
We will give both proofs. Then we will show how the main result of this
part of the book, Theorem 8.2, follows from a weaker form of Theorem
8.1 (Theorem 8.4) and our earlier results in Chapter 6 on Continuous
Approximation. The following result is stated for Lebesgue probability
spaces (X,Σ, µ), although the reader may just think of it as the cube
(In, λ) with volume measure, since measure theoretically these spaces
are the same (via some measurable measure preserving conjugacy). See
also Theorem A1.4.

Theorem 8.3 (Rokhlin Tower Theorem) Let (X,Σ, µ) be a finite
Lebesgue measure space and let g ∈ G[X,Σ, µ] be an antiperiodic µ-
preserving automorphism of X. Then given any positive integer N and
any γ, 0 < γ < µ(X), there is a measurable set A ∈ Σ such that giA are
pairwise disjoint for i = 0, . . . , N − 1, and

µ

(
N−1⋃
i=0

giA

)
= γ.

As a consequence of this purely measure theoretic theorem, we can
now prove the following weakened form of Theorem 8.1, where the target
automorphism h is restricted to homeomorphisms. This will be sufficient
for our purposes, namely the proof of Theorem 8.2. Note that we later
prove an extension of the above result, which we call the Multiple Tower
Rokhlin Theorem.

Theorem 8.4 Given any antiperiodic automorphism g in G[In, λ], any
homeomorphism h in M[In, λ] and ε > 0, there is an f ∈ G[In, λ]
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satisfying ‖f−1gf − h‖ < ε, i.e.,

|f−1gf(x)− h(x)| < ε for λ-a.e. x.

We will give two proofs of this result. The first proof [10] relies on the
fact (Brouwer’s Theorem) that the underlying space, the unit cube, has
the fixed point property. The second proof [11] involves no topological
properties, but rather uses a measure theoretic result that can be seen
as a generalization of Rokhlin’s Tower Theorem. The second proof is
applicable to manifolds without the fixed point property.

Proof number one of Theorem 8.4 By our earlier result on cyclic dyadic
approximation, Theorem 3.3, there is an appropriately indexed dyadic
decomposition {αi}Ni=1 such that the diameter of the sets h(αi) ∪ αi+1,
i = 1, . . . , N (where αN+1 = α1) is less than ε/2. Furthermore by
Brouwer’s Theorem one of the closed dyadic cubes, say αN , contains a
fixed point of h, so αN ∩ h (αN ) �= ∅. Consequently

diameter [(h (αN−1) ∪ αN ) ∪ (h (αN ) ∪ α1)] <
ε

2
+
ε

2
= ε.

Now apply Rokhlin’s Tower Theorem to the antiperiodic automor-
phism g to obtain a set A such that gi−1(A) are pairwise disjoint for
i = 1, . . . , N − 1, and λ

(⋃N−1
i=1 gi−1(A)

)
= 1 − 1/N . Let f ∈ G[In, λ]

be any automorphism satisfying f (αi) = gi−1(A), i = 1, . . . , N − 1,
and f (αN ) = In −

⋃N−1
i=1 gi−1(A). Define ĝ = f−1gf and observe

that ĝ (αi) = αi+1 for i = 1, . . . , N − 2. Hence for x ∈ αi with
i = 1, . . . , N − 2, we have |h(x) − ĝ(x)| < ε/2, since the two points lie
within the set h(αi) ∪ αi+1. Next note that ĝ (αN−1 ∪ αN ) = αN ∪ α1.
It follows that for x ∈ αN−1 ∪αN , ĝ(x) and h(x) both belong to the set
(h (αN−1) ∪ αN ) ∪ (h (αN ) ∪ α1). Since this set has diameter less than
ε, the required estimate follows.

To prepare the second proof of Theorem 8.4, one that does not use
the fixed point property of the underlying space (In), we begin with a
few definitions. An m × m matrix P is called stochastic if its entries
are nonnegative and its rows all sum to 1, and doubly stochastic if its
columns also sum to 1. A stochastic matrix is called mixing if some
power has all positive entries. The following result was proved in [11,
Theorem 1]; a proof of a stronger version (for infinite matrices, see [23])
can be found in Appendix 1 as Theorem A1.9. A similar result for
nonsingular transformations g is in [24].
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Theorem 8.5 Let g ∈ G[In, λ] be antiperiodic and let (pij) be an m×m
mixing stochastic matrix. Then there is a measurable partition {βi}mi=1

of In satisfying

λ (g (βi) ∩ βj)
λ (βi)

= pij for all i, j = 1, . . . ,m.

We now give our second proof of Theorem 8.4, one that does not use
the fixed point property.

Proof number two of Theorem 8.4 Begin by choosing a dyadic decom-
position {αi}mi=1 of In sufficiently fine so that 2|αi| + |h (αi) | < ε, for
i = 1, . . . ,m (where |S| denotes the diameter of a set S). Number the
αi cyclically so that αi is adjacent to αi+1 for i < m, and αm is adjacent
to α1. Define A to be the m × m doubly stochastic matrix given by
aij = m λ (h (αi) ∩ αj). Define B to be the m × m doubly stochastic
matrix given by

bij =
{

1/2 if i = j or i = j − 1 mod(m),
0 otherwise.

Then it is easy to see that P = AB is doubly stochastic and mixing
(in fact Pm > 0). Now apply the above theorem to the antiperiodic
automorphism g and the mixing stochastic matrix P with entries pij , to
obtain a partition {βi}mi=1 satisfying

λ (g (βi) ∩ βj)
λ (βi)

= pij for all i, j = 1, . . . ,m.

Note in particular that λ(g (βi) ∩ βj) > 0 only if pij > 0. Since both
the β and α partitions divide In into sets of volume 1/m, there is a
automorphism f ∈ G[In, λ] for which f (αi) = βi, i = 1, . . . ,m. Any
point x ∈ In belongs to some set αi and its image f−1gf(x) belongs to
some set αk. Since f(x) belongs to βi, it follows that gf(x) belongs to
some set βk for which pik > 0, except possibly for a set of x’s of measure
zero. If pik > 0 then for some j, aij and bjk are both positive. Since
bjk is positive, either j = k − 1 mod (m), or j = k. Similarly, since
aij is positive we have h (αi) ∩ αj �= ∅. Thus the point h(x) belongs
to a set h (αi) which intersects a set αj which is adjacent to the set αk
containing f−1gf(x). It follows that

|h(x)− f−1gf(x)| ≤ |h (αi) |+ |αj |+ |αk| < ε

for λ-a.e. x, by the initial choice of the size of the α partition.
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Note that the only place in the above proof that the continuity of h
was used (an assumption of Theorem 8.4 but not Theorem 8.1) was in
the initial choice of the partition αi with small diameter and hence small
diameter of h (αi). If h is only assumed to belong to G[In, λ] then we
can still obtain such a partition, but we can no longer guarantee that all
of its elements have the same volume. A similar but more complicated
proof then proceeds as above but with stochastic matrices rather than
doubly stochastic matrices. The details are given in [11]. In any case,
we can now proceed to prove our main result on generic properties of
volume preserving homeomorphisms of the cube.

Proof of Theorem 8.2 Since V is conjugate invariant and contains an
antiperiodic automorphism, Theorem 8.4 says that the uniform topology
closure of V contains M[In, λ]. It then follows from Corollary 6.3 that
(ii) V∩M[In, λ] is a denseGδ subset ofM[In, λ] in the uniform topology.
Part (i) then follows from the fact that the uniform topology is finer than
the weak topology and the fact (Theorem 6.2) that M[In, λ] is dense in
G[In, λ] in the weak topology.
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Measures on Compact Manifolds

9.1 Introduction to Part II

Up to now we have restricted our attention to volume preserving homeo-
morphisms of the cube, and have proved a number of results for this
space M [In, λ]. In this part of the book (Chapters 9 and 10) we show
how the results already obtained for M [In, λ] apply more generally to
the space M[X,µ] whenever X is any compact connected manifold (we
allow situations where our manifold X could possibly have nonempty
boundary as for example when X = In) and µ belongs to a certain class
of finite measures. In other words, we will show that there was really no
loss of generality in restricting our attention to the cube with volume
measure, where the intuition was clearer.

We note for later purposes that the situation is very different for non-
compact manifolds, in that results obtained for the ‘standard noncom-
pact manifold’ Rn do not go over unchanged to arbitrary noncompact
manifolds. That is, for compact manifolds the topological type of the
manifold is irrelevant, but for noncompact manifolds the end structure
is important. But these are matters to be dealt with in Part III.

9.2 General Measures on the Cube

We begin our analysis by retaining for the moment the cube In, n ≥ 2, as
our manifold, but now endowing it with a more general Borel probability
measure µ. Our first question concerns the assumptions we have to make
about the measure µ to ensure that our main genericity result from
Part I (Theorem 8.2) continues to hold for the space M [In, µ]. Recall
that this result says that any typical measure theoretic property V, such
as ergodicity or weak mixing, is also typical in M [In, λ].
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We begin by considering certain possible properties of a measure µ
which must be ruled out. For this discussion let f be a homeomorphism
in M [In, µ].

(i) atoms: If µ has atoms (points of positive measure), then those
with any fixed measure form an invariant set, so for f to be ergodic
these points must be cyclically permuted. But such an f is not weak
mixing, and so (taking V to be the weak mixing automorphisms)
Theorem 8.2 is not true in M [In, µ] for such a measure µ.

(ii) open set with zero measure: Here we only give an example to show
that this might create a problem. Suppose that µ assigns zero
measure to the open subset of the square where the first coordinate
lies in the interval (1/2, 3/4), and µ equals 4/3 times area measure
(λ) on its complement. Then any f ∈ M[I2, µ] which fixes the
boundary cannot be ergodic, as the sets to the left and right of this
vertical strip are each invariant.

(iii) boundary has positive measure: By the property called ‘invariance
of domain’, ∂In is invariant under f , so if 0 < µ (∂In) < 1 then f
cannot be ergodic.

We exclude these problems by defining what we call (in honor of Oxtoby
and Ulam) an OU measure.

Definition A Borel measure µ on a manifold X is called an OU measure
if it is

(i) nonatomic (this means it is zero on singleton sets – has no ‘atoms’),
(ii) locally positive (this means it is positive on every nonempty open

set), and
(iii) zero on the manifold boundary.

It is worth recalling that every Borel measure is locally finite, that is,
finite on compact sets. Thus an OU measure on a compact manifold is
finite, and hence will often be normalized to a probability measure (with
µ(X) = 1). Similarly (though this will not be of any significance until
Part III) an OU measure on a sigma compact manifold is sigma finite.

An important though simple observation is that Lebesgue measure λ
on the cube In is an OU probability measure. Almost as simple is the
observation that any measure ν on In which is homeomorphic to λ (that
is, of the form ν(A) = λ (h(A)), for some homeomorphism h of In and all
measurable sets A) is also an OU measure. In this case we write ν = λh.
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The following converse of this statement is also true, and has been an
important tool in the study of measure preserving homeomorphisms.

Theorem 9.1 (Homeomorphic Measures Theorem) A Borel prob-
ability measure µ on the n-cube In is homeomorphic to Lebesgue measure
λ on In if and only if it is an OU probability measure. In other words,
there is a homeomorphism h : In → In with µ = λh if and only if
the Borel probability measure µ is nonatomic, locally positive, and has
µ (∂In) = 0. Furthermore, given any homeomorphism g : In → In, we
can choose h to equal g on ∂In; in particular, we can take h to be the
identity on the boundary.

This result was conjectured by Ulam in 1936 and a proof was obtained
at that time by J. von Neumann but was not published (although a hand-
written manuscript of that proof is cited and reviewed in [105, vol. II,
p. 558]). The first published proof is by Oxtoby and Ulam (Theorem 2,
p. 886 of [88]), who used Baire category methods. We will give a version
of their proof in Appendix 2. Another proof of this result due to Goffman
and Pedrick can be found in [66]. The latter result is elaborated upon
and strengthened in Chapter 7 of the 1998 book by Goffman, Nishiura
and Waterman (see Theorem 7.1, p. 90, [65]), to prove a homotopy ver-
sion of the Homeomorphic Measures Theorem. An infinite dimensional
analog of the homeomorphic measures theorem for the Hilbert cube, I∞,
has been obtained by Oxtoby and the second author in [92] (an unpub-
lished proof has also been obtained by B. Weiss [106]). The extension
of the result to Hilbert cube manifolds is due to Prasad [97].

The reader may have noticed the absence in the above theorem of
our usual caveat that n ≥ 2. This is because the result is true even
in dimension n = 1. In fact this is the only easy case; simply define
h(x) = µ[0, x) for x ∈ [0, 1]. However, in higher dimensions the theorem
becomes harder. What makes this theorem seem implausible in higher
dimensions is that subsets of dimension strictly less than n can support
some or all of the measure µ. For example, if µ1 is any nonatomic Borel
probability measure on In with support on some line segment L (say
uniform measure), then the measure µ = (µ1+λ)/2 is an OU probability
measure, and so must be of the form λh for some homeomorphism h of
In. This means that the arc h(L) must be a set of planar (Lebesgue)
measure 1/2! Another example of an OU probability measure is given
by the following construction: For i = 1, 2, . . . , let Ci be disjoint Cantor
subsets of the interior of In whose union is dense in In, and let µi be
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arbitrary nonatomic Borel probability measures with supports on Ci.
Then µ(U) =

∑∞
i=1 µi(U ∩ Ci)/2i is an OU probability measure.

The Homeomorphic Measures Theorem immediately extends our
genericity result (Theorem 8.2) for M [In, λ] to the space M [In, µ] for
any OU measure µ. The idea is to normalize µ (assume that µ (In) = 1)
and observe that if µ = λh then h establishes a homeomorphism between
the two function spaces (from M [In, λ] to M[X,µ]) by the correspon-
dence f ↔ h−1fh. The following result may be thought of as a half-way
house between the genericity result (Theorem 8.2) for M [In, λ] and for
M[X,µ] (where X is a compact manifold) given in Corollary 10.4.

Theorem 9.2 Let µ be an OU probability measure in In, n ≥ 2. Let
V be a conjugate invariant, weak topology Gδ subset of G [In, µ], which
contains an antiperiodic automorphism. Then V ∩M [In, µ] is a dense
Gδ subset of M [In, µ] with respect to the uniform topology.

Proof By the Homeomorphic Measures Theorem, there is a homeo-
morphism h : In → In such that µ = λh, where λ denotes Lebesgue
measure. First note that if V ⊂ G [In, µ], then Ṽ = hVh−1 ⊂ G [In, λ]
as the following easy calculation demonstrates: when g ∈ G [In, µ], then
g̃ = hgh−1 ∈ hVh−1 and

λg̃(A) = λhgh−1(A)

= µgh−1(A)

= µh−1(A)

= λ(A)

shows g̃ ∈ G [In, λ]. Furthermore note that in the above, if g ∈M [In, µ],
then g̃ = hgh−1 ∈M [In, λ].

Therefore we can apply Theorem 8.2 to the subset hVh−1 of G [In, λ],
to assert that hVh−1∩M [In, λ] is dense andGδ inM [In, λ] with respect
to the uniform topology. It follows that h−1

(
hVh−1 ∩M [In, λ]

)
h =

V ∩M [In, µ] is dense and Gδ in M [In, µ], as required.

9.3 Manifolds

Up to this point in the book the usual domain, or phase space, that
we have considered is the unit cube In. From this point on, we will
take our domain to be a manifold X, possibly with a manifold boundary
(denoted by ∂X). The dimension of the manifold will be denoted n,
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and assumed to be at least 2. In this part of the book we will assume
that X is compact, while in Part III we will weaken this assumption
to sigma compactness. The manifold X will always be endowed with a
measure µ, which is assumed to be an OU measure, as defined in the
previous section. The weak and uniform topologies have been defined
on G[X,µ] (and hence the subset M[X,µ]) in Chapters 1 and 2. Recall
that the definition of the uniform topology requires that X is equipped
with a metric d. It will be useful to assume that the metric d maintains
a property possessed by the Euclidean and maximum metrics on the
cube, that was used in Part I:

Given points x, y ∈ X, with d (x, y) < δ, there is an arc L : [0, δ] → X

with L(0) = x, L(δ) = y and having Lipshitz constant 1.

Such a metric exists for example when X is a simplicial complex in
some Euclidean space. We thank Ethan Akin for this useful observation.
This property was used in Theorem 2.4 (second line of the proof) and
indirectly in Theorem 6.2. This property is not essential, but results in a
simpler statement of the norm preservation part of the Lusin Theorem.

Actually, we have already briefly considered manifolds other than In,
namely the n-torus and the annulus, in our discussion of fixed points
in Chapter 5. We were able to define dyadic permutations of these
manifolds because we could view them simply as the unit cube with
certain boundary identifications. This identification also enabled us to
define volume on these manifolds. The topological aspect of the bound-
ary identification idea is well known to be applicable to an arbitrary
compact manifold. For this purpose we will use the strictly topological
result of M. Brown stated below (for a nice proof of this see [52]). In
the next section we will use the Homeomorphic Measures Theorem to
extend Brown’s result to additionally obtain an arbitrary OU probabil-
ity measure µ from Lebesgue measure on the cube via such a boundary
identification.

Theorem 9.3 (M. Brown [45]) For any compact connected n-
dimensional manifold X where n ≥ 2, there exists a continuous map
φ : In → X such that

(i) φ maps onto X
(ii) φ| Int In is a homeomorphism of the interior of In onto its image
(iii) φ(∂(In)) is a closed nowhere dense set, disjoint from φ(Int In)

Whenever φ is a map from In to X satisfying (i)–(iii), we shall call
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the set φ(∂In) in X a set of singular points of X and refer to φ as
a topological Brown map. Note that in this definition of the singular
points of X, a different map φ will give a different set of singular points.
Nevertheless, the proof of Brown’s theorem actually shows that if X
has any boundary, then the boundary always consists of singular points.
For example if X is the torus T 2 then the union of the great circles
in each coordinate direction would form a set of singular points of T 2.
When X is the 2-dimensional annulus, the singular points include the
two bounding circles, together with a line segment connecting them. In
general, the set of singular points consists of the manifold boundary
together with a ‘scar’ on X so that if X is cut open along the scar, then
‘what is left’ (X − φ(∂(In))) is homeomorphic to the interior of In.

Given an OU probability measure µ on X, we would like to be able
to say that ‘what is left’ is not only homeomorphic to the interior of In,
but also has full measure, that is

µ (φ(∂(In))) = 0.

In fact, if we can ensure this, we can use the Homeomorphic Measures
Theorem to show that the Brown map can be chosen to take Lebesgue
measure λ into the given measure µ. In the next section we will show that
there is some homeomorphism of In such that a given closed nowhere
dense set (and therefore any set of singular points) can be ‘moved by the
homeomorphism’ to a set of zero measure. That result will then allow us
to choose a Brown map so that the singular points have zero measure.

9.4 Measures on Compact Manifolds

In the previous section we stated Brown’s Theorem, which enables us to
represent any compact manifold X as the unit cube In with appropriate
boundary identifications. This is done via the map φ : In → X. In
this section we will extend Brown’s Theorem to show further that if µ is
any OU probability measure on the manifold X, then φ can be chosen
such that it takes Lebesgue measure λ on the cube into the measure
µ. In order to do this, we must first establish the weaker result that
we can choose φ such that the ‘scar’ of singular points has µ-measure
zero, that is, µ (φ(∂(In))) = 0. Since according to Brown’s Theorem the
closed set φ(∂(In)) is nowhere dense, we rely on a result of Oxtoby and
Ulam [88] (Theorem 9.5 below) that a nowhere dense set can be mapped
homeomorphically into a set of zero measure. But first we prove a lemma
in which ‘zero measure’ is weakened to ‘small measure’.
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Lemma 9.4 Suppose µ is measure on In such that µ(∂In) = 0 and F
is a closed nowhere dense subset of In. Then for each δ and ε > 0, there
exists a homeomorphism h ∈ H[In, ∂In], with ‖h‖ < δ and µh(F ) < ε.

Proof Consider for each t ∈ [0, 1] the following section in the first co-
ordinate, {x = (x1, . . . , xn) : x1 = t}. Since these are all disjoint for
different t’s, there can be at most countably many such sections with
positive measure. Similarly there are only countably many sections in
any coordinate with positive measure. So we may avoid those sections
in choosing hyperplanes to form a finite subdivision D1, . . . , Dk of In

into rectangles such that diam(Di) < δ and µ(∂Di) = 0 for each i. Let
U be an open neighborhood of

⋃k
i=1 ∂Di such that µ(U) < ε. Because

the given set F has no interior, let D′
i ⊂ IntDi be a small subrectangle

with faces parallel to the faces of Di and such that F ∩D′
i = ∅. Then for

each i let hi ∈ H[Di, ∂Di] be a homeomorphism of the cube Di which
maps the annular region Di−D′

i into U ∩Di. The homeomorphism h of
In obtained by piecing together the hi’s has the required property.

We now strengthen this result from ‘small measure’ to ‘zero measure’,
using a Baire category proof of Oxtoby and Ulam [88] which shows that
in fact most (topologically speaking) homeomorphisms take the set F
into a set of zero measure. This result establishes a connection between
topological smallness and measure theoretic smallness. For more con-
nections of this type, the reader is again referred to Oxtoby’s elegant
book [91].

Theorem 9.5 Suppose that X is a compact connected n-manifold and
µ is a Borel measure on X which vanishes on ∂X. Let A be a closed
nowhere dense subset of X. Then {h ∈ H[X] : µh(A) = 0} is a dense
Gδ subset of H[X].

Proof Each point x ∈ X has a neighborhood B′ homeomorphic to In

(say by homeomorphism ψ : B′ → In). Since there are uncountably
many concentric subcubes of In around ψ(x), and at most countably
many of these subcubes give rise to neighborhoods of x whose bound-
aries have positive µ measure, let B ⊂ B′ be a neighborhood of x, home-
omorphic to In with µ(∂B) = 0. Since X is compact, let B1, . . . , Bk be
a covering of X by sets homeomorphic to In such that µ(∂Bi) = 0 for
each i. For each i = 1, . . . , k and each positive integer j, define

Hij = {h ∈ H[X] : µ(h(A) ∩Bi) < 1/j}.
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Clearly

{h ∈ H[X] : µh(A) = 0} =
⋂
ij

Hij .

The technique employed in the previous lemma, applied to Bi, estab-
lishes that each Hij is dense in H[X].
Hij is clearly open in the weak topology, and consequently open in

the finer uniform topology.

We are now in a position to state and prove the measure preserving
extension of Brown’s Theorem that was discussed at the beginning of
this section.

Theorem 9.6 Let µ be an OU probability measure on a compact
connected n-dimensional manifold X, n ≥ 2. There exists a map
φ : In → X such that

(i) φ maps onto X
(ii) φ| Int In is a homeomorphism of the interior of In onto its image
(iii) φ(∂(In)) is a closed nowhere dense set, disjoint from φ(Int In)
(iv) µ(φ (∂In)) = 0
(v) φ is a measure preserving map of (Int In, λ) onto its image; i.e.,

µ(φ(U)) = λ(U) for all Borel sets U ⊂ Int In.

Proof The first three parts constitute Brown’s Theorem. So let φ1 be
any map satisfying (i)–(iii). We show how to modify it to obtain (iv) and
(v) as well. By the previous theorem, since φ1(∂In) is a closed nowhere
dense set in X, there is a homeomorphism h of X such that hφ1 satisfies
(i)–(iv).

Define ν = µhφ1. Then ν is an OU probability measure on In.
Thus the Homeomorphic Measures Theorem (9.1) ensures that there is
a homeomorphism f ∈ H[In, ∂In] so that ν = λf . Thus µhφ1f

−1 = λ,
and so φ = hφ1f

−1 is the required measure preserving map satisfying
(i)–(v).

Any map φ satisfying conditions (i)–(v) will be called a Brown map.
Note that in addition to being a topological Brown map from In to
X, φ also gives a measure theoretic isomorphism between the measure
spaces (In, λ) and (X,µ). Note that a measure preserving map is an
isomorphism of two measure spaces if it is a measure preserving bijec-
tion ‘modulo sets of measure zero’. In this situation, although φ is not
necessarily a measure preserving bijection from (In, λ) to (X,µ), φ is
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a measure preserving bijection once we remove the λ-null set ∂In from
the domain, and its image φ(∂In) (which has µ-measure zero) from the
range (X,µ).

9.5 Typical Properties in M[X,µ]

We can use our measure preserving version of Brown’s Theorem (The-
orem 9.6) to show that any typical measure theoretic property can be
represented by a homeomorphism in M[X,µ] for any compact manifold.
This gives a partial extension of Theorem 8.2, bootstrapping it from the
domain (In, λ) to (X,µ). The full extension of Theorem 8.2 to the do-
main (X,µ) will be given in the next chapter, and cannot be obtained
by the methods used here.

Theorem 9.7 Let V be a conjugate invariant weak topology Gδ subset of
G[X,µ] which contains an antiperiodic automorphism. Fix any Brown
map φ : In → X, and let K = φ (∂In). Then V ∩ M [X,K, µ] is a
uniform topology dense Gδ subset of the space M [X,K, µ], that is, of
the subset of M[X,µ] consisting of µ-preserving homeomorphisms of X
equal to the identity on K.

Proof Since the map φ is a measure theoretic isomorphism (measure
preserving bijection between sets of full measure) between the Lebesgue
probability spaces (In, λ) and (X,µ), and λ = µφ, it follows that φ−1Vφ
is a conjugate invariant weak topology Gδ subset of G [In, λ] which con-
tains an antiperiodic automorphism. Denote byM[In, ∂In, λ] the subset
of volume preserving homeomorphisms of In fixing the boundary ∂In. It
follows from the last sentence in Theorem 8.2 that φ−1Vφ∩M[In, ∂In, λ]
is a dense Gδ subset of M[In, ∂In, λ] with respect to the uniform
topology. Next observe that φ induces a homeomorphism T from
M [In, ∂In, λ] to M [X,φ(∂In), µ] by the formula T (h) = φhφ−1. It
follows that T

(
φ−1Vφ ∩M[In, ∂In, λ]

)
= V ∩M [X,K, µ] is a dense Gδ

subset of M [X,φ (∂In) , µ] in the uniform topology.

It is worth emphasizing the fact that the bootstrapping technique (of
using our version of Brown’s Theorem to extend results from (In, λ) to
(X,µ)) used above cannot be adapted to prove that sets are dense in the
full space M[X,µ]. In order to obtain a version of Theorem 8.2 valid in
the full space M[X,µ] we will have to wait until the next chapter, where
we prove a norm bounded Lusin theorem for the full space. The (very)
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alert reader will recall that one of our proofs of Theorem 8.4 (and hence
indirectly, of Theorem 8.2) used the fixed point property of the cube.
Since in general the compact manifold X does not have this property,
a bootstrap proof (as above) for the manifold could not be expected to
work.
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Dynamics on Compact Manifolds

10.1 Introduction

In the previous chapter, we defined the space M[X,µ] of all homeo-
morphisms of a compact connected manifold X which preserve an
OU probability measure µ. In addition, we proved the existence of
a ‘Brown map’ φ : In → X, and used it to prove (Theorem 9.7)
that typical measure theoretic properties V are also typical in the sub-
spaceM [X,φ (∂In) , µ] ofM[X,µ] consisting of homeomorphisms which
pointwise fix the singular set K = φ (∂In). In the next section of this
chapter we will show (Theorem 10.3) that this genericity result holds
for the full space M[X,µ], although it cannot be established by simple
bootstrapping arguments involving the Brown map.

The final section of this chapter considers the existence of fixed points
for volume preserving homeomorphisms of the open unit n-cube. Recall
that we proved earlier (Theorem 5.5) Montgomery’s observation that
for n = 2 all such homeomorphisms which are orientation preserving
have a fixed point. We will negatively answer the question of Bourgin as
to whether Montgomery’s result can be extended to higher dimensions
or to orientation reversing homeomorphisms. The main tool will be the
Homeomorphic Measures Theorem (Theorem 9.1), stated in the previous
chapter.

10.2 Genericity Results for Manifolds

One of the main results proved in Part I of this book showed which mea-
sure theoretic properties are generic (in the sense of Baire category) for
volume preserving homeomorphisms of the cube In – we saw that these
properties include any (conjugate invariant) property which is generic for
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the volume preserving automorphisms. In order to extend this genericity
result (Theorem 8.2) from M[In, λ] to M[X,µ], we must first extend
the two theorems on which it is based: the Conjugacy Approximation
Theorem (Theorem 8.1) and the Measure Preserving Lusin Theorem
(Theorem 6.2). In extending these results to the context of M[X,µ] it
will be convenient to fix a particular Brown map φ : In → X and denote
the corresponding set of singular points φ (∂In) as K. This map enables
us to define a quasi-dyadic cube in X as the image under φ of an open
dyadic cube in In.

Our extended version of the conjugacy result is the following.

Theorem 10.1 (Conjugacy Approximation Theorem) Let µ be an
OU probability measure on a compact connected n-manifold X, n ≥ 2,
with a given metric d. Given ε > 0 and h, g ∈ G[X,µ], where g is
antiperiodic, there is an f ∈ G[X,µ] with

‖fgf−1 − h‖ ≡ ess supx∈X d(fgf−1(x), h(x)) < ε.

Proof There are two ways of proving this result, depending on whether
we are willing to use the countable version of the Multiple Tower Rokhlin
Theorem (Theorem A1.4 in Appendix 1), or the simpler finite version
(or rather its consequence) Theorem 8.5. In the former case, we simply
observe that this result is a special case of Corollary A1.12. In the latter
case (this is the historical case, as this theorem was first proved [11]
before the infinite version of the Tower Theorem) we can simply copy
the second proof (the one not using the fixed point property of the cube)
of Theorem 8.4, substituting quasi-dyadic cubes for dyadic cubes. If we
wish to have the form of Theorem 8.1 where h is not assumed to be a
homeomorphism, we need to also incorporate the remarks immediately
after the second proof of Theorem 8.4.

We now prove the following general version of the Measure Preserving
Lusin Theorem (6.2(i)).

Theorem 10.2 (Measure Preserving Lusin Theorem) Let µ be
an OU probability measure on the compact manifold X with metric d.
Given g ∈ G[X,µ] with ‖g‖ ≡ ess supx∈X d (x, g(x)) < ε, and a weak
topology neighborhood W of g, there is a µ-preserving homeomorphism
h ∈M[X,µ], which fixes the manifold boundary of X, and satisfies

h ∈ W and ‖h‖ < ε.
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Proof By Brown’s Theorem (Theorem 9.6) we may represent (X,µ) as
(In, λ) with possible boundary identifications. This enables us to define
dyadic cubes on X. The proof of Theorem 6.2(i) can now be carried
out on (X,µ). The only modification of that proof to the manifold
setting is that in the final step 3 which uses Lemma 6.6 we must use
the hypothesis given in Section 9.3 regarding the metric d in order to
justify the application of Theorem 2.4.

It is instructive to see why the above result fails if we do not make the
special assumption on the metric d mentioned in Section 9.3 (points a
distance less than δ apart can be connected by an arc of length less than
δ). Suppose that our manifold X is obtained by removing a thin vertical
rectangle from the middle of the bottom of the square I2 = [0, 1]2, and
keeping the Euclidean metric d. Specifically, define

X = I2 − (1/2− ε/4, 1/2 + ε/4)× [0, 1/2).

Consider the automorphism g ∈ G [X,λ] which transposes (by transla-
tion for example) the two squares S− = (1/2− ε/2, 1/2− ε/4)× (0, ε/4)
and S+ = (1/2 + ε/4, 1/2 + ε/2)× (0, ε/4) which lie at the bottom of X
on either side of the missing vertical strip. Off S−∪S+, g is the identity.
With respect to the Euclidean metric d, we have ‖g‖ < ε. If a homeo-
morphism h ∈ M [X,λ] is sufficiently close to g in the weak topology,
then it will map some point x in S− into S+ and some point y just to
the left of S− very close to itself. If L is any small arc connecting x to y,
then it contains a point z with h(z) ∈ {1/2}× [1/2, 1]. Consequently the
distance d (z, h(z)) is not much smaller than 1/2, and we cannot have
‖h‖ < ε.

On the other hand, if we did not need the norm bound ‖h‖ < ε in
the Lusin Theorem above, we could give a simple proof bootstrapping
from the version for the cube (without the norm bound) and the Brown
map φ: Simply approximate φ−1gφ by a homeomorphism ĥ ∈ φ−1Wφ∩
M [In, ∂In] and define h = φ ĥφ−1. But of course we do need the norm
bound in our Lusin theorem, so we must use the proof given above, in
which the approximations are carried out in the space X.

We can now state our main theorem on generic properties of measure
preserving homeomorphisms of a compact manifold. This extension of
the similar result for the unit cube (Theorem 8.2) follows from the man-
ifold Theorems 10.2 and 10.1 in the same way as Theorem 8.2 followed
from the cube Theorems 6.2 and 8.1. (The two required theorems are the
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Measure Preserving Lusin Theorem and the Conjugacy Approximation
Theorem.)

Theorem 10.3 Let µ be an OU measure on a compact connected man-
ifold X. Let V be any conjugate invariant, weak topology Gδ subset of
G[X,µ] which contains an antiperiodic transformation. Then

(i) V is a dense Gδ subset of G[X,µ] in the weak topology, and

(ii) V∩M[X,µ] is a dense Gδ subset ofM[X,µ] in the uniform topology.

The above result gives a sufficient condition for a measure theoretic
property (the set V) to be ‘typical’ in both G[X,µ] and M[X,µ], pro-
vided that we interpret ‘typical’ to be ‘dense Gδ’ in the appropriate
space. However, since many properties were first proved to be typi-
cal in the easier measure theoretic context (G[X,µ]) and only later for
homeomorphisms (M[X,µ]) (e.g., weak mixing by Halmos [70] in 1944
and Katok and Stepin [76] in 1970) it is instructive to see how the
above theorem can be rephrased to say the following: If a measure theo-
retic property is typical in the purely measure theoretic context, it is also
generic for measure preserving homeomorphisms. If we interpret a ‘mea-
sure theoretic property’ to be a conjugate invariant subset of G[X,µ] and
‘typical’ to be ‘dense Gδ’, then the italicized claim can be formalized as
the following corollary.

Corollary 10.4 Let µ be an OU measure on a compact connected man-
ifold X. Let V be a conjugate invariant dense Gδ subset of G[X,µ] with
the weak topology. Then V ∩M[X,µ] is a dense Gδ subset of M[X,µ],
with the uniform topology.

Proof Since the set E of ergodic automorphisms is also a dense Gδ set
(in G[X,µ] with the weak topology), so is E ∩ V by the Baire Category
Theorem. Thus V contains an ergodic and hence antiperiodic transfor-
mation; consequently, V satisfies the hypotheses of the set V in Theorem
10.3, and so the conclusion follows.

This result [11] is the precise version of what we informally called
Theorem C in Chapter 1. Finally we note that in [27] a theorem of this
type is obtained in the closed subspace of M[X,µ] with a fixed rotation
vector – the definition of the rotation vector of a homeomorphism of a
compact manifold is due to Fathi [58].
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10.3 Applications to Fixed Point Theory

In Chapter 5 we proved (Theorem 5.5) that any orientation preserving,
area preserving homeomorphism of the open square has a fixed point.
We mentioned Bourgin’s query [43] as to whether the restrictions to
dimension 2 or to orientation preserving homeomorphisms were neces-
sary. We can now show that these restrictions are indeed necessary to
obtain existence theorems for fixed points. The Homeomorphic Mea-
sures Theorem can be used to easily construct counterexamples, that is,
homeomorphisms of the cube without these properties which have no
interior fixed points. The results of this section are taken from [15].

For this section we will take the n-cube to be the n-fold product of the
interval [−1, 1] with itself; i.e., In = {x ∈ Rn : −1 ≤ xi ≤ +1}. Let In+
and In− denote the upper and lower halves of In determined by the con-
ditions xn ≥ 0 and xn ≤ 0, and let their common face xn = 0 be denoted
by Fn. Identify In−1 with Fn by the embedding p = pn : In−1 → Fn

given by p (x1, x2, . . . , xn−1) = (x1, x2, . . . , xn−1, 0). Observe that every
homeomorphism g of In−1 determines a homeomorphism φ(g) of Fn by
the formula φ(g) = pgp−1. Let α be the reflection of Rn about the hyper-
plane xn = 0, that is α (x1, x2, . . . , xn−1, xn) = (x1, x2, . . . , xn−1,−xn).
For any homeomorphism f of the boundary of In let Hf [In] and
Mf [In, µ] be the subsets of the unsubscripted spaces (H[In] and
M[In, µ], respectively) consisting of homeomorphisms which are equal
to f on the boundary. We denote by id the identity map on the space
under consideration.

Lemma 10.5 Given any g in Hid

[
In−1

]
there is an f in H

[
In+
]
such

that φ(g) is the restriction of f to Fn and f is the identity on all the
other faces of In+.

Proof Every homeomorphism of a closed ball which fixes the boundary is
isotopic to the identity via an isotopy which fixes the boundary. Hence
there is an isotopy T : In−1 × [0, 1] → In−1 from g to the identity
id. That is, T is continuous and for 0 ≤ s ≤ 1, each map Ts(x) =
T (x, s) is a homeomorphism of In−1, with T0(x) = g(x), T1(x) = x

and Ts(y) = y for y ∈ ∂In−1. The lemma is established by defining
f (x, xn) = (T (x, xn), xn), where x = (x1, x2, . . . , xn−1).

Lemma 10.6 Given any homeomorphism g in Hid

[
In−1

]
, there exists
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a volume preserving homeomorphism r in Mα [In, λ] such that r
(
In+
)
=

In−, r
(
In−
)
= In+, and r equals φ(g) on Fn.

Proof Let f be the ‘extension’ of g to In+ given by the previous lemma.
By the Homeomorphic Measures Theorem 9.1 there is a volume preserv-
ing homeomorphism h in M

[
In+, λ

]
which is the identity on all the faces

of In+, except for the face Fn, where it equals φ(g). Finally, define the
required homeomorphism r by the rules r(x) = αh(x), if xn ≥ 0, and
r(x) = hα(x), if xn ≤ 0.

Lemma 10.7 If there is a homeomorphism g in Hid

[
In−1

]
which has

no interior fixed point, then there is an orientation reversing, volume
preserving homeomorphism r in Mα [In, λ] which has no interior fixed
point.

Proof Given g, let r be the homeomorphism obtained in the previous
lemma. If x is an interior fixed point of r, then x must be in Fn and
p−1(x) must be a fixed point of g, contrary to the assumption.

Theorem 10.8 For each n ≥ 2, there exists an orientation reversing
volume preserving homeomorphism r inMα [In, λ] which has no interior
fixed point.

Proof According to the previous lemma, we need only establish the
existence of homeomorphisms of In, n = 1, 2, . . ., which fix the boundary
and have no interior fixed points. This is of course trivial. Take, for
example, the homeomorphism

g (x1, x2, . . . , xn−1, xn) =
(
x1, x2, . . . , xn−1,

((
xn + 1

)2
/2
)
− 1
)
.

The restriction of the above homeomorphism r to the interior of I2

answers Bourgin’s question regarding dimension 2. For orientation pre-
serving volume preserving homeomorphisms in higher dimensions we
continue as follows.

Corollary 10.9 For n ≥ 3 there is an orientation preserving, volume
preserving homeomorphism of In which has no interior fixed point.

Proof Fix any n ≥ 2 and let r be the orientation reversing homeo-
morphism of In without interior fixed points, given by the previous
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theorem. Define an orientation preserving homeomorphism g

in M
[
In+1, λ

]
by g (x, xn+1) = (r(x),−xn+1), where x =

(x1, x2, . . . , xn−1, xn). If a point (x, xn+1) were an interior fixed point of
g, then we would have xn+1 = 0 and hence x would be an interior fixed
point of r, contrary to assumption.

The obstruction to extending this corollary to dimension 2 (and hence
contradicting the conclusion of Theorem 5.5) is the lack of any orien-
tation reversing homeomorphism of the interval [−1,+1] which has no
interior fixed point.

This corollary can also be established using differentiable techniques
[36].
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Introduction to Part III

11.1 Noncompact Manifolds

Up to now, we have considered dynamics on compact manifolds with
finite measures. In this last part of the book we widen our analysis to
include noncompact manifolds and consequently infinite measures.

• Topologically, the analysis extends to cover sigma compact manifolds
X – manifolds which can be represented as a countable union of com-
pact sets. In fact (see Section 14.6), they can be represented as a
countable union of compact manifolds. As in the compact case, we
allow a manifold boundary, which we denote by ∂X. For noncompact
manifolds, the notion of an end (roughly, a way of going to infinity)
will turn out to be of great importance. This notion will be introduced
informally in Chapter 13, and then more formally in Chapter 14.

• Measure theoretically, the manifold X will be endowed with a fixed
OU measure µ which can be finite or infinite, but in any case the
definition of an OU measure ensures it is sigma finite. This means
the space X can be written as a countable union of sets of finite
µ-measure. Mainly we will be interested in the case where the OU
measure µ is infinite, as the finite measure case resembles the theory
developed earlier for compact manifolds. The relation between the
ends of the manifold X and the measure µ will be important for the
theory we will develop. Some ends will have infinite measure, and
those ends of infinite measure will be significant in the theory.

11.2 Topologies on G[X,µ] and M[X,µ]: Noncompact Case

As in the previous parts of the book, we are interested in the space of
automorphisms (µ-preserving bijections) of (X,Σ, µ), denoted G [X,µ],
and particularly in the subspace M [X,µ] consisting of µ-preserving
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homeomorphisms. Our primary focus is on the ergodic theoretic, or
dynamical, properties of the homeomorphisms in M [X,µ]. We want
to determine whether properties which are typical in G [X,µ] are also
typical in M [X,µ], or at least in some subspace of M [X,µ]. To make
sense of this question, we must extend our definitions of the weak and
uniform topologies on G [X,µ] for compact X, to the noncompact (and
infinite measure) case.

In the case µ(X) = ∞, the weak topology is defined as before by the
sequential convergence of gi to g in G [X,µ] when µ (giB � gB) → 0 for
all measurable sets B of finite µ-measure. This topology is defined by
the basic open neighborhoods

W (g, δ, B1, . . . , Bm) = {f : µ (fBi � gBi) < δ, i = 1, . . . ,m},

where δ is a positive number and the sets Bi have finite measure. This is
topologically complete. An automorphism of an infinite measure space
is ergodic if its only invariant sets are those which have measure zero,
or have a complement of measure zero. We can easily construct ergodic
automorphisms of (X,Σ, µ) when µ(X) = ∞, as follows: Given any set
A ⊂ X of finite measure, let f̂ be any ergodic automorphism of the finite
measure set A onto itself and then extend f̂ to an ergodic automorphism
f of X by viewing X as a skyscraper over A. This construction is out-
lined in Theorem A1.2 in Appendix 1; furthermore note that this is a
generalization of the construction given earlier in the proof of Theorem
7.1 where we gave a simple proof of Theorem A1.2 that the ‘skyscraper’
over the ergodic automorphism f̂ is ergodic. (See also Friedman’s book
[63] for a nice description of these skyscraper constructions.) More im-
portant to us is not just an example of an ergodic automorphism of
an infinite measure space, but rather their prevalence in G[X,µ]. This
important dynamical result, generalizing that of Halmos for the case of
finite measure, was proved by Sachdeva [101] and Choksi and Kakutani
[50].

Theorem 11.1 Let (X,Σ, µ) be an infinite, sigma finite, Lebesgue space.
The subset E of G [X,µ], consisting of ergodic automorphisms, is dense
and Gδ with respect to the weak topology.

In addition there are many other properties which have been shown
to be typical for automorphisms of an infinite Lebesgue space (X,Σ, µ)
(i.e., one which is measure theoretically conjugate to the real line R1

with length measure λ) in [101] and [50]. Typical properties include
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zero entropy [79], and ergodic of infinite index (all Cartesian powers are
ergodic). A survey of such properties is given in Choksi and Prasad’s
article [51]. The book by J. Aaronson Infinite ergodic theory [1] has
other typical properties. Finally we note the following: On an infinite
measure space with no atoms every ergodic automorphism is recurrent.
Thus if we have an automorphism which is not recurrent, then it cannot
be ergodic.

In extending the uniform topology to the noncompact case, we have
a choice. We could require uniform convergence on X, or uniform con-
vergence on all compact subsets. We will adopt the latter course (called
the compact-open topology), for the following reason. Consider the pla-
nar homeomorphism t : R2 → R2, defined by t (x1, x2) = (x1 + 1, x2),
which translates to the right by one unit. Clearly t preserves planar
Lebesgue measure λ, and so belongs toM

[
R2, λ

]
. Note that any homeo-

morphism h ∈M
[
R2, λ

]
with |h(x)− t(x)| < 1/2 for all x ∈ R2 cannot

be λ-recurrent. Consequently it cannot be ergodic. It follows that with
respect to the uniform topology onM

[
R2, λ

]
, the ergodic homeomorph-

isms cannot be dense. Indeed, there is an open set of nonergodic homeo-
morphisms. Thus ergodicity is not a dense Gδ property in the space of
area preserving homeomorphisms with the topology of uniform conver-
gence. The Baire category approach to proving the existence of ergodic
area preserving homeomorphisms of R2 comes to a dead end with the
topology of uniform convergence. However, if we only require for exam-
ple that h is within 1/2 of the translation t on a large square (i.e., in the
compact-open topology), it is indeed possible for nearby h to be ergodic.
By adopting the topology for which the sequence gi converges to g if it
does so uniformly on compact sets (the compact-open topology), we will
be able to obtain genericity results for ergodic theoretic properties in
M [X,µ], for noncompact manifolds X. We note the analogy to the
extension of the weak topology on M [X,µ], when µ(X) = ∞, where we
defined the convergence of gi to g in G [X,µ] when µ (giB � gB) → 0 for
all measurable sets B of finite µ-measure. As in the compact case, we
view M [X,µ] as a subset of G [X,µ], and define our topologies initially
on the latter space. So we define the compact-open topology on G [X,µ]
by specifying as basic open sets the neighborhoods of g ∈ G [X,µ] given
by

C (g,K, δ) = {f ∈ G [X,µ] : d (f(x), g(x)) < δ, for µ-a.e. x ∈ K}

where K is a compact subset of X and δ is a positive number. The
relative topology on the subset M [X,µ] is topologically complete. Of
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course when X is compact, this definition reduces to that of the uniform
topology. The compact-open topology on M[X,µ] can be metrized as
follows: let Ki be a sequence of compact sets whose union is X. Then
the compact-open topology is induced by the complete metric

U (f, g) =
∞∑
i=1

uKi (f, g)
1 + uKi (f, g)

,

where

uS (f, g) = max
(
max
x∈S

|f(x)− g(x)|,max
x∈S

∣∣f−1(x)− g−1(x)
∣∣).

This metric reduces to the earlier uniform topology on compact mani-
folds given in Chapter 2. We will not use this metric in most of the text
except for the final chapter of this book.

11.3 Main Results for Sigma Compact Manifolds

The aim of this section is similar to that of Section 1.3, where the main
results of Parts I and II were informally presented. Here we present the
main results of Part III. Formal definitions of the concepts related to
ends can be found in Chapter 14.

The first result says roughly that Theorem C (of Chapter 1) for com-
pact manifolds can be extended without any additional hypotheses to
Euclidean space Rn, n ≥ 2, as long as we adopt the compact-open topol-
ogy on M [Rn, λ].

Theorem E If a measure theoretic property is typical for automorphisms
of an infinite Lebesgue measure space, it is also typical for volume pre-
serving homeomorphisms of Euclidean space Rn, n ≥ 2.

It is this result, established first for the property of ergodicity by
Prasad [96] and extended to arbitrary measure theoretic properties in
steps by Alpern [12, 14], which initiated the study of typical dynamics
on noncompact manifolds.

This positive result was followed by two counterexamples of the au-
thors which showed that the situation for general noncompact manifolds
was not the same as for Euclidean space. We shall give informal versions
of these examples here (they are formally given as Examples 13.1 and
13.2).

For both examples let S denote the infinite horizontal strip manifold
R× [0, 1], let t (x, y) = (x+ 1, y) denote the unit translation to the right,
and for each integer i let ei = (i, 1/2).
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For the first example, let µ be a t-invariant OU measure which is infi-
nite on any disk centered at an ei. Since the ei’s are invariant under the
translation t, it can be viewed as a µ-preserving homeomorphism of the
‘punctured strip’ S′ = S −

⋃
i ei. In addition to the deleted points ei,

the punctured strip has two additional ‘ends’, namely e−∞ = limi→∞ e−i
and e∞ = limi→∞ ei. The action induced by t on the ends is to take
ei to ei+1 for the finite ends, and to fix the infinite ends. Consequently
t maps the end set {e0, e1, . . . , e∞} into its proper subset {e1, . . . , e∞}.
A homeomorphism with this property is said to induce a compressible
action on the ends and cannot be approximated by an ergodic homeo-
morphism in the compact open topology (see Lemma 14.15). When such
a compression of ends does not arise, we say that the homeomorphism in-
duces an incompressible action on the ends. An explicit example that is
equivalent to the one described here is given as the Manhattan manifold
in Example 13.1.

The second example of a measure preserving manifold homeo-
morphism which cannot be approximated by an ergodic one is much
simpler: the translation t : S → S with Lebesgue (area) measure λ
on S. The strip manifold S has only the two ends e−∞ and e∞, and
these are fixed by the action of t. Consequently the action induced
by t on these two ends is incompressible. However, there is another
problem with the translation t on S that prevents it from being ap-
proximated by an ergodic homeomorphism. Consider any rectangle
K = [a, b] × [0, 1], a < b − 1, and denote the two components of S −K
by e∞(K) = (b,∞) × [0, 1] and e−∞(K) = (−∞, a) × [0, 1]. Observe
that t has a net flow of one unit of mass to the right, which we calcu-
late as µ (t(K) ∩ e∞(K)) = 1. We say that t induces a charge of +1
on e∞ and −1 on e−∞. It is shown in Theorem 14.23 that a manifold
homeomorphism which induces a nonzero charge on the ends cannot be
approximated by an ergodic homeomorphism.

Our main result for ergodic approximation says that if the problems
associated with the two above dynamical systems are excluded by hy-
pothesis, then ergodic approximation is always possible. That is, there
are no other types of problems that might arise. This result is sum-
marized as follows (see Corollary 15.9). It has a broad range of conse-
quences, which are developed in Chapter 15.

Theorem F A µ-preserving homeomorphism of a sigma compact mea-
sured manifold (X,µ) is in the compact-open closure of the ergodic
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homeomorphisms if and only if it induces an incompressible homeo-
morphism of the ends and an identically zero charge on the ends.

Suppose now that we are interested in some more general property
F which is typical for automorphisms of an infinite Lebesgue space, as
in Theorem E. To approximate a homeomorphism by one with prop-
erty F we will need to assume that it is end preserving, that is, its
induced action on the ends is simply the identity. (An example of such
a homeomorphism is t : S → S as defined above). The following result,
formalized in Theorem 17.1, was established by the authors jointly with
Jal Choksi [18].

Theorem G If a measure theoretic property is typical for automor-
phisms of an infinite Lebesgue measure space, it is also typical for end
preserving, zero charge homeomorphisms of a sigma compact manifold
which preserve a given OU measure.

At the other extreme from fixing every end, we have established [21] a
similar result (Theorem 17.4) for homeomorphisms which behave rather
wildly on the ends. The definition of componentwise weak mixing is
given in Chapter 14.

Theorem H If a measure theoretic property is typical for automor-
phisms of an infinite Lebesgue measure space, it is also typical for homeo-
morphisms of a sigma compact manifold which preserve a given OU
measure and whose action on the ends of the manifold is componentwise
weak mixing.

The following version of Theorem D for noncompact manifolds can
be obtained by using Theorem G for the particular property of weak
mixing.

Theorem I Homeomorphisms with maximal chaos are dense in the
set of end preserving, zero charge homeomorphisms of a sigma compact
manifold which preserve a given OU measure.

11.4 Outline of Part III

We now give a brief description of the material covered in the remaining
chapters. In Chapter 12 we consider homeomorphisms of Euclidean
space Rn which preserve (n-dimensional) volume measure λ (for n ≥ 2).
We are able to reproduce the results of Parts I and II by showing first
that ergodicity, and then that other generic properties of G [Rn, λ], are
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generic in M [Rn, λ]. An important property of Rn used in these proofs
is that Rn is the union of an increasing family of cubes, and that these
cubes have connected complements. We will see that this implies that
the manifold Rn has a single end.

Chapter 13 contains the negative results that the theorems obtained
for Rn cannot be extended to arbitrary noncompact manifolds. The
counterexamples presented in that chapter are explained in terms of an
informal discussion of the ends of a manifold. In Chapter 14 a formal
definition is given of the ends of a manifold and of the two-valued (0
and ∞) measure µ∗ induced on the ends by the OU measure µ. It is
shown how a homeomorphism h ∈ M [X,µ] induces a homeomorphism
h∗ on the ends E[X] of the manifold and how h also induces a signed
measure, called the charge, on the clopen sets of ends. We prove that if h
induces a compressible end homeomorphism or a nonzero charge on the
ends, then it cannot be µ-recurrent, or even the compact-open topology
limit of recurrent homeomorphisms. These results give a general expla-
nation of why the counterexamples of Chapter 13 work, as one induces
a compressible end homeomorphism, and the other induces a nonzero
charge. More importantly, we also give positive results in Chapter 15:
these are consequences of the main theorem that if a homeomorphism
h ∈ M [Rn, µ] induces an incompressible end homeomorphism and a
zero charge on the ends, then it is the limit of ergodic homeomorphisms.
Thus we have necessary and sufficient conditions for h to be the limit
of an ergodic homeomorphism. The proof of the main result needed for
the positive results of Chapter 15 is presented in Chapter 16, which thus
gives a complete answer for noncompact manifolds to the question of
generic ergodicity in M[X,µ].

In the final Chapter 17 we consider other dynamical properties, in
particular those represented by a subset F of G [X,µ] (when µ(X) is infi-
nite) which is dense and Gδ with respect to the weak topology. One such
property is weak mixing, defined as having an ergodic Cartesian square.
We first settle the existence question (Is F ∩M [X,µ] nonempty?) by
showing that if h ∈ M [X,µ] induces the identity homeomorphism and
zero charge on the ends, then it can be approximated by homeomorph-
isms with property F . Since the identity homeomorphism on X has this
property, there is always a µ-preserving homeomorphism of the non-
compact manifold X with property F . We conclude Chapter 17 by
showing that if a homeomorphism h ∈ M [X,µ] induces a topologically
weak mixing end homeomorphism, then it can also be approximated by
homeomorphisms with property F . The results presented in Part III rely
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to a large extent on measure theoretic results proved in Appendix 1, and
on the work of Berlanga and Epstein [38] on homeomorphic measures
on noncompact manifolds, presented in Appendix 2.



12

Ergodic Volume Preserving
Homeomorphisms of Rn

12.1 Introduction

The study of typical properties of volume preserving homeomorphisms
of noncompact manifolds was initiated by Prasad [96], with a proof
that ergodicity is generic when the manifold is Euclidean n-space Rn,
n ≥ 2. Shortly thereafter Prasad’s result for ergodicity was extended by
Alpern [12, 14] to all properties generic for automorphisms of an infinite
Lebesgue space, but still only on the particular manifold Rn. This chap-
ter is devoted to explaining and proving these results for Rn. Unlike the
compact case, where the analysis for the cube In is essentially the same
as for all compact manifolds, in the noncompact case the study of Rn

is directly applicable only to the special class of noncompact manifolds
with a single end. However, some of the ideas used here will be of gen-
eral use for the noncompact setting, so this chapter will give the reader
a gentle introduction to the more varied manifolds to come later.

The interest in dynamics on Euclidean space Rn dates at least to the
famous Scottish Book [85] of 1935. This was a record kept by Polish
mathematicians including Banach, Steinhaus, and Ulam, of problems
discussed at the ‘Scottish Cafe’ in Lwów, Poland. Problem 115 of the
Scottish Book, posed by Ulam, asks the following question:

Does there exist a homeomorphism h of the Euclidean space Rn with the
following property? There exists a point p for which the sequence of points
hn(p) is everywhere dense in the whole space.

In our terminology, this questions asks whether there is a transitive
homeomorphism of Rn. This question was answered very quickly for
n = 2, when in 1937 Besicovitch [40] gave an explicit example of a tran-
sitive homeomorphism of the plane. Since ergodicity implies transitivity
(as long as open sets have positive measure), Prasad’s result (Theorem

89
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12.4) demonstrates that transitivity in fact represents the general case,
for all dimensions n ≥ 2. Unlike Besicovitch’s explicit transitive homeo-
morphism of the plane, we know of no explicit ergodic homeomorphisms
of any space Rn, so that Prasad’s genericity result also establishes exis-
tence. For more recent work related to Ulam’s problem, see [108], [109]
and [84], and [16]. For other Baire category approaches to transitivity
on In and Rn the reader is referred back to Chapter 4.

This chapter is organized as follows. In Section 12.2 we show (Lemma
12.3) that homeomorphisms with arbitrarily large invariant cubes are
dense in M[Rn, λ]. This fact is used in Section 12.3, in Prasad’s proof of
generic ergodicity (Theorem 12.4). Section 12.4 presents Alpern’s proof
that (Theorem 12.6) any property which is typical for automorphisms
of an infinite Lebesgue space is typical in M[Rn, λ]. While following the
analysis for Rn given in this chapter, the reader is advised to consider
which techniques would work on any noncompact manifold and which
ones rely on special properties of Rn. Such considerations will motivate
all the subsequent material of the book.

Before proceeding with the proofs of these results, we note that we re-
quire the dimension n ≥ 2 because there are not many length preserving
homeomorphisms of the line with interesting dynamics – in fact none
of them are ergodic! If the length preserving homeomorphism is order
preserving, then it must be a translation by a and so cannot be recurrent
since (supposing a > 0) it maps the right half line into a proper subset
of itself. In a sense to be made precise later on, we will say that this
translation by an amount a > 0 has charge +a to the right (or equiv-
alently −a to the left). If the length preserving homeomorphism is not
order preserving then it must be a ‘flip’ about some point (f(x) = 2b−x,
where b is the flip point); a flip has many nontrivial invariant sets (any
symmetric interval about the flip point) and so is also not ergodic. Thus
in order to have a richer supply of volume preserving homeomorphisms
we restrict our attention to the case when n ≥ 2.

12.2 Homeomorphisms of Rn with Invariant Cubes

Our first proof of Prasad’s Theorem on generic ergodicity in Rn for n ≥ 2
(Theorem 12.4) is similar to our proof in Section 7.2 of generic ergodicity
in In. The reader is urged to review that section and in particular to read
the statement of Lemma 7.2. We would like to apply Lemma 7.2 to a
given volume preserving homeomorphism f of Rn. However, in general f
need not have any invariant cubes. The purpose of this section is to show
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(Lemma 12.3) that any volume preserving homeomorphism of Rn can
be compact-open topology approximated by another volume preserving
homeomorphism which has an arbitrarily large invariant cube. This will
enable us to assume in subsequent sections that the homeomorphism we
wish to approximate already has an invariant cube.

In order to construct a homeomorphism with invariant cubes, we
will need a deep result in topology called the Annulus Theorem. Any
space homeomorphic to the product of the (n − 1)-sphere with the
closed unit interval, Sn−1 × [0, 1], is called an annulus. An embed-
ding f : Sn−1 → Rn is said to be locally flat if for each x ∈ Sn−1,
there is a neighborhood U of f(x) and a homeomorphism h between
(U,U ∩ f(Sn−1)) and (Rn, Rn−1); i.e., h is a homeomorphism between
U and Rn whose restriction to U ∩ f(Sn−1) is a homeomorphism to
Rn−1. The following deep result in topology was proved in parts by
Freedman, Kirby and Quinn (see [78], [99]).

Theorem 12.1 Annulus Theorem (Freedman, Kirby, Quinn) Let
f, g : Sn−1 → Rn be disjoint, locally flat, orientation preserving embed-
dings of the n− 1 sphere Sn−1, with f(Sn−1) inside the bounded compo-
nent of Rn − g(Sn−1). Then the closed region bounded by g(Sn−1) and
f(Sn−1) is homeomorphic to the annulus Sn−1 × [0, 1]. Furthermore,
all orientation preserving self-homeomorphisms of the (n−1)-sphere are
isotopic.

Remark Actually, the ‘Furthermore’ statement is not part of the Annu-
lus Theorem, but was shown to be a consequence of the Annulus Theorem
by Brown and Gluck [46].

We begin the proof of Theorem 12.4 by using the Annulus Theorem
and the Homeomorphic Measures Theorem for the annulus (Corollary
A2.6 in Appendix 2) to show that the volume preserving homeomorph-
isms possessing a large invariant cube are dense in the compact-open
topology in M[Rn, λ].

Lemma 12.2 Let f ∈ M[Rn, λ], a compact n-cube K and a compact
n-cube C containing K ∪ f(K) in its interior, be given. Then there
is a volume preserving homeomorphism f̂ ∈ M[Rn, λ] which leaves C
invariant, and agrees with f on K.

Proof We are given f ∈ M[Rn, λ], K and C compact n-cubes with
K ∪ f(K) ⊂ IntC. We need to know that the regions C − IntK and



92 Ergodic Volume Preserving Homeomorphisms of Rn

C − Int f(K) are homeomorphic. Clearly, C − IntK is an annulus and
the fact that C − Int f(K) is an annulus follows from the Annulus The-
orem because f |∂K, being the restriction of an Rn homeomorphism, is
a locally flat embedding into Rn. Consequently, we can assert the exis-
tence of a homeomorphism h : C − IntK → C − Int f(K). Furthermore
we may use the isotopy part (‘furthermore’) to assume that h also agrees
with f on ∂K. Observe that while h is a homeomorphism it is not nec-
essarily volume preserving. To get a volume preserving map we define
two Borel measures on the annulus A = C − IntK: For each Borel set
B ⊂ A let

µ1(B) = λ(B) and µ2(B) = λ(hB).

The measures µ1 and µ2 are OU measures on the annulus A (nonatomic,
locally positive Borel measures which are both zero on the boundary)
with µ1(A) = µ2(A). Therefore by the Homeomorphic Measures Theo-
rem applied to the annulus (Corollary A2.6), there is a homeomorphism
g : A → A such that µ2g(B) = µ1(B) for each Borel set B ⊂ A. We
choose g so that it is the identity on the boundary of A.

Then we define f̂ on C first by setting

f̂(x) =
{
hg(x) for x ∈ C − IntK
f(x) for x ∈ K.

To extend f̂ to a volume preserving homeomorphism of all of Rn we
proceed in the following manner: Let C0 = C and define any sequence
of cubes Ck, k = 1, 2, . . . , concentric to C0 and increasing to Rn. Extend
f̂ in any way to a homeomorphism of C1 onto itself (e.g., by extending
f̂ |∂C0 radially along concentric cubes). Then appealing to the Home-
omorphic Measures Theorem exactly as above, we extend f̂ to a vol-
ume preserving homeomorphism of C1. We repeat this process for each
k = 2, 3, . . . , extending f̂ from Ck−1 to a volume preserving homeo-
morphism of Ck. The map f̂ so extended to all of Rn is our required
volume preserving homeomorphism of Rn which agrees with f on K and
leaves the n-cube C invariant. This completes the proof of the lemma.

It follows from the above lemma that given a volume preserving
homeomorphism f and a compact-open neighborhood C(f,K, ε) of f ,
there is another homeomorphism f̂ ∈ C(f,K, ε) having an invariant cube.
Furthermore, because f̂ agrees with f on K, not only is f̂ ∈ C(f,K, ε),
but in fact C(f,K, ε) = C(f̂ , K, ε). Thus we have established the follow-
ing:
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Lemma 12.3 The volume preserving homeomorphisms of Rn having
(arbitrarily large) invariant cubes are dense inM[Rn, λ] in the compact-
open topology.

12.3 Generic Ergodicity in M[Rn, λ]

Given our construction of invariant cubes in the previous section, our
proof of generic ergodicity is similar to that given for In in Section 7.2.

Theorem 12.4 The ergodic volume preserving homeomorphisms of Rn

contain a dense Gδ subset, in the compact-open topology, of the volume
preserving homeomorphisms of Rn, n ≥ 2.

Proof Let D̂i, i = 1, 2, . . ., be an enumeration of all dyadic subcubes of
Rn, of all orders. For indices i and j corresponding to dyadic cubes of
the same order, define the subset Fij of M[Rn, λ] by

h ∈ Fij if for some h-invariant measurable set A,

λ(A ∩ D̂i) >
3
4
λ(D̂i) and λ(A ∩ D̂j) <

1
4
λ(D̂j).

For any measurable set A ⊂ Rn, if 0 < λ(A) and 0 < λ (Rn −A),
then we can find dyadic sets D̂i and D̂j satisfying the second line in
the definition of Fij above. Consequently it follows from the defini-
tion of ergodicity that every nonergodic homeomorphism is contained
in
⋃
ij Fij . In the previous expression, the union is taken over pairs i, j

corresponding to dyadic cubes of the same order. So by Baire’s Category
Theorem it remains only to show that the sets Fij are nowhere dense,
in the compact-open topology. Thus let f ∈ Fij , where i, j are now
fixed indices. We must show that in any compact-open neighborhood
C(f,K, ε)∩M[Rn, λ] of f there is a volume preserving homeomorphism
h which together with a whole neighborhood lies outside of Fij . We may
assume that K is a compact n-cube since otherwise K could be replaced
(in the basic open set C(f,K, ε)) by any large cube containing it.

Without any loss of generality, by virtue of Lemma 12.2, we can as-
sume f leaves invariant an arbitrarily large n-cube C. We take C to be
of the form [−2k, 2k]n, large enough so that the dyadic cubes D̂i and
D̂j (as well as K ∪ f(K)) are all contained in the interior of C. Take
a fine dyadic partition D of C, finer than the dyadic decomposition of
C to which D̂i and D̂j belong. Because f is also a volume preserving
homeomorphism of the n-cube C, Lemma 7.2 implies there is a volume
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preserving homeomorphism h of the cube C with |h(x) − f(x)| < ε for
x ∈ C, which satisfies the conclusion of Lemma 7.2 for some closed set
B and some dyadic decomposition of C finer than D. Extend h as in
Lemma 12.2 to a volume preserving homeomorphism of Rn, and note
that there is some δ > 0 such that any other volume preserving homeo-
morphism g uniformly δ-close to h on C (i.e., in C(h,C, δ) ∩M[Rn, λ])
will also satisfy the conclusion of Lemma 7.2 for the same set B. Con-
sequently, just as in the classical proof of generic ergodicity given in
Chapter 7, this implies that C(h,C, δ) ∩ M[Rn, λ] lies outside of Fij .

Note that the above proof (like the classical proof of generic ergodicity
given in Chapter 7) is ‘intrinsic to M[Rn, λ]’, in the sense that the proof
takes place entirely within the space of volume preserving homeomorph-
isms. Now consider the group G[Rn, λ] of automorphisms of Rn with the
weak topology and recall the result of Choksi–Kakutani and Sachdeva
(Theorem 11.1) that the ergodic automorphisms E form a dense Gδ set
in this topological space. Because weakly open sets are open in the
compact-open topology, we have our main result of this chapter.

Theorem 12.5 The ergodic volume preserving homeomorphisms of Rn

are a compact-open dense Gδ subset of M[Rn, λ].

12.4 Other Typical Properties in M [Rn, λ]

We have just shown that ergodicity is typical for volume preserving
homeomorphisms of Rn, that is, in M [Rn, λ]. In this section we extend
that result to show that, as for compact manifolds, any ergodic theoreti-
cal property typical for automorphisms of the underlying measure space
is also typical for volume preserving homeomorphisms. Some specific
properties of this type are described in the Introduction to Part III. The
results and techniques of this section may be thought of as a generaliza-
tion of those of Chapter 8 to an infinite measure, noncompact setting.
The main difference is the use of a stronger measure theoretic conju-
gacy result, Corollary A1.16 (from Appendix 1) rather than Corollary
A1.12 (which was quoted in Chapter 8 as Theorem 8.4). Our theorems
strengthen the conjugacy theorems for an antiperiodic infinite measure
preserving automorphism due to Choksi and Kakutani [50] and Sachdeva
[101]. The following extension of Prasad’sTheorem 12.5 was proved in
two stages: first [12] using the Annulus Theorem (which was then open
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for n = 4), and then [14] without it. The latter proof, which we use
below, benefitted from the more advanced measure theoretic result in
Appendix 1, Corollary A1.16 from [13].

Theorem 12.6 Let F be any conjugate invariant subset of G [Rn, λ]
which is dense and Gδ with respect to the weak topology. Then F ∩
M [Rn, λ] is a dense Gδ subset of M [Rn, λ] with respect to the compact-
open topology.

Proof Since both the set E consisting of ergodic automorphisms (by
Theorem 11.1) and F (by assumption) are dense Gδ subsets of the com-
plete space G [Rn, λ], the Baire Category Theorem ensures that their
intersection is nonempty. Hence there is an ergodic automorphism g

which, together with its conjugates, belongs to the set F .
By hypothesis, F is the countable intersection of open sets. Assume

for the time being (until the final paragraph of this proof) that in fact F
is itself open in the weak topology. We need to show that F ∩M [Rn, λ]
is dense in M [Rn, λ] with respect to the compact-open topology. This
amounts to demonstrating that

F ∩M [Rn, λ] ∩ C (h,K, ε) �= ∅,

for any compact-open basic neighborhood C (h,K, ε). To simplify the
proof, we will use the denseness of ergodicity in M [Rn, λ], established
in the previous section, to justify the further assumption that h is an
ergodic homeomorphism. (Following this proof, we shall indicate a proof
independent of that result.) We may assume that the set K is a closed
n-cube.

By Corollary A1.16, applied to the ergodic automorphisms h and g
and the measurable set K, there is an automorphism ĝ ∈ F which is
conjugate to g and equal to h almost everywhere on K. In fact, since
K has finite volume, we only need the finite measure case of Corollary
A1.16 due to Choksi and Kakutani.

Define g̃ = h−1ĝ. For any δ > 0, it follows that

g̃(K) = K, ‖g̃‖K < δ, and g̃ ∈ h−1F

where ‖g̃‖K = ess supx∈K |g̃(x)−x|. In fact g̃ equals the identity almost
everywhere on K. Since the set h−1F is open with respect to the weak
topology it follows that any automorphism in some suitable subbasic
neighborhood of g̃ will also belong to h−1F . We may further assume
that all the finite measure sets involved in the definition of this weak
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neighborhood, as well as their g̃-images, belong to some large n-cube C
which contains K in its interior.

Let ḡ ∈ G [Rn, λ] be any automorphism which leaves C invariant and
agrees with g̃ pointwise on K and the finite measure sets defining the
weak neighborhood of g̃. Hence ḡ ∈ h−1F .

We now apply the Lusin Theorem (Theorem 10.2) to the automor-
phism ḡ, first on K where there is a norm bound of δ, and then on
the annulus C −K, without any norm bound. This gives us a homeo-
morphism h1 ∈M [Rn, λ] which is equal to the identity on the boundary
of K and on the boundary of C, and which approximates both g̃ and ḡ
in that

h1(K) = K, ‖h1‖K < δ, and h1 ∈ h−1F .

Since K is compact and h is continuous, it follows that for δ sufficiently
small hh1 ∈ F ∩ M [Rn, λ] ∩ C (h,K, ε), and so this set is nonempty,
as required. This shows that F ∩M [Rn, λ] is dense in M [Rn, λ] with
respect to the compact-open topology (under the assumption that F is
weakly open).

Thus we have shown that the theorem is true if ‘Gδ’ is replaced by
‘open’ in both the hypothesis and conclusion. Now suppose more gen-
erally that F =

⋂∞
i=1 Fi, where each set Fi is dense and open with

respect to the weak topology. By what we have shown above, each set
Fi ∩M [Rn, λ] is dense in M [Rn, λ] with respect to the compact-open
topology. Since Fi is open with respect to the weak topology, it follows
that Fi∩M [Rn, λ] is open in the compact-open topology. Consequently
the Baire Category Theorem (Theorem 2.1) shows that

F ∩M [Rn, λ] =
∞⋂
i=1

(Fi ∩M [Rn, λ])

is a dense Gδ subset of M [Rn, λ] with respect to the compact-open
topology.

We note that the above proof used the result, proved in the previ-
ous section, that ergodic homeomorphisms are dense in M [Rn, λ] with
respect to the compact-open topology, when it was assumed that the
neighborhood C (h,K, ε) was centered at an ergodic homeomorphism h.
With a little more work we can make the proof independent of the re-
sult on generic ergodicity. Given an arbitrary homeomorphism h at
the center of a basic neighborhood, we first can compose it with a small
translation, if necessary, to ensure that λ (K � hK) > 0. We then apply
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Corollary A1.13 to the modified homeomorphism. If we call this dou-
bly modified center automorphism h again, the above proof proceeds
without any changes, starting with the third paragraph.



13

Manifolds Where Ergodicity Is Not Generic

13.1 Introduction

Up to this point we have shown that ergodicity (as well as other prop-
erties) is generic for homeomorphisms of any compact manifold and for
Euclidean space Rn. The reader may naturally expect that we will
continue in this fashion and show that generic ergodicity holds for any
noncompact manifold. The purpose of this chapter is to show that this
is not the case by presenting two measured manifolds (X,µ) for which
ergodicity is not generic in the space M[X,µ]. After presenting these
two examples, we will use them to motivate the notion of an end of a
noncompact space. We will give an informal discussion of how the be-
havior of a homeomorphism h ∈M[X,µ] with respect to the ends of the
manifold X can prevent it, or any homeomorphism close to it (in the
compact-open topology), from being ergodic. The two types of behavior
found in the counterexamples given in this chapter (namely compress-
ibility and nonzero charge) will have to be excluded, by hypothesis, in
the following chapters. In those chapters we will give positive results
on the typicality of ergodicity or other dynamical properties in certain
closed subspaces of M[X,µ] for general noncompact manifolds X.

13.2 Two Examples

In both of the examples of measured manifolds (X,µ) given below, the
manifold X is a subset of the plane. The topology of the manifold is the
relative topology it inherits from the plane, and the measure µ is simply
the restriction of planar Lebesgue measure λ to the manifold. In both
cases the manifold is invariant under the unit translation to the right
(denoted t), and we give particular attention to this homeomorphism.

98
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Example 13.1 The first of the planar manifolds where ergodicity is not
generic consists of a horizontal strip with an infinite number of vertical
strips attached. We call this manifold X̂, where

X̂ = (R× [0, 1]) ∪
( ∞⋃
i=−∞

([i− 1/4, i+ 1/4]× [1,∞))

)
.

The restriction of Lebesgue measure λ to X̂ is denoted by µ̂, and the
restriction to X̂ of the unit translation t to the right, t (x, y) = (x+ 1, y),
is denoted by ĥ. For later reference we call X̂ the Manhattan manifold
(because of the vertical strips centered at the lines x = i, for i an integer).

Example 13.2 The second manifold is simply the horizontal strip
X̌ = R1 × [0, 1], with µ̌ the restriction of Lebesgue measure and ȟ the
restriction of the unit translation t(x, y) = (x + 1, y). We will refer to
(X̌, µ̌, ȟ) as the right unit translation on the strip.

Of course it is clear in both cases (manifolds X̂ and X̌) that the
translation t is not recurrent, and hence not ergodic. To see this observe
that no point in the set C = [3/8, 5/8] × [0, 1] ever returns to C under
the homeomorphism t. To prove that these manifolds are counterexam-
ples to generic ergodicity however, we have to show moreover that any
area preserving homeomorphism near enough to t (in the compact-open
topology) is also nonrecurrent. To prove nonrecurrence we will use the
following simple property of recurrent automorphisms.

Lemma 13.3 Let g ∈ G[X,µ] be a µ-recurrent automorphism of the
measure space (X,µ). Then for any measurable set V we have

µ (g(V )− V ) = µ (V − g(V )). (13.1)

In fact this property characterizes µ-recurrence.

Proof We may assume without loss of generality that µ(V ) > 0 and
that V is not g-invariant, as otherwise the equation is satisfied as 0 = 0.
It follows that at least one of the sets A = g(V )− V and B = V − g(V )
has positive measure, and consequently also their (disjoint) union Y =
A∪B. Since g is µ-recurrent, the first return map τ : Y → Y (given by
τ(x) = gm(x), where m is the least positive integer with gm(x) in Y ; see
Appendix 1) is a well defined µ-preserving automorphism of Y . Observe
that for any x ∈ B, the g-orbit of x cannot re-enter B before entering A.
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Hence τ(B) ⊂ A, and consequently µ(B) ≤ µ(A). The reverse inequality
is established by replacing g with its inverse, which is also µ-recurrent.
So equation (13.1) holds for µ-recurrent automorphisms.

To show that (13.1) characterizes µ-recurrence, suppose now that g is
not µ-recurrent. Then there is a measurable set C of positive µ-measure
with the property that C and all its forward iterates gi(C), i > 0, are
disjoint. Then the set

V =
∞⋃
i=0

gi(C)

is a set such that (13.1) does not hold (i.e., µ(g(V ) − V ) = 0 �= µ(V −
g(V ))).

Although the difference of the two sides in equation (13.1) need not be
defined for all sets V (both sides could be infinite), the following lemma
shows that the difference makes sense and is zero for all automorphisms
of (X,µ) whenever µ(V ) < ∞. Consequently, in a finite measure space
(µ(X) < ∞), every automorphism is µ-recurrent (this is the Poincaré
Recurrence Theorem 5.4) and the difference of the two sides in equation
(13.1) will be zero for all V ⊂ X.

Lemma 13.4 Let g ∈ G[X,µ] be any µ-preserving automorphism (not
necessarily µ-recurrent) and let V be any measurable set of finite µ-
measure. It follows that

µ (V − g(V ))− µ (g(V )− V ) = 0. (13.2)

Proof Observe that

V = (V − g(V )) ∪ (V ∩ g(V ))

and

g(V ) = (g(V )− V ) ∪ (V ∩ g(V )).

Since µ(V ) = µ(g(V )) and all the sets above all have finite measure, it
follows that µ (V − g(V ))− µ (g(V )− V ) = 0.

We can now use Lemma 13.3 to show that recurrence and hence ergod-
icity is not generic, or even dense, in the spaces M[X̂, µ̂] and M[X̌, µ̌].
There are two qualitatively distinct ways in which the recurrence equa-
tion (13.1) can fail: one side can be finite when the other is infinite, or
the two sides can be finite but unequal. The first type of failure applies
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to the right unit translation ĥ ∈ M[X̂, µ̂] of the Manhattan manifold,
and the second to the translation ȟ ∈M[X̌, µ̌] of the strip manifold.

Theorem 13.5 There is a compact-open neighborhood of the right unit
translation ĥ ∈M[X̂, µ̂] of the Manhattan manifold consisting of nonre-
current (and hence nonergodic) homeomorphisms. Consequently ergod-
icity is not a typical property in the space M[X̂, µ̂].

Proof Define C = [3/8, 5/8] × [0, 1], and observe that X̂ − C has two
components, both unbounded, namely U = X̂ ∩ {(x, y) : x < 3/8} and
V = X̂ ∩{(x, y) : x > 5/8}. (We will later call such a set C a separating
set.) Any h ∈ M[X̂, µ̂] which is sufficiently close to ĥ on the set C will
satisfy µ (h(V )− V ) < ∞ (in fact h(V ) ⊂ V so µ(h(V ) − V ) = 0) and
µ (V − h(V )) = ∞, so the recurrence equation (13.1) in Lemma 13.3
fails dramatically and consequently h cannot be recurrent.

A similar argument applies to ȟ ∈M[X̌, µ̌], as follows.

Theorem 13.6 There is a compact-open neighborhood of the right unit
translation ȟ ∈ M[X̌, µ̌] consisting of nonrecurrent (and hence non-
ergodic) homeomorphisms of the strip manifold. Consequently ergodicity
is not generic in the space M[X̌, µ̌].

Proof Let C and V be defined as in the previous proof, but with re-
spect to X̌, that is, V = X̌ ∩ {(x, y) : x > 5/8}. Observe that for any
h ∈ M[X̌, µ̌] which is sufficiently close to ȟ on C, we will have that
µ (h(V )− V ) = 0 and µ (V − h(V )) > 0, so that the recurrence equa-
tion (13.1) is not satisfied. Hence by Lemma 13.3 such homeomorphisms
h cannot be µ-recurrent and therefore cannot be ergodic.

The above proof is a bit too special to be generalized to other measured
manifolds (X,µ). A more general method is to observe that

µ
(
V − ȟ(V )

)
− µ
(
ȟ(V )− V

)
> 0,

and that the expression

µ (V − h(V ))− µ (h(V )− V ) (13.3)

is continuous in h, in the compact-open topology. Consequently (13.3)
will be positive in some compact-open neighborhood of ȟ, and so The-
orem 13.6 follows from Lemma 13.3. The expression (13.3) will later
be called the ‘charge’ and is a measure of the net ‘flow of mass into V ’
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(under the action of h) or into the end at +∞. Similar ideas will show
that homeomorphisms with nonzero charge cannot be approximated by
ergodic ones.

13.3 Ends of a Manifold: Informal Introduction

In order to prove positive results in the remainder of the book regarding
generic ergodicity (and other properties), we must exclude the behavior
exhibited by the two examples in the previous section. To do so, we
must have a more general framework in which to describe this behavior.
This general framework involves the following notions:

(i) The ends of a noncompact manifold
(ii) The induced homeomorphism on the ends
(iii) The compressibility of the induced homeomorphism
(iv) The charge on an invariant set of ends.

In this section we give a nonrigorous, informal introduction to these
notions, by seeing how they apply to the two dynamical systems,
(X̂, µ̂, ĥ) and (X̌, µ̌, ȟ), which we have just defined. In the next chapter
we shall give formal definitions of these notions and rigorous proofs of
their properties.

An end of a manifold is, informally, a way of going to infinity on
that manifold. For the strip X̌ there are two ways of going to infinity:
left or right. Consequently the set Ě of ends of X̌ may be written as
Ě = {−∞,+∞}. Similarly on the manifold X̂ we may go to infinity
by going left or right, giving ends −∞,+∞. But we may also go up
from the x-axis at the integer values x = i, giving additional ends at
each integer i. Thus the set of all ends of X̂ may be written as Ê =
{−∞, . . . ,−1, 0, 1, . . . ,+∞}. The set of ends E of a manifold X inherits
a topology from the manifold X (such that X ∪ E is compact). The
topology on Ě is simply the discrete topology and the topology on Ê
has the usual notion of a sequence of integers converging to +∞ or −∞
(a basic open set in Ê is an interval in the extended integers [i, j] where
i < j are extended integers that could be −∞ or +∞).

Every homeomorphism h of a manifold induces a homeomorphism h∗

on its ends. The induced homeomorphism ȟ∗ : Ě → Ě is simply the
identity, and the induced homeomorphism ĥ∗ : Ê → Ê fixes ±∞ and
maps each integer i to i+ 1.

Observe that the induced homeomorphism ĥ∗ : Ê → Ê maps the
clopen (closed and open) set {1, 2, . . . ,+∞} into the proper clopen



13.3 Ends of a Manifold: Informal Introduction 103

subset {2, 3, . . . ,+∞}. Such an induced homeomorphism which maps
a set into a proper subset is said to be compressible (see Definition
14.11). A generalization of Theorem 13.5 of this chapter, Lemma 14.15,
shows that any homeomorphism h ∈ M[X,µ] which induces a com-
pressible homeomorphism on the ends of X cannot be recurrent, and
hence cannot be ergodic. In Chapter 15 a number of positive results
regarding generic ergodicity are proved under assumptions concerning
incompressibility of induced end homeomorphisms.

The nonrecurrence of all homeomorphisms in a neighborhood of the
dynamical system

(
X̌, µ̌, ȟ

)
cannot be explained in terms of compress-

ibility on ends, because the induced end homeomorphism ȟ∗ is simply
the identity, which is incompressible (see Definition 14.11). It has to
be explained in terms of the charge it induces on the invariant sets of
ends, namely {+∞} and {−∞}. The charge ch that an end preserving
homeomorphism h ∈M

[
X̌, µ̌

]
induces on the end called +∞ is defined

by the difference given by equation (13.3), namely

ch (+∞) = µ (V − h(V ))− µ (h(V )− V ) (13.4)

where V is as in the proof of Theorem 13.6, namely V = X̌ ∩ {(x, y) :
x > 5/8}. In particular cȟ(+∞) = 1. The argument given above after
the proof that ȟ is nonrecurrent (which constitutes an alternative proof)
will be generalized in Theorem 14.23 to show that any homeomorphism
h ∈M[X,µ] which induces a nonzero charge on an invariant set of ends
cannot be the limit of ergodic homeomorphisms.

Both of the counterexamples to generic ergodicity given in this chapter
can be excluded by restricting to those homeomorphisms in M[X,µ]
which induce an incompressible homeomorphism on the ends of X, and
an identically zero charge on the invariant set of ends. For this closed
subspace of M[X,µ], ergodicity is indeed generic. Summarizing the
positive results to follow in Chapter 15, we have

Theorem F (see Corollary 15.9) A µ-preserving homeomorphism h of
(X,µ) is in the compact-open closure of the ergodic homeomorphisms if
and only if h induces an incompressible homeomorphism of the ends and
induces an identically zero ch charge on the ends.

We conclude this chapter with an informal look at four examples in
the following sections. Formal definitions are given in the next chapter.
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13.4 Another Look at Rn

We now take a short look backwards at the results of the previous chapter
concerning generic ergodicity in M[Rn, λ]. Euclidean space Rn (for
n ≥ 2) has a single end, so that for any h ∈ M[Rn, λ], the induced
end homeomorphism h∗ is simply the identity on this end, and hence
incompressible. Since the charges on all the invariant sets of ends sum to
zero (this will be shown formally later), the charge is always identically
zero when there is a single invariant set of ends. Thus in particular,
when the manifold has only one end, the charge is identically zero. Hence
Theorem F says that every homeomorphism inM[Rn, λ] is the compact-
open limit of ergodic ones.

13.5 The Flip on the Strip

The analysis given above for Rn is similar to that for the flip homeo-
morphism f̌ : X̌ → X̌ defined by f̌ (x, y) = (−x, y), where X̌ is the
infinite horizontal strip R1 × [0, 1]. The induced end homeomorphism
f̌∗ transposes the two ends +∞ and −∞, so it is incompressible. Since
there is only one nonempty invariant set of ends, namely the full set, the
induced charge is identically zero. The flip homeomorphism f̌ is clearly
recurrent (all points have period 2) and not ergodic (horizontal strips
are invariant). However, since it induces an incompressible end homeo-
morphism and zero charge, Theorem F shows that it is approximable by
ergodic homeomorphisms, in the compact-open topology.

13.6 The Flip on Manhattan

Consider the flip homeomorphism f̂ : X̂ → X̂ defined on the Man-
hattan manifold X̂ by f̂(x, y) = (−x, y). As in the previous exam-
ple, f̂ is recurrent but not ergodic. The induced homeomorphism
f̂∗ on the ends E = {−∞, . . . ,−3,−2,−1, 0, 1, . . . ,+∞} is given by
f̂∗(−∞) = +∞, f̂∗(+∞) = −∞, and f̂∗(i) = −i for integers
i. Clearly f̂∗ is incompressible. The ‘basic’ invariant end sets are
{0}, {−1, 1}, {−2, 2}, . . . , {−∞,+∞} and the induced charge is zero on
all of these. Hence Theorem F shows that f̂ is the compact-open limit
of ergodic area preserving homeomorphisms.
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13.7 Shear Map on the Strip

The previous three examples were recurrent (even periodic) and noner-
godic. Consider the shear map s(x, y) = (x+ y, y) on the extended strip
R × [−1, 1]. Observe that s∗ is the identity on the end set {−∞,+∞}
(and hence incompressible) and has zero charge (zero net flow to the
right). It is not recurrent (take any set above the x-axis) and hence
nonergodic. But Theorem F says that it is the compact-open limit of
ergodic area preserving homeomorphisms.



14

Noncompact Manifolds and Ends

14.1 Introduction

The previous chapter showed that the notion of the ends of a mani-
fold provides an important distinction between Euclidean space (Rn, λ),
where ergodicity is typical for volume preserving homeomorphisms, and
the strip (R1 × [0, 1], λ), where ergodicity is not typical for volume pre-
serving homeomorphisms. The distinction between the spaces is that
Rn (for n ≥ 2) has only one end, whereas the strip has two. In this
chapter we present a formal description of the ends of the manifold X,
and related topological results. This will enable us to obtain in the fol-
lowing chapter conditions on the ends of a measured manifold (X,µ)
under which ergodicity is typical in certain closed subspaces of M[X,µ].

We now provide the formal definitions and results mentioned in this
informal discussion. Most of these results come from [20] and [22].

14.2 End Compactification

The notion of an end of a manifold has already been discussed informally.
We now give a formal treatment.

Definition 14.1 An end e of the manifold X is a function which assigns
to each compact subset K of X a nonempty unbounded component e(K)
of X −K in such a way that

K1 ⊂ K2 implies e(K2) ⊂ e(K1). (14.1)

The set of all ends of X is denoted E[X].

106
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Note that if X is itself compact then it has no unbounded subsets.
The notion of an end only has significance for us when the manifold X
is not compact.

Observe that because X is a manifold, X−K has only a finite number
of unbounded components (see Lemma A2.10 from Appendix 2) and for
each end e only one of those components of X−K (namely e(K)) ‘leads
to’ e. By adjoining to a compact set K the union of all the bounded
components of X−K, we obtain a larger compact set K̂ whose comple-
ment has no unbounded components. Furthermore the components of
X − K̂ are the same as the unbounded components of X −K.

The manifold X is compactified by adjoining the set of ends E[X],
and defining for each compact set K ⊂ X a basic neighborhood NK(e0)
of an end e0 ∈ E[X], as the set

NK(e0) = e0(K) ∪ {e ∈ E[X] : e(K) = e0(K)}.

With this topology, X ∪ E[X] is a compact Hausdorff space containing
E[X] as a closed subset. Again because for each compact set K ⊂ X

there are only finitely many unbounded components of X − K, these
neighborhoods NK(e0) ∩ E[X] form a basis of closed and open sets for
e0 in E[X]; thus, with the relative topology on E[X], the ends form a
totally disconnected set.

14.3 Examples of End Compactifications

We now reconsider some of the examples given informally in the previous
chapters. For n ≥ 2, we have noted that Rn has a single end. The ‘end
compactification’ topology of Rn ∪E [Rn] given by the above definition
is the usual one-point compactification which makes it into a topological
sphere (homeomorphic to Sn). The cylinder R1 × S1 however has two
ends since compact sets such as [a, b] × S1 divide the space into two
unbounded components, one of them leading to point at ‘−∞’ on the
cylinder (the left end) and the other leading to the point at ‘+∞’ (the
right end). Here again the compactification of the cylinder is the sphere
S2 and here the end set E ⊂ S2 consists of two points. In general one
can start with a compact manifold like S2 and let E ⊂ S2 be any totally
disconnected set. Then E is the end set for the noncompact manifold
S2 − E. Although we will not need to deal with such problems we do
note that the end sets may be embedded in S2 in a very complicated
fashion. For example when we take E to be the wild Cantor set as in
Alexander’s horned sphere, then the components e(K) are intertwined
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Fig. 14.1. Alexander’s horned sphere (with permission from [73])

in an intricate manner. A picture of Alexander’s horned sphere from
Hocking and Young’s Topology textbook [73, p. 176] is reproduced here
in Figure 14.1.

14.4 Algebra Q of Clopen Sets
We return to the general setting of a sigma compact manifold X with
end set E[X]. For any subset Q ⊂ E[X], and compact set K ⊂ X, we
define

Q(K) =
⋃
e∈Q

e(K).

Each compact set K ⊂ X determines the following equivalence relation
∼K on E[X], namely all the ends ‘contained in’ the component e(K):

e ∼K e
′ if and only if e(K) = e′(K). (14.2)

For each compact set K ⊂ X there are only finitely many unbounded
components in X −K. Let PK denote the finite partition of E[X] into
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equivalence classes modulo ∼K and let QK denote the finite algebra
generated by PK . That is, the elements of PK are the atoms of the
algebra QK . Observe that the algebra Q =

⋃
K QK (where the union

is taken as K ranges through the family of compact subsets of X) is
identical with the family of closed-open (clopen) subsets of E[X], in the
relative topology on E[X], of the end compactification of X. It is on
this algebra that we will define our measure induced on the ends E[X].
This analysis shows more clearly that E[X] is totally disconnected.

14.5 Measures on Ends

An OU measure µ on X induces a two-valued (0 and ∞) measure µ∗

on (E[X],Q) as follows. If Q ∈ Q, then Q belongs to QK for some
compact set K. Define µ∗(Q) = 0 if µ(Q(K)) < ∞ and µ∗(Q) = ∞ if
µ(Q(K)) = ∞.

Remark First we note that this definition of µ∗ is independent of the
compact set K once K is large enough so that Q ∈ QK . So suppose Q
is also in QK′ for some compact set K ′ and for now we first make the
special assumption that K ⊂ K ′. We need to show that µ(Q(K)) = ∞
if and only if µ(Q(K ′)) = ∞ (the general situation will then follow from
this special case). Now note that Q(K) is the finite union of connected
components of X −K and Q(K) = Q(K ′) ∪ (K ′ ∩ Q(K)). Thus since
the OU measure µ is finite on the compact set K ′∩Q(K), it follows that
either both Q(K) and Q(K ′) are finite µ-measured sets or they are both
infinite µ-measured sets. For two arbitrary compact sets K1 and K2, if
Q ∈ QK1 ∩ QK2 , then let K ′ = K1 ∪K2. Then by the above argument
Q(K1) has infinite measure if and only if Q(K ′) does and has infinite
measure if and only if Q(K2) does. This shows that the set function µ∗

is well defined.

Lemma 14.2 The set function µ∗ taking the two values 0 and ∞ is a
measure on the algebra of clopen sets Q on E[X].

Proof First we note µ∗ is trivially a finitely additive set function. Indeed
let Q1, Q2, . . . , Qk ∈ Q. Let K be a large enough compact set so that
Q1, Q2, . . . , Qk ∈ QK . Then

⋃k
i=1Qi(K) has infinite µ-measure if and

only if one of the Qi(K) does. Thus µ∗(
⋃k
i=1Qi) =

∑k
i=1 µ

∗(Qi). The
proof is completed by noting that the algebra of clopen sets on the
totally disconnected set E[X] has the property that any countable union
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of disjoint clopen sets can be written as a finite union of these clopen
sets.

Thus µ∗ is a measure on (E[X],Q) taking on only the two values, 0
and ∞. The measure is nontrivial (µ∗(E[X]) �= 0) as long as µ(X) = ∞.
We again remind the reader that the measurable sets (the clopen sets) Q
constitute only an algebra, and not a sigma algebra. Finally we say that
the end e ∈ E[X] is an end of infinite measure if and only if µ(e(K)) = ∞
for all compact sets K. Let E∞[X] denote the set of ends of infinite
measure.

Lemma 14.3 The set of infinite measured ends E∞[X] is a closed subset
of E[X].

Proof Suppose that the end e0 is a limit point of infinite measured ends.
For any compact set K ⊂ X, µ(e0(K)) = ∞ because the neighborhood
of e0, NK(e0), contains an infinite measured end e ∈ E∞[X] and e(K) =
e0(K). Since µ(e(K)) is infinite, so too is µ(e0(K)).

Note that the set E∞[X] may not be in the algebra Q of clopen sets.
An example may be obtained on the Manhattan manifold X̂ of Example
13.1. Take as the measure µ a measure equal to area measure for y ≤ 1
and such that µ is finite on each of the vertical strips. In this case
E∞[X̂] consists only of the ‘horizontal’ ends called +∞ and −∞, which
are limits of the finite measured ends {. . . ,−1, 0, 1, . . .}. So E∞[X̂] is
not open and hence not clopen.

We end this section by giving some more examples of noncompact
manifolds X with OU measures µ and the measures µ∗ on the ends
E[X].

Example 14.4 (See [67]) Let X = R2 − {0̄}. Then this manifold has
two ends, one of them identifiable with the origin 0̄ = (0, 0) and the
other with ‘the point at infinity’ in R2 – this is easily seen by taking K
to be a Jordan curve with the origin inside. Consider the following two
different OU measures obtained by integrating the following 2-forms

ω = dx× dy, and τ = (dx× dy)/F (x2 + y2)

where F : (0,∞) → (0,∞) is any smooth function with the property

F (r) = 1 if r ≥ 1 and F (r) = r2 if 0 < r < 1/2.

This means (abusing notation) that τ(A) =
∫
A
τ and similarly ω(A) =
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A
ω. Note that ω is just our area measure on the plane. The point

at infinity has infinite measure for each of these measures but (the end
at) the origin is infinite for only one of these measures: ω∗(0̄) = 0,
τ∗(0̄) = ∞.

Other noncompact manifolds and measures may be obtained similarly.
Let G(x, y) be a smooth function on R2−E which is positive at all points
except at some set E of ‘singular points for G’, where by a singularity at
p ∈ E we mean that G(pk) →∞ for any sequence of points pk in R2−E,
converging to the point p ∈ E. The singularities will correspond to the
ends of the manifold. We may define an OU measure νG on R2 − E by
the equation νG(A) =

∫
A
G(x, y)dxdy, for any Borel set A. By choosing

the behavior at the ‘singularities’ of G appropriately (i.e., so that the
improper integral around a singular point is finite or infinite), we can
obtain ends of finite or infinite measure.

Example 14.5 A noncompact manifold can be obtained from a compact
manifold D by removing some closed totally disconnected subset C from
it. So consider the manifold X = D−C where D = {(x, y) : x2+y2 ≤ 1}
is the closed unit disk in the plane and C is the standard Cantor ternary
set lying on the line [−1/2, 1/2] along the x-axis. The Cantor set C
may be identified with the set E[X] of ends of X. We now give an
example of an OU measure on X. Let C(0) and C(1) denote the left
and right thirds of the interval [−1/2, 1/2] on the x-axis. For ik = 0, 1
and m ≥ 1, let C(i1, . . . , im, 0) and C(i1, . . . , im, 1) be the left and right
thirds of C(i1, . . . , im) respectively. Let λ1 and λ2 denote respectively
1- and 2-dimensional Lebesgue measure (i.e., length and area measures
respectively). For each Borel subset A of X define µ(A) by the formula

µ(A) = λ2(A) +
∞∑

m=1

∑
i1,...,im

3mλ1(A ∩ C(i1, . . . , im)).

Then note that all of the ends of X (namely the points in the Cantor set
C) have infinite µ∗-measure.

Another OU measure on the same manifold X = D − C which gives
all ends infinite measure is the following. Let R(i1, . . . , im) be the closed
rectangular 3−(m+1)-neighborhood of C(i1, . . . , im) in D and let

Km = D −
⋃

i1,...,im

Int R(i1, . . . , im).

Then the sets Lm = Km+1 −Km consist of 2m congruent components
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each with volume

am = λ2(Lm)/2m.

For each Borel subset A of X define ν(A) by the formula

ν(A) = λ2(A) +
∑
m

(1/am)λ2(A ∩ Lm).

Then ν is an infinite OU measure on D−C which gives every end in C
infinite measure.

Finally we note that there is nothing special about dimension 2 in
any of these examples. We could just as easily have done all of this in
dimensions n > 2.

14.6 Compact Separating Sets

Results from topology show that a general sigma compact manifold X
can be written as an increasing sequence of compact connected manifolds
with special properties. We describe these compact connected subman-
ifolds and these special properties. The proofs of some of these results
may be found in our Appendix 2.

We say that K ⊂ X is an n-cell if it is homeomorphic to the closed
unit n-cube In. A set K ⊂ X is called a relative n-cell if there exists a
continuous function φ : In → K such that

(i) φ is onto
(ii) φ restricted to Int In is a homeomorphism onto its image
(iii) φ−1φ(∂In) = ∂In.

In other words, a relative n-cell is a subset of X which can be obtained
from the n-cube by making boundary identifications, namely a compact
connected n-manifold. Recall that in Chapter 9 we stated Brown’s Theo-
rem (Theorem 9.6) which said that every compact connected n-manifold
is a relative n-cell.

An important fact about a sigma compact connected n-manifold is
that it can be written as the countable union of an increasing family of
compact connected manifolds. In [20], it is shown how this fact follows
from the deep results of Kirby, Siebenmann and Quinn ([78] and [99]).
However, the weaker result that the manifold is the increasing union of
relative n-cells follows from the work of Berlanga and Epstein [38] (see
Lemma A2.9 in Appendix 2). Furthermore, let µ be an OU measure on
X (i.e., µ is a sigma finite nonatomic Borel measure which is positive
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on open sets, and zero on the boundary of X – we note that the fact
that µ is a Borel measure implies that µ is also finite on compact sets).
When the manifold X has nonempty boundary ∂X and K is a subset of
X, we denote by Bdry K the union of the topological frontier of K and
∂X∩K. Not only can we choose a sequence of relative n-cells increasing
to X, but it follows from Berlanga and Epstein’s work that the relative
n-cells can be chosen so that their boundaries have measure zero. This
will follow from the theorem below.

Theorem 14.6 Let µ be an OU measure on a sigma compact connected
n-manifold X. Then any compact subset C of X is contained in the in-
terior of a relative n-cell K such that X−K has no bounded components
and µ(Bdry K) = 0.

Proof First apply Lemma A2.9 with A = ∅ and B = C the given com-
pact set. Then since X − A is connected (the ‘furthermore’ part of the
Lemma states) there is a single relative n-cell which we call L1 contain-
ing C. Letting L̂1 be the union of L1 and all of the bounded (compact)
components of X − L1, Lemma A2.10 implies that L̂1 is a compact set
with only unbounded components in its complement. Another applica-
tion of Lemma A2.9 but this time with A = ∅ and B = L̂1 gives the
required relative n-cell K.

Definition 14.7 A relative n-cell K such that X−K has only unbounded
components, and µ(Bdry K) = 0, is called a separating set.

Lemma 14.8 Let µ be an OU measure on a sigma compact connected
manifold X, and µ∗ the measure induced on (E[X],Q). Let Q ∈ Q be a
clopen set of ends in E[X]. Then there is a separating set K ⊂ X such
that Q ∈ QK .

Proof Since Q ∈ Q, there is a compact set K1 such that Q ∈ QK1 .
By the above theorem, there is a separating set K containing K1 in its
interior.

14.7 End Preserving Lusin Theorem

In the later portions of the book, when proving genericity results for
homeomorphisms of noncompact manifolds, we will need an extension
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of our Lusin Theorem 10.2 which preserves the end structure of the
manifold. This extension is given below as Theorem 14.9. To motivate
this extension, we refer briefly to the proof of Theorem 12.6, which gave
a genericity result related to the manifold Rn. In that proof we used
the Lusin Theorem 10.2 (actually, we used it twice) to approximate an
automorphism ḡ which left an n-cube K invariant and had small norm
on K (that is, |ḡ(x)− x| < ε for λ-a.e. x in K). The approximating
homeomorphism h1 ∈ M [Rn, λ] obtained via Theorem 10.2 also had
small norm on K, left K invariant, and consequently left e∞(K) =
Rn − K invariant. Here we use the notation e∞ to denote the single
end at infinity of Rn. The invariance of e∞(K) is a trivial consequence
of the fact that there is a single end, since whenever a set is invariant
under a bijection, so is its complement. However, when there is more
than one end, the invariance of K does not ensure the invariance of the
sets e(K), so this has to be part of the conclusion of any Lusin theorem
that we use. Of course, there are only finitely many sets of the form
e(K). These are the sets P (K), for P ∈ PK . So we give the needed
Lusin theorem in the following form.

Theorem 14.9 (End Preserving Lusin Theorem) Let µ be an OU
measure on the sigma compact metric manifold (X, d) and let K be any
separating subset of X. Let g ∈ G[X,µ] be any automorphism of X
satisfying

(i) d(g(x), x) < ε for µ-a.e. x ∈ K
(ii) g(K) = K
(iii) g(P (K)) = P (K) for every P ∈ PK .

Then any weak topology neighborhood of g contains a homeomorphism
h ∈ M[X,µ] with compact support which also satisfies properties (i)–
(iii) (with h replacing g). We note that condition (iii) is equivalent to
the condition

(iii′) g(Q(K)) = Q(K) for every Q ∈ QK .

Proof The proof is similar to the part of the proof of Theorem 12.6
(generic properties for Rn) where the compact form of the Lusin Theo-
rem 10.2 was used twice: on the n-cube K with a norm bound, and on
the annulus C −K without a norm bound. Here we will use Theorem
10.2 j + 1 times, where j is the cardinality of PK : once on the sepa-
rating set K of the theorem, and once for each component P (K) where
P ∈ PK .
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The application of Theorem 10.2 to the separating set K so that the
resulting homeomorphism hK of K satisfies (i) and (ii) is immediate.
Now fix some P ∈ PK . If Bi, i = 1, . . . ,m, are the finite measured
sets in the given weak neighborhood of g (see Section 11.2), choose sets
CP
i ≡ Ci ⊂ Bi ∩ P (K), i = 1, . . . ,m, so that µ ((Bi ∩ P (K))− Ci) is

very small and
⋃
i (Ci ∪ g (Ci)) is a relatively compact subset of P (K).

Hypothesis (iii) makes this possible. Let RP be a relative n-cell in
P (K) which contains

⋃
i (Ci ∪ g (Ci)) in its interior and has boundary

measure zero (using Theorem 14.6). Apply the Lusin Theorem 10.2 to
any automorphism ĝ of RP which agrees with g on

⋃
i Ci, and extend

the resulting homeomorphism hP to all of P (K) by setting it equal to
the identity on P (K) − RP . If we piece together the homeomorphisms
hK on K, and hP on P (K) for all P ∈ PK , we obtain the required
homeomorphism h.

14.8 Induced Homeomorphism h∗

Every homeomorphism of the manifold induces a homeomorphism on the
ends. We have seen in Chapter 13 two examples of these end homeo-
morphisms (recall the Manhattan dynamical system and the end action
induced by the translation to the right homeomorphism). We now give
a formal description of the homeomorphism of the ends.

Definition 14.10 Every homeomorphism h : X → X induces a homeo-
morphism h∗ on the ends, h∗ : E[X] → E[X] defined by

[h∗(e)](K) = h(e(h−1(K))) (14.3)

for all e ∈ E[X] and compact K ⊂ X. We say that h ∈ H[X] is end
preserving if h∗ is the identity on E[X]. If h is µ-preserving (i.e., h ∈
M[X,µ]) then h∗ preserves the measure µ∗. Thus every h ∈ M[X,µ]
induces a measure preserving system (E[X],Q, µ∗, h∗).

Keeping in mind that the measurable sets Q constitute only an alge-
bra (the algebra of clopen sets), and not a sigma algebra, the following
definitions deserve more than the usual scrutiny.

Definition 14.11 Let σ be a µ∗-preserving homeomorphism of E[X].
Then the system (E[X],Q, µ∗, σ) is called compressible if there is a
clopen set Q ∈ Q such that µ∗(σQ−Q) = 0 and µ∗(Q− σQ) > 0 (note
since µ∗ is a two-valued measure, this means that µ∗(Q − σQ) = ∞).
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Otherwise it is called incompressible. The system is called ergodic if for
every (invariant) set I ∈ Q with µ∗(I � σI) = 0, either µ∗(I) = 0 or
µ∗(E[X]− I) = 0.

We observed earlier that if µ(X) < ∞, then µ∗(E[X]) = 0. Hence in
this case any h ∈M[X,µ] induces an incompressible and ergodic system
(E[X],Q, µ∗, h∗).

In contrast to the usual case in ergodic theory where an ergodic mea-
sure preserving automorphism must necessarily be incompressible, the
following example presents an ergodic and compressible end homeo-
morphism.

Example Let E be the totally disconnected space consisting of −1, . . . ,
−1 + 1

3 , −1 + 1
2 , 0, 1− 1

2 , 1− 1
3 , . . . , 1 with its usual topology. Suppose

σ fixes −1 and 1 and moves all other points to the next larger number.
Assume the measure µ∗ is infinite for each nonempty set. The clopen
set Q = {0, 1− 1

2 , 1−
1
3 , . . . , 1 } satisfies σQ−Q = ∅ and Q−σQ = {0},

so (E,Q, µ∗, σ) is compressible. The only nonempty invariant clopen set
is E, and hence σ is ergodic and compressible.

The reader should recognize that the translation to the right homeo-
morphism ĥ on the Manhattan manifold X̂ from the previous chap-
ter (see Example 13.1) has an induced end homeomorphism which is
topologically conjugate to the end action (E,Q, µ∗, σ) of the previous
example.

The next lemma relates the action of the induced end homeomorphism
h∗ = σ on the clopen sets of ends, to the action of the homeomorphism
h on the components of X − K containing those ends (for sufficiently
large compact sets K).

Lemma 14.12 Let h ∈ M[X,µ] and write σ = h∗. Let Q1 and Q2

belong to QK for some separating set K. Then µ∗(σQ1 ∩ Q2) = ∞ if
and only if µ(h(Q1(K)) ∩Q2(K)) = ∞.

Proof First suppose µ∗(σQ1 ∩ Q2) = ∞. By the definition of µ∗ it
follows that in particular µ((σQ1 ∩Q2)(B)) = ∞ for B = K ∪ hK.

(σQ1 ∩Q2)(B) = (h∗Q1)(B) ∩Q2(B) since σ = h∗

= (hQ1h
−1)(B) ∩Q2(B) by (14.3)

⊆ hQ1h
−1(hK) ∩Q2(K)

= h(Q1(K)) ∩Q2(K)



14.8 Induced Homeomorphism h∗ 117

where the inclusion above follows from (14.1), and the fact that B con-
tains hK and K as subsets. Therefore µ(h(Q1(K)) ∩Q2(K)) = ∞.

Now assume µ∗(σQ1 ∩Q2) <∞, or equivalently that for a separating
set R ⊃ K ∪ hK we have µ((σQ1 ∩Q2)R) <∞. Observe that

h(Q1(K)) = hQ1h
−1(hK) (14.4)

= σQ1(hK). (14.5)

From (14.1) in the definition of ends, it follows that

(E[X]− σQ1)(hK) =
⋃

e∈E[X]−σQ1

e(hK)

⊃
⋃

e∈E[X]−σQ1

e(R) = (E[X]− σQ1)(R).

Since the complement in X of (E[X]−σQ1)(hK) is just σQ1(hK)∪hK
and (E[X]−σQ1)(R) has σQ1(R)∪R as its complement it follows that

σQ1(hK) ∪ hK ⊂ σQ1(R) ∪R.

Consequently combining this with equation (14.5) from above we have

h(Q1(K)) ⊂ σQ1(R) ∪R.

Since K ⊂ R, then Q2(K) ⊂ Q2(R) ∪ (R−K) and so

Q2(K) ⊂ Q2(R) ∪R.

Therefore

h(Q1(K)) ∩Q2(K) ⊂ R ∪ [(σQ1)(R) ∩Q2(R)],

and

µ(h(Q1(K)) ∩Q2(K)) < µ(R) + µ[(σQ1 ∩Q2)(R)] <∞.

Definition 14.13 Suppose that σ : E[X] → E[X] is an end homeo-
morphism induced by some homeomorphism in M[X,µ]. Then define

Mσ[X,µ] = {f ∈M[X,µ] : f∗ = σ}.

We can apply Baire category arguments to the space of homeomorph-
isms Mσ[X,µ] because of the following lemma.

Lemma 14.14 Mσ[X,µ] is a closed subset of M[X,µ] with respect to
the compact-open topology.



118 Noncompact Manifolds and Ends

Proof Denote by Ψ, the ∗ map; i.e.,

Ψ : M[X,µ] →M[E[X], µ∗]

defined by Ψ(h) = h∗. Since the ∗ map Ψ is continuous, the inverse
image of a point σ ∈M[E[X], µ∗] is closed in M[X,µ]. But this inverse
image is nothing more than Mσ[X,µ].

Recall that when we considered the Manhattan dynamical system
(X̂, µ̂, ĥ), whose induced end homeomorphism ĥ∗ is compressible, we
showed that ĥ could not be µ̂-recurrent. We now generalize this to show
for all (X,µ) that any homeomorphism f ∈ M[X,µ] which induces
a compressible end homeomorphism f∗ : E[X] → E[X] cannot be µ-
recurrent on (X,µ).

Lemma 14.15 If (E[X],Q, µ∗, σ) is a compressible system then no
homeomorphism in Mσ[X,µ] is µ-recurrent, and therefore no homeo-
morphism in Mσ[X,µ] can be ergodic.

Proof Suppose that h belongs to Mσ[X,µ] (i.e., the action of h on the
ends is h∗ = σ). Then because σ is compressible, there is some clopen set
of ends Q ∈ Q which satisfies µ∗(σQ−Q) = 0 and µ∗(Q∩σ(E[X]−Q))
> 0. Choose a separating set K such that Q ∈ QK . Then by Lemma
14.12 µ(h(Q(K)) − Q(K)) < ∞ and µ(Q(K) − h(Q(K))) = ∞. But
taking V = Q(K), this yields

µ(h(V )− V ) �= µ(V − h(V ))

violating the condition in Lemma 13.3 necessary for h to be µ-recurrent.

In order to state our next two theorems, we will need to define some
properties of finite m × m matrices T = (ti,j) whose entries are all
0s and 1s. Such a matrix T is called irreducible if for any i and j
there is a positive integer a such that tai,j = 1. If moreover there is a
single positive integer N such that tNi,j = 1 for all i and j, then T has
the stronger property that we will call mixing . The matrix T is called
recurrent if for every i there is a positive integer a such that tai,i = 1.
The greatest common divisor of such powers a is called the period of i.
(If T is irreducible then every i has the same period.) If every i has
period 1 then we say that T is aperiodic. It is easy to see that T is
mixing if and only if it is both irreducible and aperiodic, and that if T
is recurrent it can be decomposed into irreducible submatrices. Similar
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definitions are given in Appendix 1 for stochastic matrices with either
finitely or infinitely many states.

The next theorem gives a kind of ‘ergodic decomposition’ for an incom-
pressible end homeomorphism σ with respect to a given clopen partition
of E∞. It produces a minimal ‘clumped’ partition of E∞ into σ-invariant
clopen sets, of which the given partition is a refinement. This result will
be used in the proof of Theorem 15.1 (in Lemma 16.3) to produce an
ergodic µ-preserving manifold homeomorphism h with h∗ = σ.

Theorem 14.16 Let σ : E → E be an incompressible end homeo-
morphism and let E1, . . . , Em form a partition of E into clopen sets
of infinite µ∗ measure. Define an m × m 0–1 matrix T by tij = 1 if
µ∗ (σEi ∩ Ej) = ∞ and tij = 0 otherwise. Then the relation Ei ∼ Ej

if taij > 0 for some integer a ≥ 1 is an equivalence relation on the set
{E1, . . . , Em}, and hence T is recurrent. The corresponding equivalence
classes determine a partition of E∞ into minimal σ-invariant clopen
sets C1, . . . , Cp (which are each unions of the sets Ei) and an associated
decomposition of T into square irreducible submatrices.

Proof Consider the directed graph G with vertex set {1, . . . ,m} and an
arc from i to j if tij = 1. Since σ preserves the measure µ∗ it follows
that every vertex has at least one arc going out of it. First suppose that
the relation ∼ is not symmetric. Then for some vertices i and j there is
a path from i to j but no path from j to i. Relabel the vertices so that
i = 1, j = b, and 1, 2, . . . , b is such a path (from i to j). If there is no
path from b to any of the vertices 1, 2, . . . , b, set c = b; otherwise let c be
the least number (under the relabeling) such that there is a path from
b to c. Note that in either case c > 1 by assumption (no path from j to
i). Let F denote the set of vertices z such that there is a path from c to
z. Observe that c − 1 does not belong to F since in this case the path
from b to c followed by the path from c to c− 1 would be a path from b

to c − 1, contradicting the minimality of c. Now define the clopen end
set Q = Ec−1 ∪

(⋃
k∈F Ek

)
and observe that σ(Q) =

⋃
k∈F Ek ⊂ Q and

µ∗(Q−σQ) = µ∗(Ec−1) = ∞. This would imply that σ is compressible,
contrary to hypothesis, so our additional assumption that the relation ∼
is not symmetric was false. The transitivity of the relation ∼ is obvious.
Reflexivity follows from the fact that for each vertex k there is an arc
to some vertex k′ (possibly equal to k) and consequently by symmetry
there is a path from k′ back to k.



120 Noncompact Manifolds and Ends

Fig. 14.2. The four-ended cylinder

We illustrate these concepts with the following example.

Example 14.17 (Four-ended cylinder) Define a manifold by

X = R× [0, 1]−
2⋃

k=0

(1,∞)×
(

2k
6
,
2k + 1

6

)
,

with the top and bottom identified, that is, (x, 0) with (x, 1) for all
x ∈ R. This manifold has four ends, all of infinite measure, which
we denote by E = {e−∞, e1, e2, e3}. Roughly speaking e−∞ cor-
responds to going to infinity along the line (x, 1/2) as x goes to
−∞, while each end ei, i = 1, 2, 3 corresponds to going to infin-
ity along the line

(
x, 4i−1

12

)
as x goes to ∞. The homeomorphism

defined by h (x, y) = (x, y + 1/3), where addition in y + 1/3 is
taken mod 1, preserves area. The induced end homeomorphism h∗

fixes e−∞ and cyclically permutes the remaining ends e1 → e2 →
e3 → e1. It is incompressible. Let K denote the compact set
bounded by the circle {−1} × [0, 1] and the lines joining the points
(−1, 0), (+1, 0), (+1, 1/2) and (−1, 1) = (−1, 0). The set X − K

has three components, corresponding to the end partition PK =
{Q1 = {e1}, Q2 = {e2, e3}, Q3 = {e−∞}}. The incidence matrix T =
T(h,K) defined by tij = 1 if h∗ (Qi) ∩Qj �= ∅ and otherwise 0, and the
submatrix B corresponding to the h∗ invariant set C = {Q1, Q2} are
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given by

T =

 0 1 0
1 1 0
0 0 1

 and B =
(

0 1
1 1

)
.

If we want the matrix T in Theorem 14.16 to be mixing rather than
merely irreducible, we must make stronger assumptions on σ. The re-
quired notion is a variation on Furstenberg’s definition of topological
weak mixing [64], which we call componentwise weak mixing.

Definition 14.18 A homeomorphism σ of a compact topological space
into itself is called componentwise weak mixing if for all clopen sets U, V
the set

{
k : σkU ∩ V �= ∅

}
contains consecutive integers.

Theorem 14.19 Let h ∈ Mσ[X,µ] and assume (E[X],Q, µ∗, σ) is in-
compressible and σ is componentwise weak mixing on the invariant sub-
set E∞[X] consisting of the ends of infinite measure. For any separating
set K, let E1, . . . , Em be an enumeration of the elements of PK having
infinite µ∗-measure. Then the 0–1 matrix T, defined by tij = 1 if and
only if µ (h (Ei(K)) ∩ Ej(K)) = ∞, is mixing.

Proof For i = 1, . . . ,m, define E∞
i = Ei ∩ E∞[X], and observe that

these are clopen sets in the relative topology on E∞[X]. It follows
from Lemma 14.12 that σk (E∞

i ) ∩ E∞
j �= ∅ implies that tkij = 1. The

assumption of componentwise weak mixing implies that the matrix T
is irreducible, so that all states i = 1, . . . ,m have the same period
p. (This means that tkii = 1 only when p divides k.) Consequently{
k : σk (E∞

i ) ∩ E∞
i �= ∅

}
⊂
{
k : tkii = 1

}
⊂ pZ, the multiples of p. If

T is not aperiodic, then p > 1 and the set pZ does not contain two
consecutive integers. Thus as T is not aperiodic, then σ could not be
componentwise weak mixing, contrary to assumption. It follows that T
is irreducible and aperiodic and consequently mixing.

14.9 The Charge Induced by a Homeomorphism

Every homeomorphism h ∈ M[X,µ] induces on the ends E = E[X]
a charge (a finitely additive signed measure) c = ch defined on the
subalgebra Ih∗ of Q consisting of h∗-invariant clopen sets. This section
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is devoted to defining this end charge c and establishing some of its
elementary properties.

In the two examples in Chapter 13, the unit translation on the
strip dynamical system (X̌, µ̌, ȟ), and the Manhattan dynamical system
(X̂, µ̂, ĥ), we computed the quantity

µ(V − h(V ))− µ(h(V )− V )

where V was an unbounded component containing the end fixed at +∞
by both of the systems. The fact the the above quantity was nonzero was
used to prove that both of the dynamical systems (X̂, µ̂, ĥ) and (X̌, µ̌, ȟ)
are not µ-recurrent (see Lemma 13.3). These examples and the quantity
µ(V −h(V ))−µ(h(V )−V ) (which we encountered in the previous section
as well) motivate the definition of the charge of a homeomorphism ch
for a general h ∈M[X,µ].

Fix a homeomorphism h ∈M[X,µ] and let σ denote the action of h∗

on the ends. Denote by I = Iσ the subalgebra of σ-invariant clopen sets
in Q given by I = {I ∈ Q : µ∗(I � σI) = 0}. For every I ∈ I there is a
separating set K ⊂ X such that I ∈ QK . For such a set, define

c(I,K) = µ(I(K)− h(I(K)))− µ(h(I(K))− I(K)). (14.6)

This quantity measures the net flow of mass by h into the invariant set
of ends in I(K).

In the definition of c(I,K) above, we first note that this difference is
well defined. To see this we note that I ∈ I is an invariant clopen set,
and so µ∗(I − σI) = 0 = µ∗(σI − I); thus from Lemma 14.12, we have
µ(I(K) − h(I(K))) < ∞ and µ(h(I(K)) − I(K)) < ∞. Consequently
the difference in (14.6) is well defined. The fact that the end charge does
not depend on the set K follows from

Lemma 14.20 Suppose I is a clopen set of ends invariant under σ = h∗

belonging to both QK and QK′ . Then c(I,K) = c(I,K ′), a number
which will be simply written as c(I).

Proof Let R be any separating set containing K ∪ hK ∪ h−1K. Such a
separating set can be found using Theorem 14.6. We will show c(I,R) =
c(I,K). This will prove the lemma since by Theorem 14.6 we can always
find an R which simultaneously has this relationship to both K and K ′.
Let B = I(K) − I(R). Since R ⊃ K, then it follows from (14.1) that
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I(R) ⊂ I(K) and I(K) = (R ∩ I(K)) ∪ I(R). Consequently

B = I(K)− I(R) = R ∩ I(K)

is a subset of a compact set and therefore has finite measure. If we apply
equation (13.2) from Lemma 13.4 to the finite measured set V = B, and
the µ-preserving automorphism g = h, then we get

µ(h(B)−B)− µ(B − h(B)) = 0.

Now observe that

h(B)−B = [I(R)− h(I(R))]
⋃
disj

[h(I(K))− I(K)]

B − h(B) = [I(K)− h(I(K))]
⋃
disj

[h(I(R))− I(R)].

Therefore c(I,R)− c(I,K) = µ(h(B)−B)− µ(B − h(B)) = 0.

As a consequence of this lemma we can define the charge c = ch
induced by a homeomorphism h ∈ M[X,µ] on the algebra I of h∗-
invariant clopen sets of ends in E = E[X], by equation (14.6). We note
that if σ = h∗ is ergodic on (E,µ∗), then there are no nontrivial invariant
sets of ends and Iσ = {E, ∅}; in this case the charge is identically zero
(ch(E) = 0, and ch(∅) = 0). More generally the following lemma gives
further properties of the charge.

Lemma 14.21 Let c = ch be the end charge induced by some homeo-
morphism h in M[X,µ] on the algebra I of h∗-invariant clopen sets of
E. Then

(i) c(E) = 0.
(ii) If µ∗(I) = 0 then c(I) = 0.
(iii) If I1, I2 ∈ I with I1 ∩ I2 = ∅, then c(I1 ∪ I2) = c(I1) + c(I2).
(iv) Let σ be a fixed µ∗-preserving homeomorphism of the ends. The

charge c = ch is continuous on each space Mσ[X,µ] in the sense
that for each I ∈ Iσ, the function h → ch(I) is continuous on
Mσ[X,µ].

Proof (i) For any separating setK, we have E ∈ QK and E(K) = X−K.
By Lemma 13.4 and equation (13.2) applied to the finite measured set
V = K, and h

c(E) = c(E,K) = µ(h(K)−K)− µ(K − h(K)) = 0.
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(ii) If µ∗(I) = 0 then by definition there is a separating set K with
µ(I(K)) < ∞. Again applying Lemma 13.4, this time to the finite
measured set V = I(K), it follows that

c(I) = µ(I(K)− h(I(K)))− µ(h(I(K))− I(K)) = 0.

(iii) For any K with I1, I2 ∈ QK , because I1 ∩ I2 = ∅, we have
I1(K)∩I2(K) = ∅. For such a K, c(I1∪I2,K) equals c(I1,K)+c(I2,K).

(iv) Fix I ∈ Iσ and let

Φ : Mσ[X,µ] → R1

be the map Φ(h) = ch(I). We prove the stronger assertion that Φ(·)
is in fact continuous in the weak topology on Mσ[X,µ]. Using Lemma
14.20, fix any compact set K such that I belongs to I ∩ QK , so that
c(I) = c(I,K). If hj → h in the weak topology on Mσ[X,µ], then

µ(I(K)− hj(I(K))) → µ(I(K)− h(I(K))) (14.7)

µ(hj(I(K))− I(K)) → µ(h(I(K))− I(K)) (14.8)

so that Φ(hj) = chj
(I,K) → Φ(h) = ch(I,K) as required.

Note The proof above actually shows that equations (14.7) and (14.8)
are valid if hj → h in the weak topology in M[X,µ], which is a stronger
result than that required by the lemma.

We observe that in a trivial sense the finite additivity of c on I can
be extended to countable additivity since if a clopen set I ∈ I is the
denumerable disjoint union of clopen sets I1, I2, . . . , then the compact-
ness of I implies all but a finite number of those sets must be the empty
set. We now give simple computations of the charge induced by some
homeomorphisms.

Examples

(i) The charge cĥ for the Manhattan dynamical system (X̂, µ̂, ĥ):
Since the action ĥ∗ on E[X̂] = {−∞, . . . ,−1, 0, 1, . . . ,+∞} is er-
godic, there are no nontrivial invariant clopen sets and so cĥ ≡ 0.
We note however that the action of ĥ∗ is compressible.

(ii) The charge cȟ for the unit translation on the strip dynamical system
(X̌, µ̌, ȟ): Here the end set is E[X̌] = {−∞,+∞} and ȟ fixes both
of these ends. Thus if we let I− = {−∞} and I+ = {+∞} be the
two nontrivial ȟ∗-invariant clopen sets then for K = [3/8, 5/8] ×
[0, 1] we computed in (13.4) with V = I+(K) that

cȟ(I+) = cȟ(I+,K) = 1.
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Consequently cȟ(I−) = −1.
(iii) If (X,µ) has no ends of infinite measure then for any h ∈M[X,µ]

the charge ch(I) = 0 for all invariant clopen sets I ∈ Ih∗ . This fol-
lows easily from part (ii) of the above lemma because the finiteness
of µ implies that µ∗(I) = 0 for every I.

(iv) If (X,µ) has exactly one end of infinite measure then for any h ∈
M[X,µ] the charge ch(I) = 0 for all invariant clopen sets I ∈ Ih∗ .
If I contains only ends of finite measure, then µ∗(I) = 0 and so
again (ii) of Lemma 14.21 implies ch(I) = 0. If I contains the end
of infinite measure, then E[X] − I has only ends of finite measure
and so ch(E[X] − I) = 0. The finite additivity of ch along with
ch(E[X]) = 0 implies that ch(I) = 0.

A consequence of the next result shows that the end charge varies
continuously on Mσ[X,µ], a strengthened form of Lemma 14.21(iv).

Theorem 14.22 For a fixed homeomorphism σ of the ends, let
Mσ[X,µ] be the homeomorphisms which induce the end homeomorphism
σ, and let I = Iσ denote the algebra of σ-invariant clopen subsets of
E[X].
For any fixed end charge c on Iσ, the set Mc

σ[X,µ], consisting of all
homeomorphisms h ∈M[X,µ] with h∗ = σ and fixed end charge ch = c,
is closed in Mσ[X,µ]. In particular, the set M0

σ[X,µ] consisting of
all homeomorphisms h ∈ M[X,µ] with h∗ = σ and identically zero end
charge is a closed subset of the topologically complete spaceM[X,µ] with
the compact-open topology.
Furthermore, Mc

σ[X,µ] is invariant under right composition with any
h ∈M[X,µ] of compact support.

Proof First fix an end charge c on I = Iσ. Since

Mc
σ[X,µ] =

⋂
I∈I

Φ−1{c(I)}

and the continuity of Φ (from Lemma 14.21) implies each set in the
intersection is closed in Mσ[X,µ] with the compact-open topology, it
follows that Mc

σ[X,µ] is also closed in M[X,µ].
Next suppose that h1 ∈ Mσ[X,µ] has end charge ch1 = c. If h2 ∈

M[X,µ] has compact support, then h2(R) = R and h2(I(R)) = I(R)
for some compact R containing the support of h2, with I ∈ QR. Then
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ch1h2(I) = ch1h2(I,R), and

ch1h2(I,R) = µ(I(R)− h1h2(I(R)))− µ(h1h2(I(R))− I(R))

= µ(I(R)− h1(I(R)))− µ(h1(I(R))− I(R))

= ch1(I,R)

= ch1(I).

The first part of this theorem will enable us to carry out Baire category
proofs in M0

σ[X,µ], the zero charge homeomorphisms with end action
σ. The case of nonzero charge is dealt with in the following.

Theorem 14.23 If h ∈M[X,µ] induces a nonzero charge ch, then h is
not the compact-open limit of ergodic or even µ-recurrent homeomorph-
isms in M[X,µ].

Proof Since ch is not identically zero we have ch(I) �= 0 for some h∗-
invariant clopen set of ends I. This set I belongs to QK for some com-
pact separating set K ⊂ X. Setting V = I(K) we have

cf (I) = cf (I,K) = µ(f(V )− V )− µ(V − f(V )) �= 0

not only for f = h but also for all f in some compact-open neighborhood
of h, by the continuity of cf (I) in f (Theorem 14.22). It follows that for
all f in this neighborhood, f is not recurrent (and hence not ergodic)
by Lemma 13.3.

14.10 h-moving Separating Sets

In the following chapters we will show how to approximate a given
homeomorphism h by an ergodic automorphism f which is close on a
compact separating set K. The construction we will give has the prop-
erty that not only is f uniformly close to h on K but it also satisfies

f (Q(K)) = h (Q(K)) for every end set Q ∈ QK .

The exact statement of this approximation result is given in Chapter 16
as Lemmas 16.2 and 16.3. Note that the displayed property above im-
plies that in addition we have f(K) = h(K). Consider first the very
special case where h is the identity homeomorphism, and observe that
any f satisfying these conditions would have K and all the sets Q(K),
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Q ∈ QK , as nontrivial invariant sets, and hence could not be ergodic.
This observation holds more generally if the algebra A generated by the
partition of X

X = K ∪ E1(K) ∪ E2(K) ∪ · · · ∪Er(K),

where PK = {Ei(K)}ri=1, has an atom A which is periodic in A under
h (this means that for some period m ≥ 1, we have hj(A) ∈ A, j =
0, . . . ,m, with hm(A) = A), since the set

⋃m
j=0 h

j(A) would be invariant.
So in order to carry out the ergodic approximation we will need some
assumption regarding the behavior of h on the setsQ(K) which precludes
the existence of an h-periodic atom in A. This motivates the following
definition.

Definition 14.24 Let h ∈ M[X,µ] be given. A separating set K is
called h-moving if µ (h(K) ∩K) > 0 and µ (h (I(K)) ∩K) > 0 for every
h∗-invariant clopen set of ends I ∈ QK .

This concept is applied in the following lemma.

Lemma 14.25 Let K be an h-moving separating set. Then the algebra
A generated by the partition of X

X = K ∪ E1(K) ∪ E2(K) ∪ · · · ∪Er(K),

where PK = {Ei(K)}ri=1, does not have an atom A which is periodic in
A under h.

Proof Suppose that an atom A ∈ A has h-period m in A. If A = K

then since h(K) cannot be any of the sets Ei(K), we must have m = 1
and h(K) = K, which violates the h-moving assumption.

If A = Ei(K) for some i, then the h-invariant set
⋃m
j=0 h

j(A) equals
I(K) for the h∗-invariant set I ∈ QK containing Ei. This means that
I(K) = h (I(K)) belongs to the algebra A. However, it follows from the
definition of h-moving that

0 < µ (h (I(K)) ∩K) < µ(K)

and consequently h (I(K)) cannot belong to the algebra A.

Of course the compact-open topology has been defined on G[X,µ] so
that the relative topology on M[X,µ] is the usual compact-open topol-
ogy (uniform convergence on compact sets). For this relative topology we
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can require that the compact set K, which defines the basic compact-
open neighborhood C(h,K, ε) of a homeomorphism h ∈ M[X,µ] (see
Section 11.2), be a separating set; i.e., K is a relative n-cell with
µ(Bdry K) = 0 andX−K has no unbounded components. Furthermore,
the following lemma shows that we can require K in the compact-open
neighborhood above to be an h-moving set.

Lemma 14.26 Let h ∈ M[X,µ], ε > 0, and a separating set K be
given. Then there is an h′ ∈ M[X,µ] with compact support such that
supx∈Xd(x, h′(x)) < ε and K is hh′-moving. Consequently there is a
subbasic family of compact-open topology open sets of the form C(g,K, ε),
g ∈M[X,µ], where K is g-moving.

Proof For each h∗-invariant set of ends I in Ih∗ ∩ QK choose distinct
topological n-balls BI with diameter less than ε such that µ(BI∩I(K)) >
0 and µ(BI ∩K) > 0. For each I choose a µ-preserving homeomorphism
hI in M[X,µ] with support in BI such that BI ∩ I(K) is not invariant
under hI . There are several ways of constructing hI . One way is to take
hI to be any µ-preserving ergodic homeomorphism of BI which fixes
the boundary of BI – extend hI to X by setting it to be the identity
off BI . Such an ergodic homeomorphism exists by the results of Part I.
The homeomorphism h′ is the composition of these finitely many hI ’s.
By our construction h′ is small and K is g = hh′-moving.

14.11 End Conditions for Homeomorphic Measures

For noncompact manifolds X, we may ask when two OU measures µ and
ν on X are homeomorphic (i.e., µ = νh for some homeomorphism h of
X). Complications can arise if the behavior of the measures at the ends
of the manifold is not taken into account. For example area measure µ
on the strip X̌, which is infinite on both ends, cannot be homeomorphic
to any measure ν which is finite on one end of the strip but infinite
on the other. R. Berlanga and D. Epstein showed [38] in 1981 that a
sufficient condition for two sigma finite OU measures on a connected
sigma compact manifold X to be homeomorphic is if the measures are
infinite on the same set of ends.

Theorem A2.8 [Berlanga–Epstein] Let X be a sigma compact, con-
nected n-manifold (n ≥ 2) and let µ and ν be two nonatomic Borel
measures, positive on open sets, finite on compact sets and zero on the
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boundary of X (i.e., two OU measures). Then µ and ν are homeo-
morphic if µ(X) = ν(X) and µ and ν are infinite on the same set of
ends (i.e., the measures µ∗ and ν∗ induced on the ends are identical).
The homeomorphism h of X such that ν = µh can be chosen to fix the
boundary of X (i.e., h ∈ H[X, ∂X]), and be end preserving.

Further discussion and a proof of this theorem is given in the second
Appendix.



15

Ergodic Homeomorphisms: The Results

15.1 Introduction

In this chapter we determine necessary and sufficient conditions for a
measure preserving homeomorphism h of a sigma compact manifold X
to be the limit of ergodic homeomorphisms, in the compact-open topol-
ogy. We have already shown in Prasad’s Theorem 12.4 that such an
approximation is always possible (for any h) when X is Euclidean space
Rn with Lebesgue measure. In Examples 13.1 and 13.2 we showed on
the contrary that when h is the unit translation on either the Manhattan
manifold or the strip manifold, such an approximation is not possible.
The obstruction to an ergodic approximation for these systems was ex-
plained in terms of the ends E of the manifold X in Chapter 14: The
unit translation on the Manhattan manifold induces a homeomorphism
on the ends which is compressible, and hence ergodic approximation is
precluded by Lemma 14.15; the unit translation on the strip manifold
is incompressible, but since it induces a nonzero charge on the ends, an
ergodic approximation is ruled out by Theorem 14.23. Conditions on the
ends will be used in this chapter to obtain positive results on ergodic
approximation. The results in this chapter come from [20] and [22].

We will obtain complete answers to a number of simple questions re-
garding ergodic approximation in M[X,µ] with respect to the compact-
open topology. Since the Gδ-ness of ergodicity inM[X,µ] follows imme-
diately from the similar result (Theorem 11.1) for automorphisms with
respect to the weak topology, denseness and genericity of ergodicity are
equivalent, so we phrase our questions in terms of genericity. The first
question asks for which manifolds (X,µ) is ergodicity generic in the full
space M[X,µ]. That is, how far can we generalize Theorem 12.4 from
Rn to a general manifold (X,µ)? The answer, given in Corollary 15.3, is
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that ergodicity is generic inM[X,µ] if and only if (X,µ) has at most one
end of infinite measure. This covers all compact manifolds (and hence
implies the Oxtoby–Ulam Theorem, Theorem 7.1), all manifolds with
finite measure, and Euclidean space with Lebesgue measure (Theorem
12.4). In the case that (X,µ) has two or more ends of infinite measure,
it follows that the most we can hope for is that ergodicity is generic in
some component Mσ[X,µ] determined by an end homeomorphism σ.
What is the condition we must put on σ? The answer, given in Corol-
lary 15.4, is that σ must be incompressible and ergodic with respect to
the induced end measure µ∗. For those who prefer a purely topological
condition sufficient for generic ergodicity in Mσ[X,µ], Corollary 15.7
shows that the topological transitivity of σ on the ends E is such a con-
dition. Finally, we may ask, in the case that ergodicity is not generic
in Mσ[X,µ], does there exist an ergodic homeomorphism in Mσ[X,µ],
that is, with induced end homeomorphism σ? The answer to this ques-
tion is yes, if and only if σ is incompressible (Corollary 15.5). The above
results may also be summarized by saying that h is the compact-open
topology limit of ergodic homeomorphisms if and only if its induced end
homeomorphism h∗ is incompressible and its induced end charge ch is
identically zero (Corollary 15.9). This is the result described (in Section
13.3) as Theorem F.

The reader may be wondering why all the results from this chapter
mentioned above are called ‘corollaries’. This is because we have orga-
nized the proofs so that all these diverse observations are consequences
of a single result, which we state below as Theorem 15.1. (A similar but
easier finite measure analog is also stated as Theorem 15.2.) This chap-
ter shows how all the answers to the questions of ergodic approximation
and ergodic genericity follow from Theorem 15.1. The proof of Theorem
15.1 will be carried out in Chapter 16, together with a similar proof for
Theorem 15.2.

Theorem 15.1 Let µ be an OU measure on a sigma compact man-
ifold X, and let µ∗ be the induced 0–∞ measure on the ends E of
X. Let σ : E → E be an induced end homeomorphism such that the
system (E,Q, µ∗, σ) is incompressible, and let M0

σ[X,µ] denote the set
of µ-preserving homeomorphisms h of X which induce the end homeo-
morphism σ (that is, h∗ = σ) and have identically zero charge. Then
the ergodic homeomorphisms in M0

σ[X,µ] form a dense Gδ subset of
M0

σ[X,µ], with respect to the compact-open topology.
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In proving this theorem in the next chapter we will find that in the
special case when µ(X) < ∞ a much stronger result is true: namely,
ergodicity E can be replaced by any other measure theoretic property F
which is typical in G[X,µ] with respect to the weak topology. Note that
when the measure of X is finite, there are no ends of infinite measure
and consequently every µ-preserving homeomorphism of X induces an
incompressible end homeomorphism. Furthermore, when µ(X) <∞ all
ends have finite measure and the end homeomorphism h∗ is necessarily
ergodic on (E,Q, µ∗) for all homeomorphisms h ∈ M[X,µ]. Thus even
in the case of noncompact manifolds, when µ(X) < ∞ the situation is
very much like the case for compact manifolds (at least as regards typical
measure theoretic properties).

Theorem 15.2 Let µ be a finite OU measure on a sigma compact mani-
fold X. Then for any conjugate invariant property which defines a dense
Gδ subset F of G[X,µ] with respect to the weak topology, F ∩M[X,µ]
is a dense Gδ subset of M[X,µ].

15.2 Consequences of Theorem 15.1

We now state and prove various consequences of Theorem 15.1. In all
of these results µ denotes an OU measure on a sigma compact manifold
X. The first consequence of Theorem 15.1 answers the question: For
which measured manifolds (X,µ) is ergodicity typical in the space of all
µ-preserving homeomorphisms?

Corollary 15.3 The ergodic µ-preserving homeomorphisms of (X,µ)
form a compact-open dense Gδ subset of M[X,µ] if and only if the mea-
sured manifold (X,µ) has at most one end of infinite measure.
Furthermore if the manifold has two or more ends of infinite mea-

sure then there is an open set of homeomorphisms, none of which is
µ-recurrent.

Note that this corollary subsumes our two earlier results stating that
ergodicity is typical in M[X,µ] when X is the unit cube In (Theorem
7.1) or Euclidean space Rn (Theorem 12.5). In the former case there are
no ends (this applies to any compact manifold) while in the latter case
there is exactly one end. The measure property of the ends becomes
relevant when there are at least two ends, as in the strip manifold X̌ =
R1× [0, 1]. If the given measure µ on X̌ gives both ends infinite measure
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(area measure λ is one such measure), then the above Corollary says that
ergodicity is not typical. A proof of this special case has already been
given in Theorem 13.6. However, for any measure on the strip X̌ which
gives infinite measure to only one end, the corollary says that ergodicity
is typical. One such measure is obtained by the product etdt×dt, which
gives infinite measure to the right end only.

Proof of Corollary 15.3 Suppose that (X,µ) has exactly one end of
infinite measure. If σ is any homeomorphism of the ends such that
Mσ[X,µ] �= ∅, then σ fixes the single end of infinite measure. It follows
from the computation of charge, in Example (iv) after Lemma 14.21
in the previous chapter, that σ is incompressible and has zero charge,
so that Mσ[X,µ] = M0

σ[X,µ]. Thus by Theorem 15.1, E ∩Mσ[X,µ]
is compact-open dense Gδ in every component Mσ[X,µ] of M[X,µ].
Since E ∩M[X,µ] =

⋃
σ (E ∩Mσ[X,µ]), where the union is the disjoint

union taken over all possible end actions σ, it follows that E ∩M[X,µ]
is typical in M[X,µ].

Suppose that (X,µ) has no ends of infinite measure. Then by property
(ii) of Lemma 14.21 it follows that every homeomorphism in M[X,µ]
induces a zero charge on the ends. So as in the previous paragraph we
have Mσ[X,µ] = M0

σ[X,µ] for all σ, and the result follows similarly
from Theorem 15.1.

Conversely, suppose there are two ends e and e′ of infinite measure.
We sketch a proof that ergodicity cannot be dense in the compact-
open topology on M[X,µ]. Suppose first that the manifold X is
the n-dimensional tube R1 × In−1 and that the OU measure µ is
infinite on both ends of the tube. We first define a volume preserving
homeomorphism f of the tube R1× In−1 which is an analog of the unit
translation on the strip manifold which we considered in Example 13.2.
The homeomorphism f on the tube moves points ‘to the right by one
unit’ in the center of In−1 and tapers off to the identity on the boundary
of In−1. Then f is a volume preserving and end preserving homeo-
morphism of the tube with nonzero charge to the right. Because both
ends of the tube have infinite µ-measure, the Homeomorphic Measures
Theorem of Berlanga and Epstein (Theorem A2.8) implies that µ and
volume measure λ are homeomorphic; i.e., there is an end preserving
homeomorphism h ∈ H[X, ∂X] such that µ = λh. The homeomorphism
f̂ = h−1fh is a µ-preserving end preserving homeomorphism which
has nonzero charge and so cannot be ergodic by Theorem 14.23. If the
manifold X is not the tube, we won’t go into detail, but using Berlanga’s
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structure theorem (Theorem A2.13), we can embed a tube from one end
of infinite measure to the other. The analog of f̂ to the embedded tube
extended to all of X (by setting it to be the identity off the embedded
tube) has nonzero charge onX, and so cannot be the compact-open limit
of ergodic homeomorphisms (or even µ-recurrent homeomorphisms).

We have already seen that ergodicity E is not typical in the space
of area preserving homeomorphisms of the strip (X̌, µ̌) (in M[X̌, µ̌]).
However, the question of whether or not there are any ergodic area pre-
serving homeomorphisms of the strip can be answered by looking at
just the end reversing (end transposing) homeomorphisms of (X̌, µ̌) and
asking whether ergodicity is typical in the component of M[X̌, µ̌] which
consists of just end reversing homeomorphisms. Indeed, the answer is
yes and follows from a more general result. Specifically, for any induced
end homeomorphism σ of the manifold (X,µ) we can ask whether er-
godicity is typical in the component of µ-preserving homeomorphisms of
X inducing the end homeomorphism σ, i.e., in Mσ[X,µ]. Furthermore
we remind the reader that even if the action of σ at the ends is ergodic
on (E,Q, µ∗), σ need not be incompressible. (See Definition 14.11 and
the examples after it.)

Corollary 15.4 Suppose σ = h∗ for some h ∈M[X,µ]. Then ergodicity
is generic in Mσ[X,µ] if and only if the dynamical system (E,Q, µ∗, σ)
induced on the ends is ergodic and incompressible.

Proof Suppose that σ is ergodic and incompressible. It follows from
ergodicity that for any σ-invariant set of ends I, either µ∗(I) = 0 or
µ∗(E − I) = 0. In either case for any g ∈ Mσ[X,µ], we have 0 =
cg(E) = cg(I) + cg(E − I). Part (ii) of Lemma 14.21 now shows that
cg(I) = 0 for every I ∈ Iσ. Consequently cg is identically zero on Iσ.
Thus M0

σ[X,µ] = Mσ[X,µ] and the result follows from Theorem 15.1
since σ is incompressible.

If σ is not incompressible then Lemma 14.15 states that Mσ[X,µ]
contains no µ-recurrent, and therefore no ergodic homeomorphisms. If
σ is incompressible but not ergodic, then for some separating set K we
can find a σ-invariant I ∈ QK with µ∗(I) �= 0 and µ∗(E − I) �= 0.
Consequently we may choose infinite measured ends e ∈ I and e′ ∈
E− I. Then using a tube construction as in the proof of Corollary 15.3,
construct an end preserving homeomorphism f̂ ∈ M[X,µ] which ‘flows
an amount α of mass between the ends e and e′’. For any h ∈Mσ[X,µ]
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the composition f̂ ◦h belongs toMσ[X,µ] and has nonzero charge if α is
chosen appropriately. Theorem 14.23 implies that an open neighborhood
of this composition contains no ergodic homeomorphisms.

Of course we know that in order to have an ergodic homeomorphism
with a specified induced end homeomorphism σ, it must be that σ is
incompressible; furthermore if σ = h∗ for some h ∈ M[X,µ] and the
charge induced by h is not identically zero, then h cannot be ergodic.
However, using a sequence of tube constructions as in the proof of the
previous corollary, we can modify h to give another homeomorphism
h̄ ∈Mσ[X,µ] whose charge ch̄ is identically 0. Thus, if Mσ[X,µ] is not
empty, then the set of zero-charge homeomorphisms with induced end
homeomorphism σ, M0

σ[X,µ], is also not empty. Furthermore we can
prove Baire category theorems in the latter space.

The next result now answers the question of when there exist ergodic
homeomorphisms of (X,µ) with a specified end homeomorphism σ – this
happens if and only if the end homeomorphism is incompressible.

Corollary 15.5 Let (E,Q, µ∗, σ) be the end dynamical system induced
by some h ∈ M[X,µ]. Then Mσ[X,µ] contains an ergodic homeo-
morphism if and only if (E,Q, µ∗, σ) is incompressible.

Proof The ‘only if’ part was already established in Lemma 14.15 where it
was shown that if σ is compressible thenMσ[X,µ] contains no recurrent
homeomorphism.

Conversely suppose that (E,Q, µ∗, σ) is incompressible. Recall that if
µ(X) <∞ then σ is always incompressible and furthermoreMσ[X,µ] =
M0

σ[X,µ] (see Example (iii) following Lemma 14.21); consequently
Theorem 15.1 implies that the ergodic homeomorphisms are dense in
Mσ[X,µ]. If however µ(X) = ∞, then the comment preceding this
corollary shows that M0

σ[X,µ] is not empty, and again Theorem 15.1
guarantees ergodic homeomorphisms are generic in M0

σ[X,µ].

We now consider the question of which measured manifolds (X,µ) sup-
port some ergodic µ-preserving homeomorphism. Observe that the iden-
tity homeomorphism i ∈ M[X,µ] induces the identity homeomorphism
i∗ on the ends of X, which is obviously incompressible. So the previous
result shows thatMi∗ [X,µ] contains an ergodic homeomorphism. So the
answer to the original question is that any measured manifold supports
an ergodic measure preserving homeomorphism, or more precisely,
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Theorem 15.6 Let µ be an OU measure on a sigma compact manifold
X. Then there exists an ergodic, µ-preserving homeomorphism of X.

The next result asserts that when the action at the ends is transitive
then ergodicity is typical in the component of µ-preserving homeomorph-
isms inducing that end homeomorphism.

Corollary 15.7 Ergodicity is generic in Mσ[X,µ] if the restriction of
σ to E∞, the ends of infinite measure, is transitive.

Proof For such a σ, the system (E,Q, µ∗, σ) is ergodic and incompress-
ible, so the result follows from Corollary 15.4.

We note that when σ is transitive on E, either µ(X) < ∞, or all
of the ends have infinite measure. In either case, Theorem 15.2 or the
previous corollary implies ergodicity is a compact-open dense Gδ subset
of Mσ[X,µ]. We state this as follows.

Corollary 15.8 If σ is transitive on E then ergodicity is generic in
Mσ[X,µ].

Combining Theorem 15.1, Lemma 14.15, and Theorem 14.23, we
obtain the following characterization of the closure of the ergodic µ-
preserving homeomorphisms of a manifold, a result we described in Sec-
tion 13.3 as Theorem F.

Corollary 15.9 A µ-preserving homeomorphism h of (X,µ) is in the
compact-open closure of the ergodic homeomorphisms if and only if h
induces an incompressible homeomorphism of the ends of X and induces
an identically zero charge ch on these ends.

Proof If h∗ is incompressible and ch ≡ 0, then Theorem 15.1 ensures that
ergodicity is a dense property in M0

h∗ [X,µ]. Conversely if h∗ is com-
pressible then no homeomorphism in its clopen neighborhoodMh∗ [X,µ]
can be ergodic, by Lemma 14.15. Similarly if ch is not identically zero,
the result follows from Theorem 14.23.
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Ergodic Homeomorphisms: Proofs

16.1 Introduction

In the previous chapter we presented our main group of results concern-
ing ergodic homeomorphisms of noncompact manifolds. We gave neces-
sary and sufficient conditions for ergodicity to be generic in the whole
space M[X,µ], and in a given component Mσ[X,µ]. We also gave some
existence results for ergodic µ-preserving homeomorphisms with certain
end related properties and a necessary and sufficient condition that a
µ-preserving homeomorphism lies in the compact-open topology closure
of ergodic homeomorphisms. All these results are related and indeed we
showed how they all follow from the result on genericity of ergodicity in
M0

σ[X,µ], which we restate here.

Theorem 15.1 If (E,Q, µ∗, σ) is incompressible then the ergodic homeo-
morphisms of the sigma compact connected manifold (X,µ) with end
action σ and identically zero end charge, i.e., E ∩ M0

σ[X,µ], form a
compact-open dense Gδ subset of M0

σ[X,µ], the set of µ-preserving
homeomorphisms with induced end homeomorphism σ and identically
zero end charge.

This chapter is mainly devoted to proving Theorem 15.1. The mod-
ifications needed to prove Theorem 15.2 (for µ(X) < ∞) are given at
the end of the chapter. The proof is based partly on ideas used ear-
lier in the first proof of generic ergodicity for the cube (Theorem 7.1),
so the reader is urged to review that proof. In particular, both proofs
show that a certain approximating automorphism is ergodic by show-
ing that it can be viewed as a skyscraper built over an ergodic base.
The well known fact that such an automorphism is ergodic is presented
in Theorem A1.1. The first appendix gives a review of skyscraper con-
structions, so the reader unfamiliar with these should read that appendix
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before attempting to follow the proof of Theorem 15.1. That appendix
also contains a conjugacy approximation result (Corollary A1.12) which
will be needed in the proof.

This chapter is organized as follows. In Section 16.2 we give an infor-
mal outline of the proof (of Theorem 15.1). Since the complexities of the
proof are due to problems in end dynamics, we present in Section 16.3
a proof of Theorem 15.1 for the special case of end preserving homeo-
morphisms of the strip manifold. Since this manifold has only two ends,
certain problems in the general case are avoided, while still giving the
reader an idea of how problems with ends can be handled. In Section
16.4 we begin our proof of Theorem 15.1 for the general case by present-
ing a skyscraper construction which produces an approximating ergodic
automorphism, which however is not in general a homeomorphism. Sec-
tion 16.5 completes the proof of Theorem 15.1 by showing how the End
Preserving Lusin Theorem, Theorem 14.9, can be used to find an ap-
proximating ergodic homeomorphism.

The material presented in this chapter was first obtained [20] for man-
ifolds like the strip manifold which have only finitely many ends, using
techniques similar to those of Section 16.3. The generalization to ar-
bitrary sigma compact manifolds came the following year [22]. Both
results rely heavily on the conjugacy results which follow from the Mul-
tiple Tower Rokhlin Theorem [13], which is proved in Appendix 1.

16.2 Outline of Proofs of Theorems 15.1 and 15.2

Since our proof of Theorem 15.1 is somewhat complicated, we provide
the reader with this brief section which gives a broad outline of the main
structure of the proof. This outline presents the elements of the proof
in reverse order, so that the earlier constructions are motivated by the
requirements of the later stages. Much of this outline will be repeated
in the actual proofs.

As with all of our genericity proofs (except for the ‘classical proofs’
given in Sections 7.2 and 12.3), we begin by writing the set we hope
is generic in M[X,µ] as the countable intersection of weak topology
open subsets of G[X,µ]. So here we write the ergodic automorphisms as
E =

⋂∞
i=1 Ei, where each set Ei is open in G[X,µ] in the weak topology.

We need to show that each set Ei is dense in M0
σ = M0

σ[X,µ] in the
compact-open topology, from which it will follow by the Baire Category
Theorem that E ∩ M0

σ is a dense Gδ subset of M0
σ. So writing an
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arbitrary set Ei as F , we need to show that the ‘target’ set T defined by

T = F ∩M0
σ ∩ C is not empty, (16.1)

where C = C (h,K, ε) is an arbitrary compact-open basic open neigh-
borhood of a given homeomorphism h ∈ M. By Lemma 14.26 we may
assume that the compact set K is h-moving. This means that none of
the sets K or P (K), for P in PK , are h-invariant. This is essential to the
construction as the ergodic approximation to h will agree with h setwise
on K and each set P (K). The combined constructions in the proof of
Theorem 15.1 produce a small homeomorphism h′ with hh′ belonging
to the target set T , which shows that T cannot be empty.

The proof begins with a skyscraper construction with an ergodic base
transformation which gives an ergodic (by Theorem A1.2) automorphism
f approximating h in the sense that f belongs to the neighborhood C.
We then approximate the ‘difference’ g = h−1f ∈ h−1F by an end
preserving homeomorphism h′ ∈ M0

id, using the End Preserving Lusin
Theorem, Theorem 14.9. Referring to the hypotheses of this theorem,
we see that we require that the automorphism g = h−1f must leave
invariant the compact set K as well as each of the components P (K),
P ∈ PK , of its complement. This is the same as requiring that the er-
godic approximation f agrees (setwise) with the given homeomorphism
h on each of these sets. So when we construct the ergodic automor-
phism f we need to ensure not only that it belongs to the compact-open
neighborhood C, but also that it agrees setwise with h on the partition
determined by K and the components of its complement.

The construction of the ergodic automorphism approximation f to h
is carried out in Lemma 16.3. This lemma constitutes the heart of the
proof. In the special case that the manifold has finite measure, a different
construction of the approximation f is carried out in Lemma 16.2. This
lemma has a stronger conclusion than its infinite measure counterpart in
that the automorphism f it produces is not only ergodic, but moreover
can be made to be conjugate to any given antiperiodic automorphism of
a finite Lebesgue space. For example, it could produce a weak mixing
automorphism f if desired. The reason for the different conclusions of
the two lemmas is the nature of the constructions they employ. In the
infinite measure version, Lemma 16.3, the automorphism f is obtained
by a skyscraper construction with an ergodic base. In the finite measure
version, Lemma 16.2, the automorphism f is obtained using a general
conjugacy result called the Setwise Conjugacy Approximation Theorem,
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which is proved in Appendix 1 as Corollary A1.12 (of the Multiple Tower
Rokhlin Theorem).

In both the finite and infinite measure versions, the approximation of
the difference automorphism g = h−1f by a measure preserving homeo-
morphism h′ is carried out using the End Preserving Lusin Theorem
14.9. The homeomorphism hh′ will belong to the required target set
T in equation (16.1) (hh′ will be an ‘approximately ergodic’ homeo-
morphism near our given h). An appeal to the Baire Category Theorem
will complete the proof of the main theorems (15.1 and 15.2).

The approximation result referred to above is Corollary A1.12, which
we restate here in a notation which will cause less confusion than the
original would in our applications.

Corollary A1.12 (Setwise Conjugacy Approximation) Denote by
(Y,Σ, µ), the finite measure space Y (µ(Y ) <∞), with sigma algebra Σ
on which the measure µ is defined. Let θ1, θ2 ∈ G [Y, µ], with θ2 anti-
periodic. Let Λ be a finite subalgebra of Σ such that θ1|Λ, the restriction
of θ1 to the algebra Λ, has no nontrivial periodic set. Further, let d be
any metric on Y such that Y is totally bounded and all nonempty open
sets have positive measure. Let C denote the union of all atoms of Λ
whose image under θ1 is connected and relatively compact. Then given
any ε > 0, there is a conjugate θ̂2 = k−1θ2k, k ∈ G[Y, µ], of θ2 such that
θ̂2(A) = θ1(A), ∀A ∈ Λ, and d

(
θ̂2(x), θ1(x)

)
< ε for all x ∈ C.

Note that this is an extension of Theorem 10.1 in which the conjugacy
approximation (here called θ̂2) is not only close to its target (θ1) but also
agrees setwise with it on given sets.

This outline describes the proof of the general results, Theorems 15.1
and 15.2. However, the ideas apply equally to the strip manifold and in
the next section we use this special case as a useful introduction to the
ideas used in the proof of Theorem 15.1.

16.3 Proof of Theorem 15.1: Strip Manifold

To illustrate the ideas in the full proof of Theorem 15.1, we first give a
proof for the special case of zero charge, end preserving, area preserving
homeomorphisms of the strip manifold, i.e., for M0

id[R
1× [0, 1], λ]. This

section can be skipped, as we will not use the partial result to obtain
the more general case.
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Fig. 16.1. The arrival sets Ai and departure sets Di on the strip

Theorem 16.1 The ergodic end preserving homeomorphisms form a
compact-open topology dense Gδ subset of the zero charge, end preserv-
ing, area preserving homeomorphisms of the strip R1 × [0, 1].

Proof Let h ∈ M0
id[R

1 × I, λ] be a zero charge, end preserving, area
preserving homeomorphism of the strip, and C(h,K, ε) a compact-open
topology basic neighborhood of h. The first step is to approximate h by
an ergodic automorphism f in C(h,K, ε). In order to do this, we first
make some assumptions on h and K: namely, by Lemma 14.26, there is
no loss of generality in assuming that K = [a, b]× [0, 1] and is h-moving.
The strip has two ends: let e1 be the right hand end and e2 the left hand
end. For i = 1, 2, define Ai = K ∩h(ei(K)), and let Di = ei(K)∩h(K).
We note that A = A1 ∪A2 is the ‘arrival set’ into K and D = D1 ∪D2

is the ‘departure set’ from K. This means that when an h-orbit enters
K it enters via A and when it leaves K it enters D. The assumption
that h has zero charge means that λ(Ai) = λ(Di) for each i = 1, 2. We
picture these sets and the action of h on the strip in Figure 16.1.

In Figure 16.1 we have chosen K sufficiently large so that h(ei(K)) ∩
ej(K) = ∅ for i �= j. Set Jij = ei(K) ∩ h−1(ej(K)) and

J =
⋃
ij

(ei(K) ∩ h−1(ej(K))) =
⋃
ij

Jij

because in general the figure might look like that in Figure 16.2, where
J is not empty and its image h(J) is shown.

The construction of the ergodic automorphism f which approximates
h is done in two steps. First we use a finite measure technique (namely
the Setwise Conjugacy Approximation) to construct an ergodic, area
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Fig. 16.2. The set h(J) on the strip

preserving automorphism of the finite measured set Y = K ∪h(K)∪J ∪
h(J) onto itself. (Note that K − h(K) = A and h(K)−K = D.)

We would like to apply the conjugacy approximation (Corollary
A1.12) stated at the end of the previous section to h – unfortunately
h does not map Y = K ∪ h(K) ∪ J ∪ h(J) to itself. Thus we replace
h by an automorphism h̃ of Y which agrees with h on K ∪ J and maps
Di onto Ai for each i = 1, 2. This is possible precisely because the
zero charge assumption has given the equalities λ(Ai) = λ(Di), i = 1, 2.
Now apply the Setwise Conjugacy Approximation on Y to the automor-
phism θ1 = h̃−1, with the second automorphism θ2 any ergodic area
preserving automorphism of the finite measured set Y . Let Λ be the
algebra whose atoms are h(K), h(Jij), A1, and A2. The condition of
the Setwise Conjugacy Approximation that h̃−1 restricted to Λ has no
periodic set follows from the assumption that K is h-moving. Since
θ1(h(K)) = h̃−1(h(K)) = K, which is compact and connected, we have
C = h(K). If we take f̃−1 : Y → Y to be the conjugate of θ2 given by the
Setwise Conjugacy Approximation, then f̃ is an ergodic area preserving
automorphism of the finite measured set Y = K ∪ h(K) satisfying

(i) d(f̃−1(y), h−1(y)) < δ for a.e. y in h(K)
(ii) f̃(K) = h(K)
(iii) f̃(Di) = Ai, for i = 1, 2.

The second step is to extend the restriction of f̃ to Y − (D1 ∪D2) to
an ergodic automorphism f of the entire strip which is setwise the same
as h on the components ei(K) for i = 1, 2, i.e., satisfying

(i) d(f−1(y), h−1(y)) < δ for a.e. y in h(K)
(ii) f(K) = h(K)
(iii) f(ei(K)) = h(ei(K)), for i = 1, 2.

This is accomplished using ‘skyscraper constructions’ (see Appendix 1).
We can picture the action of f̃ on Y as a skyscraper over the set A
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and let f̄ be the first return map on A. The transformation f̃ can be
represented as a skyscraper over the set A as the base, D as the union of
the top levels of the skyscraper and f̄ as the base transformation. Since
f̃ is ergodic on Y , it follows from Theorem A1.1, that f̄ is ergodic on A.
The construction of f will be completed by stacking additional levels on
top of the skyscraper using sets from the complement of Y . Furthermore
we ensure that all points in the complement of Y appear somewhere
in this skyscraper. Once this is done, the required automorphism in
G[R1 × I, λ] is defined as follows. All points not on a top level are
mapped by f onto the point directly above (one level up). For a point
x lying on a top level of the skyscraper, define f(x) = f̄(y) where y
is the point on the base A lying directly below x. The ergodicity of f̄
will guarantee that the resulting automorphism f defined on the strip
is ergodic and that any point leaving Y by Di eventually returns to Y
through Ai (for each i = 1, 2). So if we identify all levels stacked above
an Ai with points in ei(K) for each i = 1, 2, the automorphism f will
satisfy f(ei(K)) = h(ei(K)). This completes the second step of the
proof.

Observe that g = h−1f is an automorphism which belongs to the weak
topology open set h−1F (since f is ergodic and F contains the ergodics),
is uniformly small on the compact set K and leaves invariant the two
components e1(K) and e2(K). Indeed, all of the levels of the skyscraper
were added in the order that they appear purely to guarantee the same
setwise behavior for f and h. Consequently g = h−1f leaves invariant
the sets ei(K). The End Preserving Lusin Theorem 14.9 applied to
g = h−1f says that there is an area preserving homeomorphism h′ of
the strip with these same properties: h′ ∈ h−1F , h′ is small on K, and
leaves invariant K and ei(K), i = 1, 2. These properties imply that
hh′ ∈ F ∩M0

id[R
1 × I, λ]∩ C(h,K, ε). Consequently we have shown the

target set defined in equation (16.1) is not empty, and the result follows
by the Baire category argument given before that equation.

16.4 Proofs of Theorems 15.1 and 15.2: General Case

In the general case of the proof of Theorem 15.1 the basic strategy is
the same as for the strip manifold, but the details are more complicated
because there may be ends of finite measure which must be treated sepa-
rately. Furthermore the dynamics on the ends may be more complicated
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and consequently much more care needs to be taken when doing the
skyscraper construction.

We proceed with the proof of the main theorem. The proof of Theorem
15.1 begins by approximating the measure preserving homeomorphism
h by an ergodic automorphism f in the following pointwise–setwise
manner:

Any µ-preserving homeomorphism h of X which induces an incompress-
ible end homeomorphism σ with zero end charge can be approximated
by an ergodic µ-preserving automorphism f in the following manner: f
is pointwise close on a given h-moving compact set K, and setwise the
same on all sets P (K) where P ∈ PK .

This result will be proved proved in two different settings, depending
on whether or not µ(X) is finite. When µ(X) is finite, every µ-preserving
homeomorphism h induces an incompressible end homeomorphism and
has zero end charge. Both of these settings for the approximation above
need the Setwise Conjugacy Approximation Theorem stated earlier (this
is Corollary A1.12).

This corollary is applied to prove the pointwise–setwise approximation
to h by an ergodic automorphism f in the finite measure case – again
as before, for technical reasons we will apply the Setwise Conjugacy
Theorem to h−1 rather than h. We record this finite measure case
approximation as the following lemma.

Lemma 16.2 Let µ be a finite OU measure on a sigma compact manifold
X. Let h be a µ-preserving homeomorphism of X and let K be any
(separating) h-moving compact subset of X. Set K = X if X is compact.
Then for any antiperiodic µ-preserving automorphism θ of X, and any
δ > 0, there is an automorphism γ in G[X,µ] such that the conjugate f
of θ given by f = γ−1θγ satisfies

(i) d(f−1(y), h−1(y)) < δ for µ-a.e. y ∈ h(K)
(ii) f(K) = h(K)
(iii) f(P (K)) = h(P (K)) for every set of ends P ∈ PK .

Proof First suppose that X is not compact. Apply the Setwise Con-
jugacy Approximation Theorem (Corollary A1.12) in the formulation
given at the end of Section 16.2 to Y = X, θ1 = h−1, and θ2 = θ−1,
with Λ the algebra consisting of sets of the form hQ(K) or hQ(K)∪hK
where Q varies over QK . The assumption that K is h-moving ensures
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that the automorphism (h−1)|Λ of the algebra Λ, has no nontrivial pe-
riodic set. The set C, which is the union of all the atoms of Λ whose
image under h−1 is connected and relatively compact, is just the single
atom h(K). The automorphism f ∈ G[X,µ] is defined by f−1 = θ̂,
where θ̂ is the conjugate of θ guaranteed by the Setwise Conjugacy Ap-
proximation Theorem. This f satisfies the requirements of the theorem:
since if f−1(h(K)) = h−1(h(K)), then f(K) = h(K); the third property
that f(P (K)) = h(P (K)) follows similarly. In the case that X = K

is compact, the above proof works with the trivial algebra Λ = {X, ∅}
(or actually it is the first part of the Setwise Conjugacy Approximation
Theorem).

Note that in the proof above the Setwise Conjugacy Approximation
Theorem (Corollary A1.12) was applied to Y = X since X had finite
µ-measure. Furthermore Lemma 16.2 proves that f is conjugate to any
given antiperiodic automorphism θ ∈ G[X,µ]. Consequently, if we choose
θ to be any ergodic automorphism of (X,µ), we can approximate the
homeomorphism by an ergodic automorphism f in the pointwise–setwise
fashion when µ(X) < ∞. But Lemma 16.2 proves more. Let F be any
conjugate invariant subset of G[X,µ]. Note that the conjugate (by any
automorphism in G[X,µ]) of any antiperiodic automorphism θ ∈ F also
belongs to F . Consequently, by choosing F to be (for example) the weak
mixing automorphisms, or the zero entropy automorphisms of (X,µ), we
can require that the approximation f is also weak mixing or has zero
entropy.

In the next theorem, which is the same approximation for the case
when the OU measure µ is infinite, the Setwise Conjugacy Approxima-
tion is applied to only a finite measure part of the space and we do
not assert that the resulting conjugate has any properties other than
ergodicity. The theorem uses Corollary A1.12 and also relies extensively
on skyscraper constructions from ergodic theory (see Appendix 1 and
Friedman’s book [63]).

Lemma 16.3 Assume µ is an infinite OU measure on a sigma compact
connected manifold X. Let h be a µ-preserving homeomorphism of X
which induces an incompressible end homeomorphism σ = h∗ with an
identically zero charge on the ends E. Then given any h-moving set K
in X, and any δ > 0, there is an ergodic µ-preserving automorphism
f ∈ G[X,µ] such that

(i) d(f−1(y), h−1(y)) < δ for µ-a.e. y ∈ h(K)
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(ii) f(K) = h(K)
(iii) f(P (K)) = h(P (K)) for every set of ends P ∈ PK .

Proof In order to obtain an approximant f to h which is setwise the same
as h on the components of X −K, we need to look at the behavior of h
on these components a little more closely than in the previous lemma for
the finite measure case (where all of the complications were dealt with
by the Setwise Conjugacy Approximation Theorem, Corollary A1.12).
Let PK = {E1, . . . , Em, Em+1, . . . , El} be the partition of E associated
with the compact set K. The connected components of X − K are
E1(K), . . . , Em(K), Em+1(K), . . . , El(K) and have been labeled so that
the Ei(K) have infinite µ-measure for i ≤ m and finite µ-measure for
i > m. For i, j = 1, . . . , l define Jij = Jij(K) = Ei(K) ∩ h−1Ej(K) and
tij = 1 if µ(Jij) = ∞ and 0 otherwise. Note that if i or j exceeds m
then tij = 0. Define

J =
⋃

{i,j:tij=0}
Jij

and observe that µ(J) <∞. The set h(J) is pictured in Figure 16.2 for
the strip manifold. Given our assumption of incompressibility, Lemma
14.16 implies that the state space {1, . . . ,m} can be partitioned into
communicating states so that the associated submatrices of T = (tij)
are irreducible. Suppose there are p such sets. Thus we have a relabeling
of the clopen sets of ends E1, . . . , Em as Cr

i where i = 1, . . . , p, and r =
1, . . . , qi. For each i = 1, . . . , p, we let Ci =

⋃qi

r=1 C
r
i denote the ith class

of communicating states (ends), and note that Ci is an h∗-invariant set of
ends (i.e., Ci ∈ Ih). Note that for the strip manifold case in the previous
section, we have E1 = {e1} = C1 and E2 = {e2} = C2 and T is the 2×2
identity matrix. In Example 14.17 (using the notation of the four-ended
cylinder) we have C1 = {e−∞} and C2 = Q1 ∪Q2 = {e1, e2, e3}.

Thus the components of X − K are grouped into the infinite mea-
sured sets Ci(K) for i = 1, . . . , p and the finite measured components⋃l
i=m+1Ei(K). For i = 1, . . . , p, define the ‘arrival set from Ci(K)’

by Ai = h(Ci(K)) − Ci(K) and let Di = Ci(K) − h(Ci(K)) (this is
the set of points in X which have ‘departed into Ci(K)’). Our as-
sumption that the end charge induced by h is identically zero implies
0 = ch(Ci) = ch(Ci,K) = µ(Di) − µ(Ai). Consequently for each
i = 1, . . . , p, we have that µ(Ai) = µ(Di) < ∞, and the assumption
that K is h-moving implies that for each i, this common number is pos-
itive. Denote by A =

⋃p
i=1Ai the ‘arrival set from the infinite measured
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components’ and by D =
⋃p
i=1Di the ‘departure set into the infinite

measured components’. Note that µ(A) = µ(D) and that both of these
sets have finite and positive µ-measure.

Let Y be the finite measured set given by

Y = K ∪ hK ∪ J ∪ h(J).

We would like to apply the Setwise Conjugacy Approximation Theorem
to h on Y , but h does not map Y onto itself. Consequently, we first
replace h by an automorphism h̃ of Y which agrees with h on K ∪ J .
Define h̃ : Y → Y to be any µ-preserving automorphism of Y which
agrees with h on K ∪ J and maps Di onto Ai for i = 1, . . . , p. This is
possible because µ(Di) = µ(Ai) for i = 1, . . . , p. Let us compare h and
h̃. Suppose x ∈ X is a point whose h-orbit enters Y , with

ha−1(x) �∈ Y, ha(x) ∈ Y, ha+1(x) ∈ Y, . . . , hd(x) ∈ Y, hd+1(x) �∈ Y.

Then ha(x) ∈ A, hd(x) ∈ D and h̃(y) = h(y) for y = hi(x), a < i < d.
Now apply the Setwise Conjugacy Approximation Theorem (Corollary

A1.12 as restated in the notation earlier in this chapter) on Y to the
automorphism θ1 = h̃−1, with the second automorphism θ2 ∈ G[Y, µ]
being any ergodic automorphism of Y . The algebra Λ is the one whose
atoms are h(K), h(Jij) for i, j with tij = 0, and Ai for i = 1, . . . , p.
The condition that h̃−1 restricted to Λ has no nontrivial periodic set
follows from the assumption that K is h-moving. The set C in this
application of Corollary A1.12 is again h(K). If we take f̃−1 : Y → Y

to be the conjugate of θ2 given by Corollary A1.12 then f̃ is an ergodic
µ-preserving automorphism of the finite measured set Y satisfying

(i) d(f̃−1(y), h−1(y)) < δ for µ-a.e. y in h(K)
(ii) f̃(K) = h(K)
(iii) f̃(Jij) = h(Jij), for i, j with tij = 0 and f̃(Di) = Ai, i = 1, . . . , p.

The next step in the the construction of the automorphism f of the
whole space, the ergodic approximation to h, is to ‘extend’ f̃ from an
ergodic automorphism of Y to an ergodic automorphism of X (note that
we use the term ‘extend’ loosely – technically f extends the restriction
of f̃ : Y −D → Y − A). To do this we represent the ergodic automor-
phism f̃ : Y → Y as a skyscraper over A. Note that this description
of skyscraper constructions is also outlined in more detail in the first
Appendix. By this we mean the following (using the terminology from
skyscrapers described in Appendix 1): Let f̄ : A→ A be the first return
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map of f̃ to the subset A ⊂ Y ; i.e., for each x ∈ A we define

f̄(x) = f̃rA(x)(x)

where rA(x) is the smallest positive integer r(x) such that f̃r(x)(x) ∈ A.
Since f̃ is ergodic on (Y, µ), it follows from Theorem A1.1 that f̄ is
ergodic on (A,µ). The set A can be partitioned into sets Ak = {x ∈ A :
rA(x) = k}, k = 1, 2, . . .. Then the skyscraper over A is the triangular
partition of Y given by the disjoint union

Y =
∞⋃
k=1

k⋃
i=1

f̃ i−1Ak.

The set
⋃k
i=1 f̃

i−1Ak is called the column of height k (over A), and Ak

its base and f̃k−1Ak ⊂ D its top. When drawn in a diagram such as
Figures 16.3 and A1.3, the action of f̃ on any y in the column of height
k that is not in the top of the column is to map it to the point in the
column directly above it in the orbit of f̃ . A point in the top of the
column, say y = f̃k−1(x) for some x ∈ Ak, is mapped to the point f̄(x)
in A, the base of the skyscraper. This representation of Y and f̃ and its
action in terms of the columns over A and the induced transformation
f̄ is called the skyscraper in Y over A.

In this final part of the construction we place additional levels over
the skyscraper and fill these levels with all the points of X − Y . The
required transformation f : X → X will be the resulting skyscraper in
X over A. Theorem A1.2 now implies that f is ergodic because the first
return map for f to the set A is f̄ , an ergodic automorphism of A. Note
that in our construction of f̃ , any point leaving Y by Di will return to
Y in Ai. So if we identify all the points in X−Y stacked above Di with
points in Ĉi = Ci(K), the resulting automorphism will satisfy not quite
condition (iii) of the lemma, but at least the weaker condition

f(Ci(K)) = h(Ci(K)) for all i = 1, . . . , p.

To ensure property (iii) we proceed as follows. Fix some index i,
i = 1, . . . , p. For the rest of this argument i will be suppressed except
occasionally for emphasis. Consequently the ends Cr

i for r = 1, . . . , q (=
qi) in the ith class of communicating ends will be denoted simply by Cr.
Let B denote the q×q, 0–1 irreducible submatrix of the m×m matrix T
corresponding to this irreducible set of q communicating states (see also
Example 14.17, whereT andB are given explicitly for a homeomorphism
of the four-ended cylinder).
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Fig. 16.3. A subcolumn whose top Π is a subset of Ds and enters Ar under f̃

Since B is irreducible we can find a finite word W = w1w2 . . . wz in
the symbols {1, . . . , q} such that all transitions wjwj+1 are ‘legal’ (i.e.,
bwjwj+1 = 1) and all legal transitions appear in W (if bkr = 1, then for
some j, wj = k and wj+1 = r). Furthermore we can ensure that the
word W is cyclic in the sense that wzw1 is a ‘legal’ transition. (For an
explicit construction of such a word W see the Example 16.4 at the end
of this proof.)

Observe that Ai = h(Ci(K))−Ci(K) is the disjoint union of the sets
Ar = h(Cr

i (K)) ∩ Cr
i (K), r = 1, . . . , q and Di = Ci(K) − h(Ci(K)) is

the disjoint union of the sets Ds = Cs
i (K) ∩ h(Cs

i (K)), s = 1, . . . , q.
(Recall that our notation for Ar and Ds suppresses the dependence on
the fixed index i for simplicity.)

Now fix any column of the skyscraper picture for f̃ : Y → Y with
base A. Consider a subcolumn whose top Π is a subset of Ds and such
that f̃(Π) ⊂ Ar. See Figure 16.3.

Let Ŵ = ŵ0ŵ1 . . . ŵα be a word in {1, . . . , q} with legal B-transitions,
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α ≤ q, ŵ0 = s, and ŵα = wz, where wz is the final letter (number) of
the word W defined above. Let W̌ = w̌0w̌1 . . . w̌β be another word in
{1, . . . , q} with legal B-transitions and w̌0 = wz, w̌β = r, and 2 ≤ β ≤ q.
Then the word

W ∗ = ŵ1 . . . ŵαWW . . .Ww̌1 . . . w̌β−1

has all legalB-transitions regardless of how many repetitions of the word
W it contains. So we add column levels above Π (of width µ(Π)) and
label each with an integer from {1, . . . , n} according to the word W ∗.
We repeat this process above different column tops of type Π, choosing
the number of repetitions ofW so as to guarantee that the total measure
of the added columns levels is infinite. This means in particular that the
measure of the added column levels labeled by the word W is infinite
since the measure of the remaining levels is bounded by 2qµ(Di) (since
α, β ≤ q). Observe that when bsr = 1, the set of added column levels
whose label is s and which lie above a column level labeled r has infinite
measure and may be identified, in a µ-preserving manner, with the set
Cs
i (K) ∩ hCr

i (K). Hence it follows that

f(Cr
i (K)) = h(Cr

i (K)) for r = 1, . . . , q,

so that condition (iii) is satisfied.

Example 16.4 To illustrate the labeling in the previous proof we give
the following example. Consider the matrix B on three states 1, 2, 3:

B =

 0 1 1
1 1 0
1 0 0

.
The word W = w1w2 . . . wz = 12213 with z = 5 has only legal transitions
and the legal transition from 3 to 1 appears as w5w1 which also makes
W cyclic.
In the above proof if we let r = 2 and s = 3, then we need the word

W ∗ to connect the state 2 to the state 3; i.e., 2W ∗3 should have only
legal B-transitions. The word Ŵ = ŵ0ŵ1ŵ2 = 213 will go from r = 2
to the first symbol of W , and W̌ = w̌0w̌1w̌2 = 313 will connect the last
state in W to s = 3. Combining these we see that

W ∗ = 13(12213)(12213) . . . (12213)1

and that 2W ∗3 has all legal transitions joining 2 to 3 regardless of how



16.4 Proofs of Theorems 15.1 and 15.2: General Case 151

Fig. 16.4. Leaving D2 and entering A3 via legal transitions

many repetitions of W = (12213) we include. In Figure 16.4, we illus-
trate the stacking of levels above D2 to enter A3 with legal transitions
from this example.

We now complete the proofs of the ergodic genericity results (Theo-
rems 15.1 and 15.2). We combine the approximations of Lemmas 16.2
and 16.3 with the End Preserving Lusin Theorem (Theorem 14.9) and
apply the Baire Category Theorem to prove

Theorem 15.1 If (E,Q, µ∗, σ) is incompressible then the ergodic homeo-
morphisms of the sigma compact connected manifold (X,µ) with end
action σ and identically zero end charge, i.e., E ∩ M0

σ[X,µ], form a
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compact-open topology dense Gδ subset of M0
σ[X,µ], the set of homeo-

morphisms h ∈M[X,µ] with h∗ = σ and ch ≡ 0.

Proof We assume M0
σ[X,µ] is nonempty, since otherwise the statement

is vacuous. Furthermore we may assume µ(X) = ∞, because when
µ(X) < ∞, Theorem 15.2 (which we will prove next) gives a stronger
result.

Using Theorem 11.1, we may write the subset of ergodic automor-
phisms E as E =

⋂∞
i=1 Ei, where each Ei is a weak topology dense open

subset of G[X,µ]. Since the compact-open topology is finer than the
weak topology, it follows that each Ei ∩M0

σ[X,µ] is open in the relative
compact-open topology on M0

σ[X,µ]. Hence, by using the Baire Cate-
gory Theorem, we need only show that Ei∩M0

σ[X,µ] is a compact-open
dense set in M0

σ[X,µ]
Thus we only need to show that Ei ∩ M0

σ[X,µ] ∩ C �= ∅ for any
compact-open neighborhood C = C(h,K, ε) with h ∈ M0

σ[X,µ] and K
an h-moving separating set. Let δ = ω(ε), where ω is the uniform modu-
lus of continuity of h on K. Let f ∈ G[X,µ] be the ergodic approximant
satisfying the three conditions of Lemma 16.3. Then the automorphism
g = h−1f satisfies the conditions of the End Preserving Lusin Theorem
(Theorem 14.9). Let h′ : X → X be the µ-preserving homeomorphism
produced by Theorem 14.9 which has compact support, belongs to the
weak open set h−1Ei and satisfies d(x, h′(x)) < δ for all x in K. The
homeomorphism hh′ is obviously in Ei, since h′ ∈ h−1Ei. Also hh′ be-
longs to C = C(h,K, ε) by choice of δ = ω(ε). Finally by Theorem 14.22,
the homeomorphism hh′ belongs to M0

σ[X,µ] (has zero charge) because
h′ has compact support. Thus Ei ∩M0

σ[X,µ] ∩ C is not empty.

Remark In the special case that µ(X) < ∞, our proof above actually
proves more than what is stated above for ergodicity. Namely our use
of Lemma 16.2 actually proves:

Theorem 15.2 Assume µ(X) < ∞. Then for any conjugate invariant
property which defines a dense Gδ subset F of G[X,µ] with respect to
the weak topology, F ∩M[X,µ] is a dense Gδ subset of M[X,µ] with
respect to the compact-open topology.

Proof Since F and E are dense Gδ subsets of G[X,µ] in the weak topol-
ogy, so is F ∩ E . Consequently F contains an ergodic automorphism
θ ∈ G[X,µ] and consequently the whole conjugacy class of θ. Thus
in choosing an ergodic approximation f to h in the previous proof we
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choose f to be the conjugate of θ ∈ F (Lemma 16.2). The remainder of
the proof is now the same as above.



17

Other Properties Typical inM[X, µ]

17.1 A General Existence Result

We have seen earlier in Theorem 15.6 that every sigma compact man-
ifold X supports an ergodic µ-preserving homeomorphism, for any OU
measure µ. In this chapter, Theorem 17.1, we show that the property of
ergodicity may be replaced by any other measure theoretic property F
which is typical in G[X,µ] with respect to the weak topology. The results
presented here may also be considered as an analog of the results of the
second part of Chapter 12 generalizing from Rn to arbitrary sigma com-
pact manifolds. However, unlike the results for Rn, we will not show that
F is generic in the full space M[X,µ], but only in the closed subspace
M0

id[X,µ] consisting of end preserving, zero charge homeomorphisms.
(Of course for Rn these are the same as M[Rn, λ] = M0

id[R
n, λ].) The

existence result follows, since the subspace M0
id[X,µ] contains the iden-

tity homeomorphism – and hence is nonempty. We do not know whether
the results of this section can be extended to subspaces M0

σ[X,µ], for
other incompressible end homeomorphisms σ, as was done for the spe-
cific property of ergodicity.

One particular generic property F in G[X,µ] is weak mixing : we say
that g ∈ G[X,µ] is weak mixing on the sigma finite measure space (X,µ)
if g × g is ergodic on X × X with respect to µ × µ. Another such
property is the set of zero entropy ergodic automorphisms of an infinite
measure space (see Krengel, [79]); Krengel defined the entropy of an
infinite measure preserving ergodic automorphism g ∈ G[X,µ] to be the
entropy of gA, the first return map to A (gA ∈ G[A,µA]), where A is any
finite µ-measured set. See [50], [51], and [1] for other generic properties in
G[X,µ] when (X,µ) is an infinite measure space. Recall that M0

id[X,µ]
is the space of all µ-preserving homeomorphisms of X which fix the ends
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of X and induce an identically zero charge on these ends. This space is
nonempty as it always contains the identity homeomorphism. The main
result of this chapter is the following theorem proved by the authors and
Jal Choksi [18].

Theorem 17.1 Let µ be an OU measure on a sigma compact, connected
manifold X. Let F be a conjugate invariant subset of G[X,µ] which is
dense and Gδ with respect to the weak topology. Then F∩M0

id[X,µ] is a
dense Gδ subset of M0

id[X,µ] with respect to the compact-open topology.
In particular there is a µ-preserving homeomorphism of X which belongs
to the set F .

Note that the denseness of F in G[X,µ] in the weak topology fol-
lows if F contains an antiperiodic automorphism f , because Corollary
A1.16 implies that the conjugates of f (in G[X,µ]) are dense in the weak
topology.

17.2 Proof of Theorem 17.1

We devote this section to proving the general existence result cited
above. First we note that we need only the consider the case when
µ(X) = ∞ because when µ(X) is finite we have already proved this re-
sult in Theorem 15.2. As in the previous chapter the first step involves
approximating a homeomorphism h ∈ M0

id[X,µ] by an end preserving
ergodic automorphism f ∈ F , which is uniformly close on a separating
compact set K, and setwise the same as h on each component P (K),
P ∈ PK , of X −K. The remaining step involving the Lusin approxima-
tion will then be the same as in the last chapter.

To accomplish the first step, we will need the measure theoretic ap-
proximation proved in Appendix 1 as Corollary A1.16 which we restate
below using different names.

Theorem 17.2 Let τ, g ∈ G[X,µ] be any pair of ergodic automorphisms
of the infinite sigma finite measure space (X,µ). Let F be any measur-
able set such that

µ(X − (F ∪ gF )) = ∞.

Then there is some conjugate τ ′ of τ (that is, τ ′ = γ−1τγ for some
γ ∈ G[X,µ]) such that τ ′(x) = g(x) for µ-a.e. x in F .

We apply this directly to obtain our main approximation theorem
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Theorem 17.3 Let h be an ergodic end preserving homeomorphism in
M[X,µ]. Let K be a separating compact subset of X and B(K) any
connected component of X −K of infinite measure. Let τ ∈ G[X,µ] be
any ergodic automorphism of X.
Then there is an automorphism f ∈ G[X,µ] conjugate to τ such that

f(x) = h(x) for µ-a.e. x ∈ X − B(K). In particular, f(x) = h(x)
for µ-a.e. x ∈ K and f(P (K)) = h(P (K)) for every component P (K),
P ∈ PK , of X −K.

Proof Since h is end preserving and µ(B(K)) = ∞ it follows from
Lemma 14.12 that

µ(B(K) ∩ hB(K)) = ∞,

and consequently for F = X −B(K)(= B̃(K)), we have

µ(X − (F ∪ h(F ))) = µ(X − (B̃(K) ∪ ˜h(B(K))))

= µ(B ∩ h(B))

= ∞.

Hence we may apply Theorem 17.2 to g = h, F = X − B(K) and
τ . This yields an automorphism f = τ ′ which is conjugate to τ , and
satisfies f(x) = h(x) for µ-a.e. x in X − B(K). Since K ⊂ X − B(K),
this proves that f and h agree pointwise (a.e.) onK. For all components
P (K) of X −K other than B(K), we have f = h pointwise on P (K),
so certainly also setwise. Finally, since f and h are automorphisms
with f (X −B(K)) = h (X −B(K)), we must also have f (B(K)) =
h (B(K)), so that they agree setwise on the remaining component B(K).

We are now in a position to prove our main theorem.

Proof of Theorem 17.1 Write F =
⋂∞
i=1 Fi where each Fi is open

and dense in G[X,µ] in the weak topology. It remains only to show
that Fi ∩M0

id[X,µ] is dense and open in M0
id[X,µ] with the compact-

open topology. The set is clearly open since the compact-open topology
is finer than the weak topology. To show denseness, it is enough to
show that Fi ∩M0

id[X,µ]∩C(h,K, ε) is nonempty, where C = C(h,K, ε)
is a compact-open basic neighborhood of some homeomorphism h ∈
M0

id[X,µ], where K is a separating compact set. By Theorem 15.1 we
may assume that h is ergodic. Since µ(X) = ∞ one of the components
of X −K, call it B(K), must have infinite measure.
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Observe that both the set E of ergodic automorphisms (by Theorem
11.1) and the set F (by hypothesis) are dense and Gδ in G[X,µ] with re-
spect to the weak topology. It follows from the Baire Category Theorem
that F ∩E is also dense and Gδ. In particular, F ∩E is not empty, so we
pick some automorphism τ ∈ E ∩ F . Apply the above Theorem 17.3 to
h, τ ∈ E ∩ F , K and B(K) as above to obtain f . Since F is conjugate
invariant and f is a conjugate of τ ∈ F , it follows that f belongs to F
and consequently each Fi. The End Preserving Lusin Theorem (Theo-
rem 14.9) is now applied to g = h−1f ∈ h−1Fi, a weak topology open
set, with δ = ω(ε) where ω is the modulus of continuity of h on K. This
produces a compactly supported µ-preserving homeomorphism h′ which
also belongs to h−1Fi, and satisfies h′(K) = K and d(h′(x), x) < δ for
all x in K. Then the verification that hh′ ∈ Fi ∩M0

h∗ [X,µ]∩ C(h,K, ε)
is the same as we have seen in the proof of Theorem 15.2.

It is worth noting that the above proof requires only that there is at
least one isolated end of infinite measure which is fixed by h∗.

17.3 Weak Mixing End Homeomorphisms

We have shown above that weak mixing is typical in M0
id[X,µ], or more

generally (see the comment after the last proof) inM0
σ[X,µ] when σ fixes

an end of infinite measure. In this section we show the same result for
Mσ[X,µ] when σ is componentwise weak mixing. We recall from Chap-
ter 14 that this means that for any clopen sets U, V in E∞ (the ends of
infinite measure, with the relative topology) the set

{
k : σkU ∩ V �= ∅

}
contains arbitrarily long strings of consecutive integers (integer inter-
vals). The following theorem was proved by the authors in [21].

Theorem 17.4 Let µ be an OU measure on a sigma compact, connected
manifold X. Let F be a conjugate invariant subset of G[X,µ] which
is dense and Gδ with respect to the weak topology. Assume that σ is
componentwise weak mixing on E∞. Then F ∩Mσ[X,µ] is dense and
Gδ in Mσ[X,µ] with respect to the compact-open topology.

Proof The overall structure of the proof is the same as that of Theorem
17.1, so we indicate only the differences. Let C(h,K, ε) be the compact-
open neighborhood of that proof, with h ∈Mσ[X,µ] and K a compact
separating set. Since σ is componentwise weak mixing on E∞, it is
incompressible and has zero charge on E. Hence we can assume, just as
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in the proof of Theorem 17.1, that h is ergodic. Instead of using Theorem
17.2 to approximate h, we use Theorem A1.17, with X1, . . . , Xm as the
components of X −K of infinite µ-measure. In order to assure that the
0–1 matrix T = T(h,K), defined by tij = 1 if µ (hXi ∩Xj) = ∞, is
mixing, we use the assumption that h∗ is componentwise weak mixing
on E∞. According to Theorem 14.19, this is enough to guarantee that
the matrix T is mixing, so that Theorem A1.17 can be applied.

Of course the above result does not apply when X has finitely many
ends, since in that case the end homeomorphism is a permutation, and
cannot be topologically weak mixing. So we don’t know, for example, if
there is a weak mixing volume preserving homeomorphism of the infinite
strip R1 × [0, 1] which transposes its two ends. See however [31] for a
related result.

We now give an example of a system (X,µ, h) where h∗ is componen-
twise weak mixing on the ends of X (all the ends have infinite measure).
As in Example 14.5, define the sigma compact manifold X as D − C,
where D is the closed unit disk

{
(x, y) : x2 + y2 ≤ 1

}
and C is the stan-

dard Cantor ternary set lying on the line I = [−1/2, 1/2] along the
x-axis. The set C may be naturally identified with the ends E of X,
noting that the end topology on E is the same as the relative topology
of C as a subset of the disk D. Let µ be any of the OU measures on
X for which all the ends have infinite measure. Let σ be any homeo-
morphism of the set C = E which is componentwise weak mixing. For
example, the two sided shift when C is viewed as the countable product
of a two symbol set. Antoine [33] proved that any homeomorphism of C
can be extended to a homeomorphism of D (see also the extension theo-
rems of Keldyš [77] or Oxtoby [90] for dimensions n > 2). The result of
Berlanga and Epstein, Theorem A2.8, ensures that we can assume that
the extension h of σ preserves µ and satisfies h∗ = σ.

17.4 Maximal Chaos on Noncompact Manifolds

In this section we apply Theorem 17.1 to demonstrate that any sigma
compact manifold supports a maximally chaotic homeomorphism. This
section is an extension of the results of Section 4.5 to the noncompact
case. The following result is new, though similar to Theorem 7 of [29].
The technique is similar to that used in [2] with transitivity replaced by
weak mixing. This is the explicit version of the result informally referred
to as Theorem I in Section 11.3.
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Theorem 17.5 Maximally chaotic homeomorphisms are dense in the
nonempty set M0

id[X,µ], with respect to the compact-open topology. In
particular every sigma compact connected manifold X supports a max-
imally chaotic homeomorphism which moreover preserves a given OU
measure.

Proof Let (Uk, Vk,Wk), k = 1, . . . ,∞, be an enumeration of all triples of
a countable basis of open subsets of X. For simplicity, we may assume
that these open sets have compact closures. Let h ∈ M0

id[X,µ] be
given, together with a compact set K ⊂ X and a positive number δ.
We will construct a homeomorphism f ∈ M0

id[X,µ] with ‖f‖K < δ,
such that for every k there are fh-periodic points pk and qk in Uk and a
positive integer mk with (fh)mk (pk) ∈ Vk and (fh)mk (qk) ∈ Wk. This
condition clearly implies that the periodic points of fh are dense, that fh
is transitive (in fact it is ‘topologically weak mixing’), and following the
same reasoning as in the proof of Theorem 4.8 for the compact case (see
also Theorem 4.5), that fh has maximal sensitivity on initial conditions
(condition (iii) of maximal chaos in Definition 4.7).

By the Theorem 17.1, there is a g1 ∈ M0
id[X,µ] with U(g1, identity)

arbitrarily small, such that g1h is weak mixing (note U(f, g) is the met-
ric on M giving the compact-open topology in Chapter 11). It follows
that there exist distinct points p1 and q1 in Uk such that (g1h)m1(p1) ∈
V1 and (g1h)m1(q1) ∈ V1 for some m1, and (g1h)

u1 (p1) and (g1h)
v1 (q1)

are arbitrarily close to p1 and q1, for positive integers u1 and v1, re-
spectively. Hence by Theorem 2.4 we can find an arbitrarily small
(close to identity) homeomorphism f1 which maps (g1h)

u1 (p1) to p1
and (g1h)

v1 (q1) to q1, and hence for which p1 and q1 are periodic with
respect to f1g1h. Furthermore we can perform this construction so that
any given finite set is fixed by f1g1 by requiring that f1 take g1(a) into
a for any point a in this given finite set. We continue recursively as in
the proof of Theorem 4.8, at each step fixing the periodic orbits of the
points p1, q1, p2, q2, . . . , pi−1, qi−1.



Appendix 1

Multiple Rokhlin Towers and Conjugacy
Approximation

A1.1 Introduction

The results presented in this chapter are purely measure theoretic and
do not rely on any manifold structure on the underlying space. This
is the reason we have grouped this material separately as an appendix.
Most of this chapter is devoted to presenting the background, proof, and
consequences of a result of the first author [13] that we call the Multiple
Tower Rokhlin Theorem. The classical work of Rokhlin, Kakutani and
Halmos showed that an antiperiodic automorphism of a finite Lebesgue
space could be nearly represented as a single stack, or ‘tower’, consisting
of disjoint iterates of a ‘base’ set. The modification presented here as
Theorem A1.4 shows that it can be exactly represented as a collection
of disjoint towers of prescribed heights and measures, as long as the set
of heights is relatively prime. This result was in fact motivated by ques-
tions related to manifold homeomorphisms, and indeed corollaries of this
tower theorem are applied several times in the main text. An infinite
measure analog of our tower theorem established by the authors and Jal
Choksi, our Theorem A1.15 and Corollary A1.16, also has important im-
plications for manifold homeomorphisms preserving an infinite measure.
That application forms the basis of Chapter 17.

This chapter is organized as follows. Section A1.2 reviews the basic
‘skyscraper’ construction developed by Kakutani [75] and others. Ele-
ments of this construction and the related ‘induced transformation’ are
applied directly (that is, without the further conjugacy approximation
results) in Chapters 7 and 16 to produce, respectively, ergodic homeo-
morphisms on the cube and on any sigma compact manifold. Section
A1.3 presents the motivation and proof for the Multiple Tower Rokhlin
Theorem, our Theorem A1.4, which we described above. Sections A1.4–
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A1.6 apply Theorem A1.4 to obtain various ‘conjugacy approximation’
theorems. These results state, in various forms, that a given automor-
phism h in G[X,µ] can be approximated by some conjugate ĝ of a given
antiperiodic automorphism g. This means that ĝ is of the form f−1gf ,
for some automorphism f in G[X,µ]. The classical result of this type is
due to Halmos, who showed that h could be approximated by ĝ in the
weak topology. This means that ĝ is close to h setwise on a finite family
of sets. In section A1.4 we apply the Multiple Tower Rokhlin Theorem
to find conditions (Theorem A1.8) under which ĝ can be made to equal
h pointwise on a given set F . We apply this to show (Theorem 8.4) that
the conjugates of an antiperiodic automorphism are dense in G [In, µ]
in the uniform topology (strictly stronger than the weak topology of
Halmos’s result). In section A1.5 we apply the previous results to show
(Theorem A1.9) that if g is antiperiodic we can find a partition of the
underlying space such that the transition probabilities with respect to g
equal any given set pij of probabilities which form a mixing stochastic
matrix. In section A1.6 we prove several conjugacy results which find
conditions under which ĝ can be made to exactly agree with h setwise
on a given finite algebra of sets, while also being uniformly close to h
(with respect to some metric) on a certain set. All the results described
so far are concerned with finite Lebesgue spaces. The final section of
this chapter, A1.7, gives some related constructions for infinite Lebesgue
spaces. It gives a sufficient condition (Corollary A1.16) for some con-
jugate ĝ to agree pointwise with a given ergodic automorphism h on a
given set F . This condition is weaker than an earlier one established by
Choksi and Kakutani [50].

A1.2 Skyscraper Constructions

The results of this section do not require that µ(X) < ∞; that is they
apply to both finite or sigma finite Lebesgue spaces. There are two
kinds of skyscraper constructions: the first starts with a µ-recurrent
automorphism g of (X,µ), and a measurable set A ⊂ X, and then
represents g as a skyscraper over A with induced automorphism gA;
the second starts with a ‘primitive automorphism’ gA of A and builds
automorphisms g of X (over A) having induced automorphism gA –
these g’s are called skyscrapers (or towers) over the primitive gA. These
are standard constructions in ergodic theory and can be found in the
books [63], [93], and [102]. Section 7.1 uses and motivates the general
constructions of this section.
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Given a recurrent automorphism g ∈ G[X,µ], and a sweep-out set A
(i.e., µ

(
X −

⋃∞
i=0 g

iA
)
= 0), one may generate a skyscraper over A as

follows: By the assumption of recurrence, almost every point x ∈ A has
a finite return time k ≥ 1, defined as the least positive iterate of g which
returns x to A. Define Ak, k = 1, . . . ,∞, to be the subset of A with
return time k. Since A is a sweep-out set, almost every point in X lies
in some set gi−1(A), with minimal positive i, and hence belongs to some
unique set gi−1

(
Ak
)
. Call the set of such points Ak,i and note that in

this notation we have Ak = Ak,1. For each i = 1, 2, . . ., the set Fi =⋃∞
k=1Ak,i(=

⋃∞
k=1 g

i−1Ak) is called the ith floor of the skyscraper (the
exponent i−1 ensures that base set A has index i = 1 and can be called
‘the first floor’ as in the American numbering of floors of buildings). The
triangular partition A = {Ak,i : k = 1, . . . ,∞; i = 1, . . . , k} is called the
skyscraper (partition) for g based on A. The set A =

⋃
k A

k is called the
base of the skyscraper and the set g−1(A) =

⋃
k Ak,k is called the top

of the skyscraper. The set Ak =
⋃k
i=1 g

i−1
(
Ak
)

=
⋃k
i=1 Ak,i is called

the column of height k. The distribution of the measures of the columns
of a skyscraper A = {Ak,i} is denoted by d (A) = (µ (A1), µ (A2), . . .).

From this skyscraper partition of X we can obtain a geometric picture
of the action of g on (X,µ). Consider the first return map to A, denoted
gA, which is the µ-preserving automorphism of (A,µ) defined by

gA(x) = gk(x), x ∈ Ak

where k is the smallest positive integer such that gk(x) ∈ A. The auto-
morphism gA is also referred to as the induced automorphism on A, or
the primitive map on A. Note that the (possibly) denumerably many
columns Ak of height k form a partition of the space X. Any point x
in the kth column Ak, which is not in the top of the skyscraper (i.e.,
x ∈ Ak,i, i < k) maps directly to the ‘point above it’ in Ak,i+1 (i.e., to
g(x) ∈ Ak,i+1). If x ∈ Ak,k is a point in the top of the skyscraper then
y = g−(k−1)(x) is the point in the base directly below x, and it is easy
to see that g maps x to the point in the base gA(y). If we denote by
µA the restriction of µ to subsets of A, then gA is a measure preserving
automorphism of (A,µA) which is ergodic whenever g is:

Theorem A1.1 Let (X,µ) be a finite or sigma finite Lebesgue space.
Given a µ-recurrent automorphism g ∈ G[X,µ] and a set A ⊂ X of
positive µ-measure, the induced automorphism gA on (A,µA) is a µA-
preserving automorphism of A. Furthermore, gA is ergodic on (A,µA)
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Fig. A1.1. Skyscraper partition A = {Ak,i} with columns Ak over Ak ⊂ A

when g is ergodic on (X,µ). (Here µA denotes the measure µ restricted
to the measurable subsets of A.)

Proof Note that for any measurable set B ⊂ A =
⋃
k A

k,

µA(gA(B)) = µA

( ∞⋃
k=1

gk(B ∩Ak)

)

=
∞∑
k=1

µA(gk(B ∩Ak))

=
∞∑
k=1

µA(B ∩Ak)

= µA(B),

which shows that gA is a measure preserving automorphism of (A,µA).
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Suppose now that g is ergodic on (X,µ) and that B ⊂ A is a gA-
invariant set of positive µA-measure. Then the set

B∗ =
∞⋃
i=0

gi(B) =
∞⋃
k=1

k−1⋃
i=0

gi(B ∩Ak)

is a g-invariant set of positive µ-measure. To see this, consider the image
of g on the floors of the skyscraper over B as follows:

(i) On the part of the skyscraper that is not the top (that is, on⋃∞
k=2

⋃k−2
i=0 g

i(Bk)), g simply moves each floor to the next floor
above (namely

⋃∞
k=2

⋃k−1
i=1 g

i(Bk)).
(ii) The top of the skyscraper over B, namely

⋃∞
k=1 g

k−1(B ∩ Ak), is
mapped by g to gA(B) = B, which is the base of the skyscraper
over B.

Thus B∗ is a g-invariant set of positive measure. If gA was not ergodic
and B and A − B were two gA-invariant subsets of A of positive µA-
measure, then B∗ and (A−B)∗ would be two disjoint g-invariant subsets
of X of positive µ-measure, contradicting the assumed ergodicity of g
on (X,µ).

We now describe the second type of skyscraper construction, which is
in some sense a reverse of the previous construction.

Suppose that we have a measure space (A,µ) and a µ-recurrent au-
tomorphism g ∈ G[A,µ]. Let {Ai : i = 0, 1, . . . ,∞} be a decreasing
sequence of subsets of A where A = A0 ⊃ A1 ⊃ A2 ⊃ · · · and µ(Ai)
decreases to 0. Consider the measure space X̃ which is the disjoint union
of Ai’s; i.e., for each i consider the copy of Ai given by Ãi = (Ai, i), so
that

X̃ =
∞⋃
i=0

(Ai, i).

Identifying Ai with Ãi, X̃ inherits a sigma algebra and measure µ̃ from
(A,µ) in the obvious way. Note that µ̃ is finite or infinite as

∑
i µ(Ai)

converges or diverges. Define the automorphism g̃ of (X̃, µ) by

g̃(x, i) =
{

(x, i+ 1) when x ∈ Ai+1

(g(x), 0) when x �∈ Ai+1.

Abusing notation, and identifying A0 as a subset of X̃, we note that the
first return map g̃A0 is just g and in this sense this construction reverses
the process of inducing on a subset. Note further that the ith floor of
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Fig. A1.2. g̃, the skyscraper over g on A

the skyscraper is just the set Ai−1 (or more precisely its copy Ãi−1). We
call g̃ the skyscraper over g on A.

The following result has already been used in Section 7.1, where a
special case was proved.

Theorem A1.2 If g is an ergodic measure preserving automorphism of
(A,µ) then the skyscraper g̃ over g on A is ergodic.

Proof The fact that g̃ is measure preserving is easy and left to the reader.
So suppose that g is ergodic. Since µ(Ai) decreases to 0, it follows easily
that the g̃-orbit of almost every point in Ãi leaves Ãi and enters A0.
Consequently it is easy to see that

X̃ =
∞⋃
i=1

g̃−iA0

(i.e., A0 is a sweep-out set for g̃). Let B be a g̃-invariant set. Set
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B0 = B ∩ A0. If µ(B0) = 0, then µ(g̃−i(B ∩ A0)) = µ(B ∩ g̃−iA0) and
the above equation implies that µ(B) = 0. If µ(B0) > 0, then setting
Ci = g̃−1B0∩Ãi (the top of the (i+1)st floor of the skyscraper), we have
that g−1(B ∩ A0) =

⋃∞
0 g̃

−i(Ci). Consequently g−1(B0) ⊂ B0; using
the µ-recurrence of g we see that g−1(B0) = B0. Now the ergodicity of
g implies that B0 = A0. Since A0 is a sweep-out set for g̃, it follows that
B = X̃.

In the last construction we built a skyscraper over the set A0, and we
assumed that the sets A0, A1, . . . , were nested. This was not necessary
– all that we really needed is that the measures of the sets µ(Ai) tend
to 0. Then instead of using the inclusion relation in moving from one
floor of the skyscraper to the next (i.e., from ((Aj , j) to (Aj+1, j + 1))
under the action of g̃, we require only that we choose measure preserving
embeddings φij : Ai → Aj for i > j – for more details see K. Petersen’s
book on ergodic theory [93].

This method is the easiest way to construct an ergodic measure pre-
serving transformation of an infinite sigma finite measure space (X,µ),
given one for a finite measure space. Namely start with any subset
A of finite µ-measure and an ergodic automorphism gA of A. Then
‘stack the complement of A on top of A’ – this means partition X − A
into A1, A2, . . . where the sequence µ(An) goes to zero and is bounded
above by µ(A) – then letting A0 = A, apply the above construction to
the sets Ai. Because the induced automorphism gA is ergodic on A,
any skyscraper over A will be an ergodic automorphism of the space
(X,µ). This construction is used in Chapters 16 and 17 and mentioned
in Chapter 12.

A1.3 Multiple Tower Rokhlin Theorem

For probability spaces (X,µ), the classical Rokhlin Tower Theorem [100]
says (see also Kakutani’s paper [75], and Halmos’s book [72]):

Theorem A1.3 Given any antiperiodic automorphism g ∈ G[X,µ], a
positive integer m, and ε > 0, there is a measurable set B such that the
sets B, g(B), . . . , gm−1(B) are disjoint and have combined measure at
least 1− ε.

This is clearly equivalent to requiring that the combined measure
of B, g(B), . . . , gm−1(B) is exactly 1 − ε, by selecting an appropriately
measured subset of B. The latter formulation may be expressed in terms
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of skyscrapers by saying that the space X can be partitioned into two
columns for g, one of height m occupying µ-measure 1− ε and the other
column of height 1 and measure ε; i.e., there is a skyscraper A = {Ak,i}
for g with column distribution d (A) = (ε, 0, 0, . . . , 1− ε, 0, 0, . . .), that
is, with µ (A1) = ε and µ (Am) = 1− ε. The main result of this chapter,
the Multiple Tower Rokhlin Theorem, is a generalization of Rokhlin’s
Tower Theorem that guarantees a skyscraper with any column distribu-
tion for which the heights of the columns of positive measure are relatively
prime (columns 1 and m in Rokhlin’s Theorem). This result was first
proved for finite distributions, which is sufficient for the applications in
Part I involving homeomorphisms of compact manifolds ([11]). The ver-
sion stated below and proved in this chapter is needed for applications
to homeomorphisms of noncompact manifolds. This theorem was first
proved by S. Alpern and the proof we present here is from [13] (see also
[23], [18], [57], [98] for related work). A further generalization to non-
singular (rather than measure preserving) transformations can be found
in [24]. The main result of this section is the following:

Theorem A1.4 (Multiple Tower Rokhlin Theorem) Let g ∈
G[X,µ] be any antiperiodic automorphism of a nonatomic Lebesgue prob-
ability space (X,Σ, µ). Then given any countable probability distribution
π = (π1, π2, . . .), for which the k’s with πk > 0 are relatively prime, there
is a skyscraper partition P = {Pk,i}, k = 1, . . . ,∞, i = i, . . . , k, of X
satisfying

(i) Pk,i = gi−1 (Pk,1)

(ii) µ
(⋃k

i=1 Pk,i

)
= πk.

The proof of the Multiple Tower Rokhlin Theorem involves some spe-
cial notation, for which we fix the antiperiodic automorphism g and the
skyscraper column distribution π given in the theorem. Let S denote the
(relatively prime) set of k’s with πk > 0. The constructive techniques of
the proof can be applied only to produce skyscrapers with finitely many
columns of approximately desired distributions. The required skyscraper
will then be obtained as a limit of the finite skyscrapers, with respect
to a complete metric on skyscraper partitions. The target distributions
for the finite skyscrapers will be finite versions of the distribution π,
appropriately normalized to sum to 1 (= µ(X)). To produce these finite
target distributions, we define

S = {k : πk > 0},
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Sj = {k ≤ j : k ∈ S},

sj =
∑
k∈Sj

πk, and

πj =
(
πj1, π

j
2, . . . , π

j
j , 0, 0, . . .

)
, where πjk = πk/sj , k ≤ j.

Since the (potentially infinite) set S consists of integers with greatest
common divisor 1, it follows that some finite subset Sj0 is also a rel-
atively prime set of numbers. Consequently all integers greater than
or equal to some fixed integer L may be represented as positive inte-
ger linear combinations of Sj0 . The skyscraper partitions (henceforth
called simply skyscrapers) approximating the required skyscraper P will
not have the right distribution (π), but they will never have positive
measured columns of height k for which πk = 0. We will call such
a skyscraper a π-skyscraper. That is, a π-skyscraper is a measurable
partition R = {Rk,i}, k = 1, . . . ,∞, i = 1, . . . , k, for which

Rk,i = gi−1(Rk,1), i ≤ k, and πk = 0 ⇒ µ(Rk,1) = 0.

We shall further call R a π-skyscraper of type j, if it has no column
heights larger than j (i.e., µ (Rk,1) = 0 for k > j). The column of height
k is denoted by

Rk =
k⋃
i=1

Rk,i

and the distribution of the measures of the columns is denoted by

d (R) = (µ (R1), µ (R2), . . .).

Note that in this notation the Multiple Tower Rokhlin Theorem asserts
the existence of a π-skyscraper P with d (P) = π.

For any skyscraper P, if x ∈ Pk,i we call (k, i) the P label of x. The
proof of the Multiple Tower Rokhlin Theorem will involve the recursive
construction of π-skyscrapers Pj of type j, which will converge to the
required π-skyscraper P with respect to the partition metric

‖R −Q‖ = µ {x : x has different R and Q labels}

on the complete space of π-skyscrapers. To ensure that

d (P) = lim
j
d
(
Pj
)
= π,
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we use the sum metric on l∞ for the distributions and observe that

|d (R)− d (Q) | ≡
∞∑
k=1

|µ(Rk)− µ (Qk) | ≤ 2‖R −Q‖.

In our construction, we would like to have d
(
Pj
)

= πj , but in fact we
are only able to ensure that |d

(
Pj
)
− πj | is small, or equivalently that

�j(Pj) is small, where

�j (R) = max
k∈Sj

(
1− πjk/µ (Rk)

)
.

The construction of the skyscrapers Pj will use the following two
lemmas about an antiperiodic automorphism g ∈ G[X,µ].

Lemma A1.5 For any positive integer m there is a sweep-out set B,
all of whose return times are at least m. That is, there is a measurable
set B satisfying

(i) The sets B, g(B), . . . , gm−1(B) are disjoint, and
(ii)

⋃∞
i=1 g

i(B) is the whole space X.

Proof Let B be a maximal set satisfying condition (i). If B does not
satisfy (ii) then we may adjoin to B the maximal set satisfying property
(i) with respect to the complement of the invariant set

⋃∞
i=1 g

i(B). (For
more details, see [72, pp. 70–72].)

Lemma A1.6 Let j ≥ j0 and ε > 0 be given. Then to every π-skyscraper
R of type j, there is another π-skyscraper Q of type j with

‖Q −R‖ ≤ �j(R), and |d (Q)− πj | < ε.

Proof Let B be the sweep-out set given by the previous lemma with
respect to some large integer m to be specified later. Partition B into
sets Bl, l = 1, 2, . . ., so that if x, y ∈ Bl, then x and y have the same
return time ml to B and gr(x) and gr(y) belong to the same element of
R, for r = 1, . . . ,ml − 1. Next partition each set Bl into sets Bl

0 and
Bl
k, k ∈ Sj , so that

µ
(
Bl

0

)
= αµ(Bl), and µ

(
Bl
k

)
= βk µ(Bl),

where α = 1−�j (R) = mink∈Sj

(
πjk/µ(Rk)

)
, βk = πjk − αµ (Rk), and

α+
∑

k∈Sj βk = 1. Note that if the given skyscraper R already has the
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distribution πj then �j (R) is 0, α is 1, and hence all the βk are 0. Let
Cl
k denote the column based on Bl

k, that is,

Cl
k =

ml−1⋃
r=0

gr
(
Bl
k

)
.

Then define Dk =
⋃
l C

l
k. Observe that

µ (D0) = α = 1−�j (R), µ (Dk) = βk, and (A1.1)

µ (Rk ∩D0) = αµ (Rk) = πjk − βk. (A1.2)

We now define Q on D0 to be the same as R. That is, points in D0 have
the same Q-labels and R-labels. So regardless of how we subsequently
define Q on the complement of D0, we will have

‖Q −R‖ ≤ µ (X −D0) = 1− α = �j (R),

which is the first requirement of the lemma. So we can change as many
of the labels (indices of R) on the complement of D0 (i.e., on

⋃
k∈Sj Dk)

as needed to ensure the second requirement of the lemma, that the
distribution of Q is near πj .

If we could define Q on X − D0 so that µ (Qk ∩Dk) = µ (Dk), we
would have by (A1.2) and (A1.1) that

µ (Qk) = µ (Rk ∩D0) + µ (Qk ∩Dk) = πjk, k ∈ Sj

and consequently that d (Q) would be exactly πj . While this is not
possible, we can define Q on the Dk so that µ (Qk ∩Dk) is nearly equal
to µ (Dk) and consequently d (Q) is close to πj , as required by the lemma.

We now define Q on Dk, for an arbitrary but fixed value k, by spec-
ifying it on each column Cl

k as follows. For simplicity of notation
we suppress the indices k and l and denote Bl

k = E, ml = M , and
C = Cl

k =
⋃M−1
r=0 gr(E). Suppose the base of C has R-label (k1, i1)

and the top (Mth) level has R-label (k2, i2). (Formally, this means
E ⊂ Rk1,i1 and gM−1(E) ⊂ Rk2,i2 .) We assign a unique Q-label to each
level of the column C, that is, to each of the sets E, gE, . . . , gM−1E.
Thus we need to assign M labels to the M levels. Of course we want
most of these labels to be of the form (k, ·), so that we achieve the result
that µ (Qk ∩ C) is nearly equal to µ(C), as mentioned above. We will
assign the labels to the levels 1, . . . ,M in four distinct blocks. Starting
from the bottom (level 1), we will call these blocks the Bottom, Middle,
Transition, and Top. The Middle block will be the largest and will be
labeled with (k, ·) to achieve the desired result. A particular instance
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of our labeling procedure is described after the proof in an example.
The reader may wish to look at the example while following the general
proof.

We begin by describing the labeling of the Bottom and Top (which is
identical to the labeling of R). To ensure that this labeling makes Q a π-
skyscraper, we are forced to retain theR-labels on the lower levels, going
up until the label (k1, k1) is reached; similarly we must go down from
the top until the label (k2, 1) is reached. Note that in a π-skyscraper the
label (k1, k1) can be followed by any label with second coordinate 1, and
similarly (k2, 1) can be preceded by any label with equal coordinates.
So our problem is to fill in the unlabeled terms (−) in the following list:

(k1, i1), (k1, i1 + 1), . . . , (k1, k1),−,−, . . . ,−, (k2, 1), . . . , (k2, i2).

Now we describe the labeling of the Middle block. We begin by following
the label (k1, k1) with successive blocks of the form

(k, 1), (k, 2), . . . , (k, k),

until there are T unlabeled places remaining between the final (k, k) and
the label (k2, 1), where T satisfies L ≤ T ≤ L + k and L is the integer
defined shortly after the definition of πj (see the paragraph following
the statement of Theorem A1.4). (Recall that the letter k is no longer
a variable but a fixed label.) We now describe the labeling of these T
levels, which we call the Transition block. The definition of L ensures
that T can be written as a positive integer (linear) combination of the
elements of Sj0 , so that the T unlabeled places can be filled in with
blocks of the form

(k′, 1), (k′, 2), . . . , (k′, k′),

for varying values of k′ ∈ Sj0 . This procedure ensures that Q is a π-
skyscraper. Furthermore, of theM labels given to the column C, all but
at most

(k1 − i1 + 1) + T + k2 ≤ j + (L+ j) + j = L+ 3j

have first coordinate k, and correspond to points in Qk. Consequently

µ (Qk ∩ C)
µ(C)

≥ 1− L+ 3j
M

≥ 1− L+ 3j
m

,

where we recall that m comes from Lemma A1.5 and can be as large
as we wish – we now specify the size of m. Since the above displayed
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inequality is true for every column C = Cl
k which constitutes the set

Dk =
⋃
l C

l
k, it follows that

µ (Qk ∩Dk)
µ (Dk)

≥ 1− L+ 3j
m

≥ 1− ε/2,

if we take m > 2 (L+ 3j) /ε. Finally, we calculate that for k ∈ Sj ,

πjk − µ (Qk) ≤ πjk − µ (Qk ∩D0)− µ (Qk ∩Dk)

≤ πjk − µ (Rk ∩D0)− (1− ε/2) µ (Dk)

≤ πjk −
(
πjk − βk

)
− (1− ε/2) βk

≤ εβk/2,

where the third inequality uses equation (A1.1) that µ(Dk) = βk. It
follows that

|πj − d (Q) | =
∑
k∈Sj

|πjk − µ (Qk) |

≤ 2
∑
k∈Sj

max
[
πjk − µ (Qk), 0

]
≤ 2

∑
k∈Sj

(εβk/2) = ε
∑
k∈Sj

βk ≤ ε,

as required.

Example A1.7 We describe the labeling procedure of the previous
lemma for the column C in the case where M = ml = 14, j = j0 = 3,
S3 = {2, 3}, and k = 2. We assume the R label of level 1 is (3, 1) and
the R label of the top level 14 is (2, 2). This situation is drawn in Figure
A1.3(a). Note that the number L corresponding to the relatively prime
set {2, 3} is L = 2. (For example 2 = 2, 3 = 3, 4 = 2 + 2, 5 = 3 + 2,
6 = 3+ 3, 7 = 2+ 2+ 3, etc.) We begin by labeling the Top and Bottom
blocks in the only way possible, keeping the R labels. This is shown in
the column (b). We then follow the Bottom block with consecutive pairs
(2, 1), (2, 2), until the distance to the lowest level in the Top block (level
13) lies between L and L+k, that is, between 2 and 4. This occurs when
we have labeled level 9 as (2, 2), and this distance is 3 (levels 10, 11, 12).
This labeling of the Middle block is shown in (c). The theory ensures
that we can fill this Transition block (levels 10, 11, 12) with sequences of
(2, 1), (2, 2) and (3, 1), (3, 2), (3, 3). In fact a single sequence of the latter
suffices. The final labeling is shown in (d). Thus the decomposition of
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the levels into Bottom, Middle, Transition, and Top blocks is given by

{1, 2, 3} ∪ {4, 5, 6, 7, 8, 9} ∪ {10, 11, 12} ∪ {13, 14}.

We can see that regardless of the height M of such a column, the num-
bers of levels in the Bottom, Top, and Transition blocks are respectively
bounded above by 3, 3, and L+k = 4, so at least a fraction (M − 10) /M
of the levels are labeled with (k, ·), which in this case is (2, ·).

We now combine the two lemmas to give a proof of the Multiple Tower
Rokhlin Theorem.

Proof We will obtain the required π-skyscraper P as the limit, with
respect to the partition metric, of π-skyscrapers Pj of type j, obtained
using Lemma A1.6. For j ≥ j0 choose positive numbers εj which tend
to zero and are sufficiently small so that

|d (Q)− πj | < εj implies �j (Q) < 2−(j+1)

for any π-skyscraper Q of type j. For each j ≥ j0 define sj =
∑

k∈Sj πk.
We recursively construct π-skyscrapers Pj of type j satisfying

(i) |d
(
Pj
)
− πj | < εj , j ≥ j0, and

(ii) ‖Pj − Pj−1‖ ≤ 2−j + πj/sj , j > j0.

Since condition (ii) implies that the sequence Pj is Cauchy, the com-
pleteness of the π-skyscrapers with respect to the partition metric en-
sures that the Pj converge to a limit π-skyscraper P. Condition (i) then
guarantees that d (P) = π.

The Pj are constructed as follows. The first one, Pj0 , can be con-
structed to satisfy the first condition by using the algorithm of Lemma
A1.6, with α = 0 and βk = πj0k , k ∈ Sj0 . Now suppose that
Pj0 , . . . ,Pj−1 have been found, satisfying both conditions. Since Pj−1

satisfies the inequality |d
(
Pj−1

)
− πj−1| < εj−1, it follows from the

choice of εj−1 that �j−1

(
Pj−1

)
< 2−j . Now observe that Pj−1 is also

of type j, and that

�j

(
Pj−1

)
≤ �j−1

(
Pj−1

)
+ πj/sj ≤ 2−j + πj/sj .

Now apply Lemma A1.6 with R = Pj−1 and ε = εj to obtain (as Q) the
π-skyscraper Pj satisfying conditions (i) and (ii).

A short proof of Theorem A1.4 for finitely many towers has been ob-
tained by Eigen and Prasad [57] and a short proof of the full version (us-
ing an ergodic decomposition theorem) has been obtained by Prikhodcko
and Ryzhikov [98].
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Fig. A1.3. Definition of Q on D2

A1.4 Pointwise Conjugacy Approximation

For Lebesgue probability spaces (X,µ), a classical result of Halmos says
that the conjugacy class C(g) =

{
f−1gf : f ∈ G[X,µ]

}
of any anti-

periodic automorphism g ∈ G[X,µ] is dense in G[X,µ] in the weak
topology (see [72], p. 77). In this section we use the Multiple Tower
Rokhlin Theorem to prove a stronger approximation property for C(g).
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We give conditions on automorphisms h ∈ G[X,µ] and measurable sets
F such that some conjugate ĝ of g equals h pointwise a.e. on the set F .
Of course we need to assume that µ(F ) < 1 = µ(X), since otherwise
this could only be true if h itself was a conjugate of g. Suppose, for
example, that for some subset F0 of F of measure 1/2 we have that
h (F0) = X − F0. If a conjugate of g equals h on F then this conjugate,
and hence also g, has a periodic set of period 2. Since this is not a
property of an arbitrary antiperiodic automorphism, no conjugate of a
g without this property can equal h on F . For this reason we must rule
out the possibility that h has a nontrivial periodic set. The condition
that h is setwise antiperiodic (no nontrivial periodic set) is equivalent
to saying that hm is ergodic for all m ≥ 1, since a nontrivial periodic
set for h of period m is a nontrivial invariant set for hm. Such an au-
tomorphism, for which all positive integer iterates are ergodic, is called
totally ergodic. The following strengthening of Halmos’s result is taken
from [13].

Theorem A1.8 Let h, g ∈ G[X,µ] be given, with g antiperiodic. Let F
be a measurable set with µ(F ) < 1 = µ(X). Assume either

(i) h is ergodic and µ (F ∪ h(F )) < 1 or
(ii) h is totally ergodic.

Then there is an f ∈ G[X,µ] such that the conjugate ĝ = f−1gf of g
satisfies

ĝ(x) = h(x) for a.e. x ∈ F.

Proof Consider for each k = 2, 3, . . . , the subset Ak,1 ⊂ F − h(F )
consisting of points of F which first leave F on the (k − 1)th iterate
under h. Let Ak,i = hi−1 (Fk,1) for i = 1, 2, . . . , k. Note that Ak,i ⊂ F
for each i = 1, 2, . . . , k− 1, and Ak,k ⊂ h(F ). Set A1,1 = X − (F ∪ hF ).
Since h is ergodic and µ(F ) < 1, it follows that the h-orbit of µ-a.e. point
of F eventually leaves F and A = {Ak,i : k = 1, . . . ,∞; i = 1, . . . , k},
is a skyscraper partition for h. Furthermore, {Ak,i : k = 2, 3, . . .; i =
1, 2, . . . , k} is a partition of the set

F ∪ h(F ) =
∞⋃
k=2

k⋃
i=1

Ak,i.

The distribution of the measures of the columns of A is given by
π = (π1, π2, . . .) where πk = µ

(⋃k
i=1Ak,i

)
for k = 1, 2, . . . is the measure

of the column of height k.
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We would like to use the Multiple Tower Rokhlin Theorem (Theorem
A1.4) to construct a π-skyscraper for the antiperiodic automorphism g,
that is, one with the same size and shape as the skyscraper A = {Ak,i}
for h. To apply that result we must first check that the ks for which
πk > 0 are relatively prime. We demonstrate this fact separately for the
two alternative assumptions. If we assume (i) that µ (F ∪ h(F )) < 1,
then the set A1,1 has positive measure, so that π1 > 0. Next suppose
we are in case (ii) but not case (i) so that h is setwise antiperiodic and
µ (F ∪ h(F )) = 1. Suppose in this case that the greatest common divisor
of the k’s for which πk > 0 is some integer p > 1. This means that all
the column heights of the skyscraper {Ak,i} are multiples of p. Let

D =
∞⋃
j=1

j−1⋃
i=0

Apj,ip+1

be the set consisting of the base of the skyscraper {Ak,i}, and every
pth level thereafter. Then µ(D) = 1/p and hp(D) = D, which violates
the assumed setwise antiperiodicity of h. Thus we have shown that
the column distribution π satisfies the hypothesis of the Multiple Tower
Rokhlin Theorem A1.4. Let {Pk,i} denote the π-skyscraper given by that
theorem for the antiperiodic automorphism g. Define f ∈ G[X,µ] on⋃
k Ak,1 so that f (Ak,1) = Pk,1 for all k – note that this is possible since

for each k, both of these sets (Pk,1 and Ak,1) have the same measure.
Extend f to the rest of X by defining

f(x) = gi−1fh1−i(x), for x ∈ Ak,i, i > 1.

It follows from this construction that

h(x) = f−1gf(x), for x ∈ Ak,i, i < k.

But since

F ⊂
∞⋃
k=1

k−1⋃
i=1

Ak,i,

we are done.

As an illustration of the power of the above type of approximation, in
particular the possibility of specifying in advance the set F where the
approximation is exact, we use it to give a short proof of the Conjugacy
Approximation Theorem, Theorem 8.4. Recall the statement:
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Theorem 8.4 Given any antiperiodic automorphism g in G[In, λ], n ≥
2, any volume preserving homeomorphism in M[In, λ], and ε > 0, there
is an f in G[In, λ] satisfying |f−1gf(x)− h(x)| < ε, for µ-a.e. x.

Proof We may assume that h is ergodic, since Theorem 7.1 showed that
the ergodics are dense M[In, λ] in the uniform topology. By Brouwer’s
Theorem, there is a fixed point p = h(p). Let B be the open ε/2-ball
centered at p. Define F = h−1 (In −B). Observe that the closed set
F ∪ h(F ) does not contain p, and consequently has volume less than
1. According to the above theorem, there is an f ∈ G[In, λ] for which
f−1gf = h on the set F . For points y �∈ F , both f−1gf(y) and h(y)
belong to B, and consequently are at most a distance ε apart.

The above proof, which uses condition (i) of Theorem A1.8, can only
be used when the underlying manifold has the fixed point property.
However, for general manifolds weak mixing homeomorphisms (which
are totally ergodic) are generic (see [76] and [7]). Hence in the above
proof we can begin by assuming, without loss of generality, that the given
homeomorphism h is weak mixing and in particular totally ergodic. If
we simply take the set B to be any ε/2-ball, the set F ∪h(F ) might have
measure 1, but this does not matter since now condition (ii) of Theorem
A1.8 applies. This approach gives a more general proof, but requires the
intermediate result of generic weak mixing in M[X,µ].

A1.5 Specified Transition Probabilities

Given an antiperiodic automorphism g ∈ G[X,µ], can we find a partition
{Pi} of the underlying Lebesgue probability space (X,µ) such that the
transition probabilities µ (gPi ∩ Pj) /µ (Pi) are equal to given probabili-
ties pij? We shall consider this question when the index set for the parti-
tion is a finite set S = Sm = {1, . . . ,m} and also when it is the countable
set of natural numbers, denoted S = S∞, in which case we shall consider
that m = ∞. In either case, since

∑
j∈S µ (gPi ∩ Pj) = µ (Pi), we need

that
∑

j∈S pij = 1.
Such a matrix P = (pij) will be called stochastic. For the reader’s

convenience we digress in this paragraph to give some terminology from
the theory of Markov chains – all of this material can be found in [74].
The matrix P is called irreducible if for every pair of states i, j ∈ S, there
is some natural number l such that p(l)ij > 0 (i.e., there is a positive
probability of visiting j from i in l steps). The period of a state i is



178 Multiple Rokhlin Towers and Conjugacy Approximation

defined to be per(i) = gcd{l : p(l)ii > 0}. When P is irreducible the
period of every state is the same and is called the period of the matrix
P. If every state has period 1, the matrix is called aperiodic. A state i is
called recurrent if the Markov chain with matrix P starting at i returns
(eventually) to i with probability 1. A recurrent state i is called positive
recurrent if starting at i the expected return time to i is finite. The
matrix P is called positive recurrent if every state is positive recurrent.

In the case of finite m, we shall call the matrix P = (pij) mixing if
some power of the matrix has all positive entries (this is equivalent to
being both irreducible and aperiodic). In the infinite case we will call
it mixing if it is positive recurrent, aperiodic, and irreducible. In either
case there is a unique invariant positive distribution vector vi, i ∈ S,
with vj =

∑
i∈S vipij , which would have to equal the distribution vector

µ (Pi). As an application of Theorem A1.8, we shall prove the following
result originally obtained in [11] for finite S and in [23] for the general
case.

Theorem A1.9 Let g be an antiperiodic automorphism of a Lebesgue
probability space (X,Σ, µ) and let P = (pij), i, j ∈ S be a mixing stochas-
tic matrix, where S is finite or countable. Then there is a measurable
partition {Pi}i∈S of (X,Σ) for which

µ (gPi ∩ Pj)
µ (Pj)

= pij , for all i, j ∈ S.

Proof We begin by recalling the well known construction by which the
stochastic matrix (or Markov chain) (pij) induces a measure preserving
transformation. Let X be the product of a countable number of copies
of the discrete measure space (S, v), where v is the unique invariant
vector described above for P = (pij). That is, X consists of two-sided
infinite sequences x = (. . . , x−1, x0, x1, . . .), with all the xk taken from
the index or symbol space S. Define a word on S to be a finite sequence
w =

[
w1, w2, . . . , wL(w)

]
, where L(w) is called the length of w. For

any word w, let Xw be the cylinder set given by {x : xk = wk, k =
1, . . . , L(w)}. The product measure on X is defined for every word w in
S by

µ(Xw) = vw(1)

L(w)−1∏
k=1

pwkwk+1 .

The measure µ is invariant for the left-shift transformation h defined by
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(h(x))k = xk+1. The assumption that (pij) is a mixing matrix suffices to
ensure that the shift automorphism h of X is totally ergodic (in fact it
is moreover a mixing automorphism – see for example [54, Chapter 8]).

We now consider the antiperiodic automorphism g given in the state-
ment of the theorem. Of course its underlying Lebesgue probability
space is not necessarily the product space of (S, v). But since all such
spaces are isomorphic it will save us a symbol for the isomorphism if we
make this assumption.

Now apply Theorem A1.8 to the totally ergodic shift automorphism
h, the antiperiodic automorphism g, and the set F = {x : x2 �= s}, i.e.,

F = h−1
(
X −X[s]

)
=
⋃
j �=s

h−1
(
X[j]

)
,

for a fixed element s ∈ S, where X[j] = {x : x1 = j}. (Since vs > 0, we
have µ(F ) < 1.) Let ĝ = f−1gf be the conjugate of g given by Theorem
A1.8 which equals h on the set F . Since for any j �= s, h−1

(
X[j]

)
⊂ F ,

we have

ĝ
(
h−1

(
X[j]

))
= h

(
h−1

(
X[j]

))
= X[j], or

h−1
(
X[j]

)
= ĝ−1

(
X[j]

)
, for all j �= s, (A1.3)

and hence (A1.3) is also true for j = s, since X[s] = X −
⋃
j �=sX[j].

It follows that for all j,

pij = µ
(
X[i] ∩ h−1

(
X[j]

))
= µ

(
X[i] ∩ ĝ−1

(
X[j]

))
= µ

(
ĝ
(
X[i]

)
∩X[j]

)
= µ

(
f−1gf

(
X[i]

)
∩X[j]

)
= µ

(
g
(
f
(
X[i]

))
∩ f
(
X[j]

))
.

Thus we see that setting Pi = f
(
X[i]

)
gives the partition required by

the theorem.

A1.6 Setwise Conjugacy Approximation

Earlier in this chapter, we considered the problem of approximating a
given automorphism h ∈ G[X,µ] by some conjugate ĝ of a given anti-
periodic automorphism g ∈ G[X,µ] in the sense that ĝ equals h pointwise
on a given set. We found that in general we required that h be totally
ergodic (setwise aperiodic) for such an approximation to be possible.
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We now consider a weaker type of approximation, where ĝ must equal h
setwise on a finite collection of sets Ak, k = 1, . . . , l, which will be possi-
ble with a weaker hypothesis on the target automorphism h. Note that
if ĝ(Ak) = h(Ak), k = 1, . . . , l, then it would follow that ĝ(A) = h(A)
whenever A belongs to the subalgebra Λ of Σ generated by the sets
Ak. Now suppose that the set map h|Λ has a nontrivial periodic point,
that is, a set A ∈ Λ − {∅, X} such that hi(A) ∈ Λ, i = 1, . . . , k, and
hk(A) = A. Then if the map ĝ equaled h setwise on Λ, it would also have
a nontrivial periodic set. This is not possible if g has no such periodic
set. So we must exclude this possibility for h. Note that we can still
allow h to have a periodic set, but not all of its iterates can belong to Λ.
The possibility of setwise approximation with this assumption is stated
below in Theorem A1.11. The need for such a result comes mainly from
requirements concerning manifolds with ends, where the ends must be
preserved exactly in any approximation.

Before getting to Theorem A1.11, we must adapt the results of the
previous section. Let T = (tij) be an m×m mixing matrix with entries
in {0, 1}. Let T̂ : Γ → Γ denote the set map induced by T on the power
set Γ of {1, 2, . . . ,m}, that is, j ∈ T̂ (γ) if and only if i ∈ γ for some
i with tij = 1. We call a set γ ∈ Γ critical if tij = 1 and j ∈ T̂ (γ)
imply i ∈ γ, and denote by Γ1 the subalgebra of Γ consisting of all the
critical sets. We say that a probability distribution v = (v1, . . . , vm)
is consistent with T if it is the unique invariant distribution for some
(necessarily mixing) stochastic matrix (pij) where pij = 0 if and only if
tij = 0. It is easily verified that v is consistent with the 0–1 matrix T if
and only if it satisfies both of the following conditions.

(1)
∑

i∈γ vi =
∑

j∈T̂ (γ) vj , for all γ ∈ Γ1; and
(2)
∑

i∈γ vi <
∑

j∈T̂ (γ) vj , for all γ ∈ Γ− Γ1.

Theorem A1.10 Let {Pi}mi=1 be a partition of a finite Lebesgue space
(X,Σ, µ) whose distribution (µ (P1), . . . , µ (Pm)) is consistent with a
given m × m, 0–1 mixing matrix T. Then given any antiperiodic au-
tomorphism g ∈ G[X,µ], there is a conjugate ĝ = f−1gf , f ∈ G[X,µ],
such that µ (ĝPi ∩ Pj) = 0 if tij = 0.

Proof By definition of consistency, the distribution (µ (P1), . . . , µ (Pm))
is invariant with respect to some stochastic matrix which has the same
signs as T, and consequently is mixing. By Theorem A1.9 there is a par-
tition {Qi}mi=1 with the same distribution as {Pi}mi=1 and µ (gQi ∩Qj) =
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0 if tij = 0. Let f ∈ G[X,µ] be an automorphism with Pi = f−1Qi, for
i = 1, . . . ,m. Then ĝ = f−1gf is the required conjugate.

We can now state and prove our result on setwise conjugacy approxi-
mation.

Theorem A1.11 Let h, g ∈ G [X,Σ, µ], where µ(X) = 1 and g is an
antiperiodic automorphism. Let Λ be a finite subalgebra of Σ such that
h|Λ has no nontrivial periodic set (this means that there is no set A ∈
Λ−{X, ∅} such that for some k, hi(A) ∈ Λ for i = 1, . . . , k and hk(A) =
A). Then there is some conjugate ĝ = f−1gf , f ∈ G[X,µ], such that
ĝ(A) = h(A) for all A ∈ Λ.

Proof Let Ak, k = 1, . . . , l, denote the atoms of Λ. Let {Pi}mi=1 be a
measurable partition of X which refines the partitions of X determined
by the atoms of Λ and by the atoms of h(Λ). Define an m × m, 0–1
matrix T = (tij) by

tij =
{

1, if Pi ⊂ Ak and Pj ⊂ h (Ak), for some k,
0, otherwise.

Observe that γ ⊂ {1, . . . ,m} is a critical set for T (i.e., γ ∈ Γ1) if and
only if

⋃
i∈γ Pi ∈ Λ, and that the distribution (µ (P1), . . . , µ (Pm)) is

consequently consistent with T. To show that T is a mixing matrix it is
sufficient to prove that, for any nonempty set γ ∈ Γ, the sequence

µ(γ), µ(T̂ (γ)), µ(T̂ 2(γ)), . . .

is eventually equal to µ(X), where µ (γ) =
∑

i∈γ µ (Pi). (If N is the
longest number of steps ever required to reach 1, then TN > 0.) It
follows from the definition of tij that µ(γ) ≤ µ(T̂ (γ)), with equality
only for critical sets γ ∈ Γ1. Since the algebra Λ is assumed to be finite,
it follows that the only way the above nondecreasing sequence can fail to
reach µ(X), is if T̂ |Γ1 has a nontrivial periodic point γ0. But then the
set A =

⋃
i∈γ0

Pi would be a nontrivial periodic point of h|Λ. But since
this possibility has been excluded by assumption, our argument shows
that T is indeed a mixing matrix. We now apply Theorem A1.10 and
observe that the conjugate ĝ of g it gives us satisfies the requirements
of the present theorem.

The above result on setwise approximation is of particular value when
there is a metric on the underlying space X. The following corollary
illustrates the nature of the applications. The first part of the following
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result establishes the Setwise Conjugacy Approximation Theorem for
both In (Theorem 8.1) and an arbitrary compact manifold (Theorem
10.1). (Recall that a metric space is called totally bounded if for every
positive ε it can be covered by finitely many ε-balls.) The following result
is restated in Chapter 16 in a notation better suited to the applications
in that section.

Corollary A1.12 (Setwise Conjugacy Approximation) Let ρ be
a totally bounded, connected metric on a Lebesgue probability space
(X,Σ, µ) such that every nonempty open set has positive µ-measure.
Let h, g ∈ G[X,µ], with g antiperiodic. Then given any ε > 0 there is a
conjugate ĝ = f−1gf , for some f ∈ G[X,µ], such that ρ (ĝ(x), h(x)) < ε,
for µ-a.e. x ∈ X.
Furthermore suppose Λ is a finite subalgebra of Σ such that h|Λ has

no nontrivial periodic set, and let C be the union of all atoms of Λ
whose image under h is connected and relatively compact. Then given
any ε > 0 there is a conjugate ĝ = f−1gf , for some f ∈ G [X,µ], such
that ρ (ĝ(x), h(x)) < ε for µ-a.e. x ∈ C, and ĝ(A) = h(A) for all A ∈ Λ.

Proof As the first paragraph of the corollary is a special case of the
second with Λ = {∅, X} and C = X, we will only prove the second.

As the proof of the second paragraph is very similar to that of the pre-
vious theorem, we emphasize only the differences. Let Ak, k = 1, . . . , l,
denote the atoms of Λ, and assume that h (Ak) is connected for all k ≤ L,
for some L ≤ l. Let {Pi}mi=1 be a measurable partition ofX which refines
the partitions of X determined by the atoms of Λ and by the atoms of
h (Λ), and in addition satisfies

ρ (Pi) < ε/2 and ρ (hPi) < ε/2, i = 1, . . . ,m,

where ρ(S) denotes the diameter of a set S. Such a partition exists
because the metric space (X, ρ) is assumed to be totally bounded. Define
the m×m, 0–1 matrix T = (tij) as follows (where S̄ denotes the closure
of a set S):

tij =


1, if Pi ⊂ Ak, Pj ⊂ h(Ak), for some k > L
1, if Pi ⊂ Ak, Pj ⊂ h (Ak), h (Pi) ∩ Pj �= ∅, k ≤ L
0, otherwise.

The proof thatT is mixing and that the distribution (µ (P1), . . . , µ (Pm))
is consistent with T is the same as for the previous theorem, except that
the connectivity of h (Ak), k ≤ L, is used to identify Γ1 with the algebra
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Λ. Let ĝ denote the conjugate ĝ = f−1gf , f ∈ G[X,µ], of g, such that
ĝ(A) = h(A), ∀A ∈ Λ, given by Theorem A1.10.

To establish the final metric inequality assume that Pi ⊂ C, or equiv-
alently that Pi ⊂ Ak for some k ≤ L. In this case we have that the
diameters of the sets below satisfy

ρ (ĝPi ∪ hPi) ≤ max
{j:tij=1}

ρ (Pj ∪ hPi) ≤ max
{j:tij=1}

[ρ (Pj) + ρ (hPi)] < ε,

because h (Pi) ∩ Pj �= ∅.

For some applications, we will need only the following special case of
the previous result. We have already shown that any automorphism of a
finite measure space can be uniformly approximated by an ergodic one.
The next result says that this can be accomplished without changing
the image of a given set A, as long as the set A itself is not invariant.
For reasons of intended application, the theorem is expressed in terms
of an initial transformation which is only defined on the set A.

Corollary A1.13 Let ρ be a totally bounded, connected metric on a
Lebesgue probability space (X,Σ, µ) such that every nonempty open set
has positive measure. Let A be a measurable set and let ȟ : A → X

be any µ-preserving injection, where the domain A is not ȟ-invariant
(µ(ȟ(A)�A) > 0) and ȟ(A) is connected. Then given any ε > 0, there
is µ-preserving injection ǧ : A → ȟ(A) such that ρ(ǧ(x), ȟ(x)) < ε for
µ-a.e. x ∈ A, and there are no nontrivial ǧ-invariant subsets of A.

Proof Without loss of generality we may assume that µ
(
A ∩ ȟ(A)

)
�= 0,

for otherwise we may simply take ǧ = ȟ. Let h ∈ G[X,µ] denote any
fixed extension of ȟ, and consider the subalgebra of Σ given by Λ =
{∅, X,A,X −A}. Then the hypotheses of the previous theorem hold,
with either C = A or X, but certainly C ⊇ A. Let g ∈ G[X,µ] be any
ergodic automorphism, and let ĝ ∈ G[X,µ] be the conjugate of g which
approximates h in the sense of the previous theorem. Consequently
h(A) = ĝ(A) and hence the restriction of ĝ to A, denoted ǧ, satisfies the
requirements of the theorem.

A1.7 Infinite Measure Constructions

Most of the constructions up to now in this chapter have been performed
on a Lebesgue probability space. For some applications to noncompact
manifolds, we will also need to construct towers on spaces of infinite
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measure. In this section we obtain tower constructions and conjugacy
results for spaces of infinite measure, although somewhat stronger as-
sumptions on the shape of the towers are required.

In this section we assume that the underlying measure space (X,Σ, µ)
is an infinite, sigma finite, nonatomic Lebesgue space. Recall that an
automorphism of such a space is said to be ergodic if an invariant set
has measure zero or its complement has measure zero. Before stating
the main results of this section, we begin by proving a simple lemma
on which the main results are based. All the results of this section are
taken from a joint paper with Jal Choksi [18].

Lemma A1.14 Let g be an ergodic automorphism of the infinite
Lebesgue space (X,Σ, µ) and let m be a given positive integer. For each
measurable set S with µ(S) <∞, and extended nonnegative real number
r (0 ≤ r ≤ ∞), there is a measurable set R such that µ(R) = r and the
sets S,R, g(R), . . . , gm−1(R) are pairwise disjoint.

Proof We may assume without loss of generality that r = ∞, since a
set of infinite measure has subsets of arbitrary finite measure. Define
S0 = S and Sk = gSk−1−S0, recursively for k = 1, 2, . . .. The sets Sk are
disjoint by construction, and it follows from the assumed ergodicity of
g that µ (Sk) converges monotonically to zero and X =

⋃∞
k=0 Sk. Using

the given integer m, we define the required set R by

R =
∞⋃
i=1

g1−mSim.

Note R consists of points in X − S whose next m − 1 iterates do not
enter S. From this it is clear that S,R, g(R), . . . , gm−1(R) are pairwise
disjoint, as required. Furthermore, since

µ
(
X − [S ∪R ∪ g(R) ∪ · · · ∪ gm−1(R)]

)
≤ µ

(
S ∪ g−1S ∪ · · · ∪ g1−m(S)

)
≤ mµ(S) <∞,

it follows that R must have infinite measure.

We now establish an infinite measure form of the Multiple Tower
Rokhlin Theorem, which replaces the ‘relatively prime heights’ condi-
tion by the stronger assumption that the column of height 1 has infinite
measure. Note that the former assumption of aperiodicity has been
strengthened to ergodicity.
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Theorem A1.15 Let g be an ergodic automorphism of an infinite, sigma
finite nonatomic Lebesgue space (X,Σ, µ). Let (p1, p2, . . .) be a sequence
of nonnegative extended real numbers (0 ≤ pk ≤ ∞) with p1 = ∞. Then
there is a skyscraper partition {Ek,i}, k = 1, . . . ,∞, i = 1, . . ., k, of X
satisfying

Ek,i = gi−1Ek,1 and

µ (Ek,1) = pk.

Proof We first deal with the case where the pk are all finite for k > 1.
Apply the above lemma with S = S2 = ∅, r = r2 = p2, andm = m2 = 2,
to obtain a set R2 with µ (R2) = r2 such that S2, R2, gR2 are pairwise
disjoint. Proceed recursively as follows. For k ≥ 3, let Bk−1 be any set
of measure 1 which is disjoint from the finite measure set

S∗
k−1 = Sk−1 ∪Rk−1 ∪ g (Rk−1) ∪ · · · ∪ gk−2 (Rk−1).

Apply the above lemma to the set S = Sk = S∗
k−1∪Bk−1, with r = rk =

pk and m = mk = k, to obtain a set Rk with µ (Rk) = pk and Sk, Rk,
g (Rk), . . . , gk−1 (Rk) pairwise disjoint. For k > 1 and 1 ≤ i ≤ k, define
Ek,i = gi−1 (Rk), and set

E1,1 = X −
∞⋃
k=2

k⋃
i=1

Ek,i.

Note that since E1,1 contains all the disjoint sets B2, B3, . . ., which are
assumed to each have measure 1, E1,1 must have infinite measure. This
completes the proof for the case where the pk are all finite for k > 1.

For the general case where any of the pk may be infinite, let (mj , rj)
be a sequence of pairs where mj is an integer greater than 1 and rj is a
finite positive number such that for each k ≥ 2,∑

{j:mj=k}
rj = pk.

As for the proof of the special case, use the lemma above to recursively
construct sets Rj with µ (Rj) = rj and Sj , Rj , g (Rj), . . . , gmj−1 (Rj)
pairwise disjoint. As above, Sj = S∗

j−1 ∪Bj−1, where S∗
j−1 is the union

of the previously defined R ’s and S ’s, and Bj−1 is a set of measure 1
which is disjoint from S∗

j−1. For k ≥ 2, define

Ek,1 =
⋃

{j:mj=k}
Rj , and Ek,i = gi−1Ek,1 for i ≤ k.
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As before for the special case, we complete the proof by defining

E1,1 = X −
∞⋃
k=2

k⋃
i=1

Ek,i.

As a corollary of this result, we obtain a pointwise conjugacy ap-
proximation theorem for the infinite measure case. This generalizes the
similar theorem of Choksi and Kakutani ([50], Theorem 6) in which the
set F was assumed to have finite measure. In our applications, we will
need to be able to consider cases where F has infinite measure.

Corollary A1.16 Let G[X,µ] denote the group of all automorphisms of
the infinite sigma finite nonatomic Lebesgue space (X,Σ, µ). Let h and
g be two ergodic automorphisms in G[X,µ]. Let F be any measurable
subset of X such that

µ (X − (F ∪ hF )) = ∞.

Then there is an automorphism f ∈ G[X,µ] such that the conjugate
ĝ = f−1gf of g satisfies

ĝ(x) = h(x) for µ-a.e. x ∈ F.

Proof The proof is essentially the same as the finite measure proof
(Theorem A1.8) in this chapter. We begin by writing

A1,1 = X − (F ∪ hF ) and F ∪ hF =
∞⋃
k=2

k⋃
i=1

Ak,i,

where for k > 1, Ak,i = hi−1Ak,1 and Ak,1 is the subset of F consisting
of points which first leave F on the (k − 1)th iterate of h. Define pk =
µ (Ak,1), k ≥ 1, and apply the previous theorem to the sequence pk and
the ergodic automorphism g to produce the skyscraper partition Pk,i
for g. By construction, we have µ (Pk,i) = µ (Ak,i), so we may define
f ∈ G[X,µ] on the set ∪kAk,1 so that f (Ak,1) = Pk,1. Extend f to all
of X by defining

f(x) = gi−1fh1−i(x) for x ∈ Ak,i.

It follows that

h(x) = f−1gf(x) for x ∈ F ⊂
∞⋃
k=2

k−1⋃
i=1

Ak,i.
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It is likely that the results of this infinite measure section can be
improved. The versions given here are however sufficient for our appli-
cations to homeomorphisms of noncompact manifolds. Corollary A1.16
is applied in Chapter 17 where it is restated as Theorem 17.2.

A related conjugacy result for the infinite measure case is the following
theorem obtained by the authors, which is used in Chapter 17. The proof
is long and can be found in [22].

Theorem A1.17 Let h, g ∈ G[X,µ] be ergodic automorphisms of the
infinite sigma finite nonatomic Lebesgue space (X,Σ, µ). Let X = X0 ∪
X1 ∪ · · · ∪ Xm be a measurable partition with 0 < µ (X0) < ∞ and
µ (Xi) = ∞ for i = 1, . . . ,m. Assume that the m × m 0–1 matrix
T, defined for i, j > 0 by tij = 1 if and only if µ (hXi ∩Xj) = ∞,
is mixing. Then there is an automorphism f ∈ G[X,µ] such that the
conjugate ĝ = f−1gf satisfies

ĝ(x) = h(x) for µ-a.e. x in X0, and

ĝ (Xi) = h (Xi) for i = 1, . . . ,m.

The above result is a hybrid pointwise–setwise approximation. It says
that there is a conjugate of any given ergodic automorphism which equals
h pointwise on a finite measure set, and setwise on a finite family of
infinite measure sets. In the application given in Chapter 17, the finite
measure set is a compact separating set together with the finite measure
components of its complement, and the infinite measure ones are the
infinite measure components of its complement.



Appendix 2

Homeomorphic Measures

A2.1 Introduction

This final chapter is devoted to establishing sufficient conditions for two
OU measures µ and ν on a sigma compact manifold X to be ‘homeo-
morphic’. Recall that this means there exists a homeomorphism h of X
onto itself satisfying ν(A) = µ (h(A)) for all measurable sets A, which
we write simply as ν = µh. The general result of this type is due to
Berlanga and Epstein [38], who use in their proof the important special
case of the theorem for compact manifolds due to Oxtoby and Ulam [88]
and von Neumann [105]. In Chapter 9 we developed various corollaries
of the compact version of the theorem, which was stated for the unit
cube in Theorem 9.1. The version for a general compact manifold is
given here as Corollary A2.6, and the version for sigma compact man-
ifolds is given here as Theorem A2.8. In this chapter we outline the
original proofs of the compact case and then the sigma compact case.
As such, this is the only chapter of the book that is not based on the
work of the authors.

Recall that a Borel measure on a manifold is called an OU measure if
it is zero for points, positive on open sets, and zero on the boundary set.
Since singleton sets, open sets, and the boundary set are all preserved un-
der homeomorphism, it follows that any Borel measure homeomorphic to
an OU measure must also be an OU measure. Since the whole manifold
X is also preserved under homeomorphism it follows that homeomor-
phic measures must also have the same total measure (µ(X) = ν(X)).
For compact manifolds, these necessary conditions for measures to be
homeomorphic are in fact sufficient, as stated in the Homeomorphic
Measures Theorem, Theorem 9.1 for the cube, and Corollary A2.6 for
general compact manifolds.

188
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For noncompact manifolds, the conditions mentioned in the previous
paragraph may not be sufficient for two measures to be homeomorphic.
We require additional conditions on the induced measures on the ends.
If the two measures µ and ν are homeomorphic via a homeomorphism h

with µ = νh then the ends E∞
µ and E∞

ν which are infinite with respect
to µ and ν respectively are related by the equation E∞

ν = h∗E∞
µ . If

we require for simplicity that the homeomorphism h is end preserving,
then h∗ is the identity and hence E∞

ν = E∞
µ , or µ∗ = ν∗. Consequently

this requirement that both measures induce the same measure on the
ends is a necessary condition for ν and µ to be homeomorphic via an
end preserving homeomorphism. (Of course in the compact case both
sides of the set identity are the empty set, so it is always satisfied.)
The theorem of Berlanga and Epstein (Theorem A2.8) says that if this
condition is added to those required in the compact case, the resulting set
of conditions is necessary and sufficient for ν and µ to be homeomorphic
via an end preserving homeomorphism.

Finally we note there are infinite dimensional analogs of the Homeo-
morphic Measures Theorem on the Hilbert cube, I∞ (in [92] by Oxtoby
and Prasad and also by B. Weiss (unpublished) [106]); the extension of
the result to Hilbert cube manifolds is due to Prasad [97].

A2.2 Homeomorphic Measures on the Cube

We devote this section to a proof of the Homeomorphic Measures The-
orem (Theorem 9.1) for In, the consequences of which we derived in
Chapter 9. For the convenience of the reader, we repeat this important
result.

Homeomorphic Measures Theorem A Borel measure µ in the n-
cube In is homeomorphic to Lebesgue measure λ, i.e., µ = λf for some
homeomorphism f of In, if and only if µ satisfies the following four
conditions (which characterize OU probability measures):

(i) µ is zero for points (i.e., nonatomic)
(ii) µ is zero on the boundary
(iii) µ is a probability measure
(iv) µ is positive on open sets (µ is locally positive).

Furthermore the homeomorphism f can be chosen to be the identity
on the boundary of In.
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Since n-dimensional volume measure λ satisfies conditions (i)–(iv) and
every homeomorphism preserves singleton sets, the boundary and the
open sets, it follows that any measure homeomorphic to λ obviously
satisfies these four conditions. The proof that these four conditions on µ
suffice for µ to be homeomorphic to λ will follow from a series of lemmas
which will form a large part of this section. The main idea is to construct
h so that µ(R) = λh(R) for all sets R of a rectangular subdivision of In.
Then h is modified within each cell R of the rectangular subdivision so
as to secure equality within each cell of a finer subdivision of R. With
some care, a sequence of modifications will be performed so that the
limiting map will be a homeomorphism with the desired properties.

First we prove an easy lemma about Borel measures.

Lemma A2.1 Let µ be a finite nonatomic Borel measure on In that is
zero on the boundary, and let 0 ≤ α < β ≤ µ(In). There is an open set
V in the interior of In such that α < µ(V ) < β.

Proof Since the measure space is compact and points have measure zero
there is a number γ > 0 such that µ(U) < β − α for every open set
of diameter less than γ. Choose a compact set K in the interior of In

with µ(K) > α and let δ be a positive number less than γ such that the
δ-neighborhood of K is contained in the interior of the cube In. Divide
the cube into rectangles of diameter less than δ with sides of µ-measure
zero (see for example, the proof of Lemma 9.4). Let {U1, . . . , Um} be
the interiors of the elements of this partition that meet K. Let V =
U1 ∪ · · · ∪ Uk, where k is smallest integer such that µ(V ) > α. Then
α < µ(V ) < β.

The basic lemma required to prove the Homeomorphic Measures The-
orem (Theorem 9.1) is the following:

Lemma A2.2 Let µ be a finite nonatomic locally positive Borel measure
in In which is zero on the boundary. Fix some coordinate k between 1
and n, and let R1 = {x ∈ In : xk ≤ c} and R2 = {x ∈ In : xk ≥ c} be
rectangles intersecting in the section P = {x ∈ In : xk = c}. Then for
any two positive numbers α1 and α2 with α1 + α2 = µ(In) there is an
h ∈ H[In, ∂In] such that µh(Ri) = αi for i = 1, 2.

Note that what makes this lemma hard is that the image of the section
P under a homeomorphism h of In (note this image is common to both
h(R1) and h(R2)) could have positive µ-measure. The main part of this



A2.2 Homeomorphic Measures on the Cube 191

c c

Fig. A2.1. ht(R1) includes more of R2 as t increases. Note that the horizontal
axis is the kth coordinate and the other coordinates are represented by the
vertical axis.

lemma is to show that such a situation arises for only an exceptional set
of homeomorphisms in the sense of Baire category, i.e., a first category
set inH[In, ∂In]. Another approach to this problem is taken by Goffman
and Pedrick (see for example [65] or [66]).

Proof Let F denote the set of all homeomorphisms h ∈ H[In, ∂In]
such that µh(Ri) ≥ αi (i = 1, 2). We shall establish the existence
of the required homeomorphism by a Baire category argument in F .
First note that F is a closed subset of H[In, ∂In] since if hj is any
sequence of homeomorphisms in F converging uniformly to h, then any
ε-neighborhood of hRi, i = 1, 2 contains hjRi for all sufficiently large
j and hence has µ-measure at least αi. This being true for any ε > 0,
it follows that µh(Ri) ≥ αi for i = 1, 2, and so h ∈ F . To show that
F is nonempty note that unless it contains the identity we must have
either µ(R1) < α1 or µ(R2) < α2. We may assume without loss of
generality that µ(R1) < α1. By deforming In by a continuous family
of homeomorphisms ht ∈ H[In, ∂In] (0 < t < 1) in such a way that as
t increases, htR1 includes more and more of the interior of R2, we can
ensure that (see Figure A2.1)

(i) µht(R1) is monotone increasing and continuous on the right
(ii) µht(R1) tends to µ(R1) as t→ 0 and to µ(In) as t→ 1.
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Hence there is least number t0 where µht0(R1) ≥ α1. Since µht(R2)
is monotone decreasing, continuous on the left, and greater than α2 for
0 < t < t0, it follows that µht0(R2) ≥ α2. Thus ht0 ∈ F and since we
have shown that F is a closed nonempty subset of the complete space
H[In, ∂In], we can now apply Baire category arguments on F .

For each positive integer j let

Fj =
{
h ∈ F : µh(R1) ≥ α1 +

1
j

}
.

Then Fj is a closed subset of F . To show that it is nowhere dense relative
to F , let h ∈ Fj and define ν = µh. Then ν is a finite nonatomic Borel
measure in In with ν(P ) ≥ 1/j where P is the (n−1)-dimensional section
in common with R1 and R2. Considered as a Borel measure on P , ν is
zero for points and for the boundary of P . Putting α = ν(R1)−α1−1/j
and β = ν(R1)−α1, we have 0 ≤ α < β ≤ ν(P ). Hence by the previous
lemma, applied to In−1 identified with the section P , there is a relatively
open subset V of P such that V ∩P ∩ ∂In = ∅ and α < ν(V ) < β. Now
let g be a homeomorphism of In that fixes the boundary and also the
points of P − V , but let it displace all points of V slightly into the
interior of R1. (This can be done so that g moves points only in the kth
coordinate direction.) We can choose g arbitrarily close to the identity.
Since g(R2) ⊃ R2, we have νg(R2) ≥ α2. Because ν(R1) − α1 − 1/j <
ν(V ) < ν(R1) − α1, it follows that α1 < ν(R1 − V ) < α1 + 1/j, and
thus for all sufficiently small g, α1 < νg(R1) < α1 + 1/j. As ν = µh,
we therefore have α1 < µhg(R1) < α1 + 1/j and µhg(R2) ≥ α2. Hence
hg ∈ F − Fj for all sufficiently small g, and so Fj is a nowhere dense
subset of F . It follows that the equation µh(R1) = α1 holds for all h in a
dense Gδ subset of F , and similarly for the equation µh(R2) = α2. The
intersection of these two dense Gδ subsets is also a dense Gδ subset of F .
Any h belonging in the intersection of these two sets of homeomorphisms
has the required properties.

The next lemma follows easily by induction from the previous lemma.

Lemma A2.3 Let µ be any nonatomic finite locally positive Borel mea-
sure on In which is zero on the boundary, and let R1, . . . , RN be the
cells of any rectangular subdivision of In, and let α1, . . . , αN be positive
numbers with α1 + · · · + αN = µ(In). Then there is a homeomorphism
h ∈ H[In, ∂In] such that µh(Ri) = αi, for i = 1, . . . , N .

By a rectangular subdivision P of In, we mean a subdivision of In
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into rectangles (the subdivision is not a partition because the rectangles
may have some sides in common). Let |P| denote the maximum of the
diameters of the members of P.

Lemma A2.4 Let µ and ν be two OU measures on In, and let P be
a rectangular subdivision of In such that µ(R) = ν(R) and µ(∂R) =
ν(∂R) = 0 for each R ∈ P. For any ε > 0 there exists a rectangular
subdivision P ′ refining P with |P ′| < ε, and an h ∈ H[In, ∂In] that
moves points only in the interior of each R ∈ P, such that ν(R′) =
µh(R′) for each R′ ∈ P ′.

Proof Let P ′ be a refinement of P with |P ′| < ε defined by taking
additional sections of In that have ν-measure zero. Apply the previous
lemma to each rectangle R ∈ P taking for R1, . . . , RN the members of P ′

that are contained in R, with αi = ν(Ri). The homeomorphisms so ob-
tained fit together to define h ∈ H[In, ∂In] with the required properties.

Proof of Homeomorphic Measures Theorem 9.1 As stated earlier we
need only show that if µ is a nonatomic, locally positive, Borel probabil-
ity measure which is zero on the boundary, then there is some homeo-
morphism f ∈ H[In, ∂In] such that µ = λf . For any homeomorphism
f ∈ H[In, ∂In] and any 0 < ε < 1, let ω(f, ε) be a positive number such
that ‖f − fg‖ < ε whenever g ∈ H[In] and ‖g‖ < ω(f, ε).

Since µ(In) = λ(In), we may apply Lemma A2.3 to the measure λ,
and any rectangular subdivision P1 of In with µ(∂R) = 0 for each R ∈
P1, |P1| < 1, and the numbers αi = µ(Ri) for each Ri ∈ P1. The lemma
gives us a homeomorphism g1 ∈ H[In, ∂In] such that µ(R) = λg1(R)
and µ(∂R) = λg1(∂R) = 0 for each R ∈ P1.

Now using Lemma A2.4, there is a refinement P2 of P1 with |P2| <
ω(g1, 1/2) and an h1 ∈ H[In, ∂In] such that µh1(R) = λg1(R) and
µh1(∂R) = λg1(∂R) = 0 for all R ∈ P2. Applying Lemma A2.4 al-
ternately to triples of the form µh1 · · ·hj , λg1 · · · gj , P2j and µh1 · · ·hj ,
λg1 · · · gj+1, P2j+1 we can inductively determine a sequence of rectangu-
lar subdivisions {Pj} of In, and sequences {gj} and {hj} in H[In, ∂In]
such that for each j ≥ 1

(i) Pj+1 is a refinement of Pj
(ii) |P2j | < ω(g1 · · · gj , 1/2j) and |P2j+1| < ω(h1 · · ·hj , 1/2j)
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(iii) gj+1 leaves each member of P2j invariant and hj+1 leaves each
member of P2j+1 invariant

(iv) µh1 · · ·hj(R) = λg1 · · · gj(R) and µh1 · · ·hj(∂R) = λg1 · · · gj(∂R)
= 0 for R ∈ P2j .

It follows from (ii) and (iii) that the limits g = lim g1 · · · gj and h =
limh1 · · ·hj exist in H[In, ∂In], and from (i), (iii) and (iv) that µh(R) =
λg(R) for each R ∈

⋃∞
1 P2j . Since the cells in

⋃∞
1 P2j generate the

Borel sigma algebra, it follows that µh(U) = λg(U) for every open set
U and therefore for every Borel set in In. Thus f = gh−1 fulfills the
requirement of Theorem 9.1.

Finally we consider the Hilbert cube I∞ =
∏∞

i=1 Ii, where each Ii is
the unit interval, and let λ denote product Lebesgue measure. Evidently
if µ = λh for a Borel measure µ on I∞ and some homeomorphism h

of I∞, then µ must be a nonatomic, locally positive and normalized
probability measure since λ has these properties.

What conditions on a Borel measure on I∞ measure characterize when
it is homeomorphic to Lebesgue measure? For the finite n-cube In, in or-
der to characterize measures homeomorphic to λ it is necessary to require
that the measure of the boundary is zero in addition to the conditions
above. Since I∞ has no boundary (it is topologically homogeneous) it
is not surprising that the boundary condition can be dropped, but it is
remarkable that no other condition is needed to replace it. This charac-
terization was obtained by Oxtoby and Prasad [92] and independently
by B. Weiss (unpublished) [106] and is given here as

Theorem A2.5 A necessary and sufficient condition for a Borel mea-
sure µ on I∞ to be homeomorphic to product Lebesgue measure on I∞

is that

(i) µ is zero for points (i.e., nonatomic)
(ii) µ is a probability measure
(iii) µ is positive on open sets (µ is locally positive).

The main problem is to consider what happens when a measure µ gives
positive measure to the ‘pseudo-boundary’ δI∞ = I∞−

∏∞
i=1(0, 1). The

first step in the proof begins by constructing a homeomorphism h of I∞

so that µh1(δI∞) = 0. Then Oxtoby and Prasad use arguments similar
to the finite dimensional case. The details can be found in [92]. The
results of Part I for In, 2 ≤ n ≤ ∞, apply equally for I∞.
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A2.3 Homeomorphic Measures on Compact Manifolds

Two immediate corollaries of the Homeomorphic Measures Theorem fol-
low. The first uses the Brown map (see Theorem 9.6) to extend the
Homeomorphic Measures Theorem from In to compact connected man-
ifolds X.

Corollary A2.6 Let X be a compact connected n-manifold (n ≥ 2) and
let ν1 and ν2 be OU measures on X with ν1(X) = ν2(X). Then there is
a homeomorphism h of X such that ν1(U) = ν2h(U) for all Borel subsets
U of X. Furthermore the homeomorphism h can always be chosen to fix
any set of singular points of X obtained from boundary identifications
of In. In particular, because the boundary of the manifold is always a
subset of any set of singular points, h can always be chosen to fix the
boundary of X.

Proof Consider the following probability measure on X: for each Borel
set U ⊂ X, define

µ(U) =
1

2ν1(X)
(ν1(U) + ν2(U)).

Let φ be a Brown map from (In, λ) to (X,µ) from Theorem 9.6 such that
λ = µφ and µφ(∂In) = 0. Then in particular, ν1φ(∂In) = ν2φ(∂In) = 0.
Consequently the two measures µi = νiφ, i = 1, 2, are both nonatomic,
locally positive Borel measures on In which vanish on the boundary
of In, and satisfy µ1(In) = µ2(In) = cλ(In), where the constant c =
µ1(In). Thus the Homeomorphic Measures Theorem (Theorem 9.1) for
In implies that there are homeomorphisms h1, h2 ∈ H[In, ∂In], such
that µ1 = cλh1 and µ2 = cλh2. It is now a simple exercise to verify
that the homeomorphism h of X defined by h = φh−1

2 h1φ
−1 satisfies

the requirements of the corollary.

The second corollary to the Homeomorphic Measures Theorem an-
swers the following question: given two Borel probability measures, one
on the square and the other on the disk, is it possible to find a measure
preserving homeomorphism between these two spaces? The answer is yes
if both of these measures are OU probability measures. More generally

Corollary A2.7 Let X1 and X2 be compact connected n-manifolds and
let g be any homeomorphism from X1 to X2. Let νi, i = 1, 2, be OU mea-
sures on Xi such that ν1(X1) = ν2(X2). Then there is a homeomorphism
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f of X1 to X2 which carries ν1 to ν2 and which is equal to g for all
boundary points of X1.

Proof The measure µ1(U) = ν2g(U) (for Borel sets U ⊂ X1) is a
nonatomic locally positive Borel measure, zero on the boundary of X1

and such that µ1(X1) = ν1(X1). Hence by the previous corollary, there
is a homeomorphism h of X1 such that ν1 = µ1h, which leaves fixed all
singular points and hence all boundary points of X1. Then f = gh is a
homeomorphism from X1 to X2 that agrees with g on boundary points
of X1 and satisfies ν1 = µ1h = ν2f .

Observe that we can sharpen the corollary above in the following
manner. If Yi is a locally flat codimension 0 submanifold of Int Xi for
i = 1, 2 and g restricts to a homeomorphism of Y1 → Y2 which is already
measure preserving (i.e., ν1|Y1 = ν2g|Y2), then f can be chosen to equal
g on Y1. Just apply the corollary to g : X1 − IntY1 → X2 − IntY2.

An extension of Brown’s Theorem (Theorem 9.3) to Hilbert cube man-
ifolds in [97] by the second author, gives analogous theorems for home-
omorphic measures on Hilbert cube manifolds.

A2.4 Homeomorphic Measures on Noncompact Manifolds

At the end of Chapter 14 (Noncompact Manifolds and Ends) we noted
that the Homeomorphic Measures Theorem for noncompact manifolds
requires some condition on the behavior of the measures at the ends. In
this section we outline R. Berlanga and D. Epstein’s proof [38] of their
result that two OU measures, µ and ν, on a noncompact connected
n-manifold X, are equivalent by an end preserving homeomorphism if
µ(X) = ν(X) and they are infinite on the same set of ends. We use the
notions associated with ends given in Chapter 14.

Theorem A2.8 (Berlanga–Epstein [38]) Let X be a sigma compact,
connected n-manifold (n ≥ 2) and let µ and ν be two OU measures on X
(i.e., nonatomic, Borel measures, positive on open sets, which are zero
on the boundary of X). Suppose µ(X) = ν(X) and furthermore suppose
that the measures are infinite on the same set of ends (i.e., the measures
µ∗ and ν∗, induced on the ends E[X], are identical). Then there is a
homeomorphism h of X such that ν = µh. Furthermore, h can be chosen
to fix the boundary of X (i.e., h ∈ H[X, ∂X]), and be end preserving.
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Actually, Berlanga and Epstein also observe that the homeomorphism
h can be taken to be isotopic to the identity.

A simple outline of their proof is given by the following. Suppose
that we have a relative n-cell K1 such that µ(K1) = ν(K1), and that
µ and ν restricted to K1 are OU measures on K1. Then the compact
version of the Homeomorphic Measures Theorem (Corollary A2.6) can
be applied on K1, to find a homeomorphism h1 of K1 which ‘corrects the
measure µ on K1’ (i.e., µh1 = ν when restricted to Borel subsets of K1).
Furthermore if we can choose K1 so that µ(e(K1)) = ν(e(K1)) for all
ends e ∈ E[X], then when we consider the measures µ and ν restricted
to each component e(K1), we will be in exactly the same situation as
before: i.e., each e(K1) is a noncompact manifold with two OU measures
having the same total measure, and infinite on the same set of ends. The
idea then will be to select a larger relative n-cell K2 containing K1 in
its interior so that the µ and ν measures of K2 and of each component
e(K2) are the same. The Homeomorphic Measures Theorem will then be
applied on the relative n-cell K2, to find a homeomorphism h2 of K2 so
that µh2 and ν are identical measures on K2. We will find that we can
choose h2 so that its support lies outside of K1. In this manner, we will
define our required homeomorphism taking µ to ν successively on larger
compact subsets of X. That we can choose relative n-cells with the
properties described above is the content of the succeeding lemmas, the
first set of which lays the topological foundations for the later measure
theoretic results.

We conclude this section by noting that a smooth version of this the-
orem, due to R. Greene and K. Shiohama [67] (1979) preceded Berlanga
and Epstein’s theorem. Greene and Shiohama’s theorem states that
if X is a noncompact connected oriented manifold and if ω and τ are
C∞ volume forms on X with the same total volume and if the volume
forms are infinite on the same set of ends then there is a diffeomor-
phism h of X such that ωh = τ . Greene and Shiohama’s theorem is
the noncompact analog of Moser’s 1965 [87] smooth version for compact
manifolds, of Oxtoby and Ulam’s 1941 homeomorphic measures theorem
(Corollary A2.6). Indeed we note that Berlanga and Epstein use Oxtoby
and Ulam’s Homeomorphic Measures Theorem (Corollary A2.6) in the
same way that Greene and Shiohama use Moser’s theorem for compact
manifolds.
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A2.5 Proof of the Berlanga–Epstein Theorem

For the reader’s convenience we recall some of the notation from Chap-
ter 14. For any Y ⊂ X we define Y ◦ to be the topological interior of Y ,
Int Y to be (X − ∂X) ∩ Y ◦, Cl Y to be the closure of Y in X, Fr Y to
be the topological frontier of Y in X, and the boundary of Y , denoted
Bdry Y , to be (∂X ∩ Y ) ∪ Fr Y .

Recall that a set K ⊂ X is called a relative n-cell if there exists a
continuous function φ : In → K such that

(i) φ is onto
(ii) φ restricted to Int In is a homeomorphism onto its image
(iii) φ−1φ(∂In) = ∂In.

Note that if µ1 and µ2 are two OU measures on a relative n-cell
K ⊂ X, of the same total mass (µ1(K) = µ2(K)), then Corollary A2.6
implies that there is a homeomorphism h ∈ H[K,Bdry K] such that
µ1h = µ2.

The next two lemmas are purely topological and so we do not prove
them – rather we refer the interested reader to Berlanga and Epstein’s
paper [38] for their proofs.

Lemma A2.9 Let A,B be two disjoint compact sets in the sigma com-
pact connected n-manifold X. Let µ be a sigma finite OU measure on X.
Then there exists a finite disjoint family of relative n-cells {L1, . . . , Lr}
with the property that B ⊂

⋃r
i=1 L

◦
i , Li ∩ A = ∅ for i = 1, 2, . . . , r, and

µ(Bdry Li) = 0 for i = 1, 2, . . . , r.
Furthermore, if X − A is connected then the collection of relative n-

cells can be chosen to contain only one element.

We end the topological preliminaries with some results on the com-
plements of compact sets. To this end, let K ⊂ X be a compact subset
of X. Consider now the set of connected components of X − K. If
V ⊂ X −K is a connected component of X −K, then we say that V is
bounded if its closure is compact and unbounded otherwise. Finally we
define

K̂ = X −
⋃
{V : V is an unbounded connected component of X −K}.

The following lemma is true in a more general setting than for a non-
compact manifold but we need it only for the manifold setting.

Lemma A2.10 Let K ⊂ X be a compact subset of X. Then X−K has
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only finitely many unbounded components and K̂ is a compact set whose
complement has only unbounded components.

Finally, recall that each compact set K determines an equivalence
relation ∼K on the ends E[X], and that PK is the finite partition of
E[X] determined by the unbounded connected components of X − K.
Furthermore when K = K̂, then the connected components of X − K
are just {P (K) : P ∈ PK}.

The next lemma is basic to the main construction of the theorem in
that it allows us to change the measure of any finite number of sets
of finite positive measure by some homeomorphism of X with compact
support so that the given sets have prescribed (nonzero) measures.

Lemma A2.11 Let X be a connected manifold and let µ be a sigma
finite OU measure on X. Let β1, β2, . . . , βk be positive numbers and let
V1, V2, . . . , Vk be a disjoint family of Borel sets in X such that
(1) 0 < µ(Vi) <∞ for each i = 1, 2, . . . , k

and either
(2) 0 < µ(X −

⋃k
i=1 Vi) and

∑k
i=1 βi < µ(X)

or
(3) µ(X −

⋃k
i=1 Vi) = 0 and

∑k
i=1 βi = µ(X) (and hence µ(X) <∞).

Then there exists a compactly supported h ∈ H[X, ∂X] such that for each
i = 1, . . . , k, µ(h(Vi)) = βi, and µ and µh have the same sets of measure
zero.

Proof By omitting one of the sets Vi, case (3) is reduced to case (2) and
so we restrict ourselves to this case.

Set V0 = X −
⋃k
i=1 Vi, so that {V0, V1, . . . , Vk} forms a partition of

X. By the inner regularity of the measure µ, we can find for each
i = 0, . . . , k, compact sets Fi ⊂ Vi such that

(i) µ(Fi) > 0 for i = 0, . . . , k
(ii) µ(Vi − Fi) < βi for i = 1, . . . , k.

Let Fk+1 be any compact set with µ(Fk+1) >
∑k

i=1 βi. Apply Lemma
A2.9 to B =

⋃k+1
i=0 Fi and A = ∅ (so that X −A is connected) to obtain

a relative n-cell K with µ(Bdry K) = 0 such that B is contained in K◦,
and K satisfies the following three properties:

(i) µ(Vi ∩K) > 0 for i = 0, . . . , k
(ii) µ(K) >

∑k
i=1 βi and

(iii) µ(Vi −K) < βi for i = 1, . . . , k.
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Let
αi = βi − µ(Vi −K) for each i = 1, . . . , k, and
α0 = µ(K)−

∑k
i=1 αi.

Note that αi > 0 for each i = 0, . . . , k, and
∑k

i=0 αi = µ(K). For each
i = 0, 1, . . . , k, define a probability measure µi onK to be the conditional
probability of µ conditioned on Vi; i.e., each µi is the probability measure
on K defined by setting, for each Borel set U ⊂ K,

µi(U) =
µ(U ∩K ∩ Vi)
µ(K ∩ Vi)

.

By taking a weighted sum of these conditional measures we define a new
OU measure ν with support in K, defined by the formula

ν(U) =
k∑
i=0

αiµi(U)

for all Borel sets U ⊂ K. We note that ν is indeed an OU measure on
the relative n-cell K: first, ν is positive on open subsets of K, because
{K∩Vi : i = 0, . . . , k} forms a partition of K; since each µi is nonatomic
and zero on Bdry K, then so too is ν – indeed, the measure ν has the
same sets of zero measure on K as µ does; and, finally we note that
ν(Vi ∩K) = αi for i = 0, 1, . . . , k. Thus since ν(K) =

∑k
i=0 αi = µ(K),

ν and µ are two OU measures on the relative n-cell K of the same
total finite measure. So by the compact version (Corollary A2.6) of the
Homeomorphic Measures Theorem, we can find h ∈ H[K,Bdry K], such
that µh|K = ν|K (i.e., the restrictions of these measures to K). Extend
h to a homeomorphism of all of X by making it the identity off K. Note
that for i = 1, . . . , k,

µ(h(Vi)) = µ(h(Vi) ∩K) + µ(h(Vi)−K)

= ν(Vi ∩K) + µ(Vi −K)

= αi + (βi − αi) = βi

as required.

The Homeomorphic Measures Theorem for the noncompact manifold
X will be proved by repeatedly applying the next lemma. The lemma
shows that whenever we have two OU measures µ1 and µ2 on X which
are identical as OU measures restricted to some compact set K, then
we can find a larger compact set L and a homeomorphism h of X such
that the measures µ1h and µ2 when restricted to (Borel subsets of) L
are identical. The exact statement is:
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Lemma A2.12 Let X be a sigma compact, connected manifold and let
A, B, and K be compact subsets of X such that A ⊂ K◦ and the comple-
ment of K has only unbounded components (i.e., K = K̂). Let µ1, µ2 be
OU measures on X which agree on ends and suppose further that they are
identical as measures on K (µ1|K = µ2|K), and µ1(P (K)) = µ2(P (K))
for every P ∈ PK . Then there exists an h ∈ H[X, ∂X] with compact
support and a compact set L such that

(i) supp h ∩A = ∅
(ii) L◦ ⊃ K ∪B and L = L̂
(iii) µ1h|L = µ2|L
(iv) µ1h1(P (L)) = µ2(P (L)) for P ∈ PL, i.e., for all connected compo-

nents P (L) of X − L.

Proof Let C be a compact set in X such that K ∪ B ⊂ C◦. Applying
Lemma A2.9 to the compact sets A and Ĉ −K◦ with µ = µ1 + µ2, we
find a disjoint family of relative n-cells L1, . . . , Lr such that

(i) µ1(Bdry Li) = µ2(Bdry Li) = 0 for each i = 1, 2, . . . , r
(ii) Li ∩A = ∅ for each i = 1, 2, . . . , r
(iii) Ĉ ⊂ K◦⋃r

i=1 L
◦
i .

Let P (K) be any connected (unbounded) component of X −K and let
W1, . . . ,Wq be the components of P (K)− Ĉ. Observe that because the
measures agree on ends, µ1(Wj) = ∞ if and only if µ2(Wj) = ∞. The
connected component P (K) of X −K is partitioned into the following
collection of sets
Li ∩ P (K)−⋃q

j=1 Wj ; i = 1, 2, . . . , r
Li ∩ Wj ; i = 1, 2, . . . , r; j = 1, 2, . . . , q
Wj −⋃r

i=1 Li; j = 1, 2, . . . , q

Lemma A2.11 says that there is a homeomorphism h1 with compact
support in P (K) that changes the µ1 measure of the sets above. Thus
we may assume without loss of generality that the µ1h1 and µ2 mea-
sure of each of the sets in the decomposition above have the same total
measure. Clearly we can do this simultaneously for each connected com-
ponent P (K) of X −K and denote the resulting homeomorphism of X
so obtained, again by h1.

Thus we can assume that µ1h1(Li) = µ2(Li) for each i = 1, 2, . . . , r.
Since each Li is a relative n-cell (hence, the Homeomorphic Measures
Theorem is true for OU measures µ1h1 and µ2 on each Li), there is a
homeomorphism h2 of X that µ1h1h2 and µ2 are identical measures on⋃r
i=1 Li (which contains the support of h1h2), hence in all ofK∪

⋃r
i=1 Li.
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Since the latter set contains Ĉ, setting L = Ĉ and h = h1h2, we have
µ1h|L = µ2|L and µ1h(W ) = µ2(W ) for all connected components W of
X − L. This concludes the proof.

Now we are in a position to prove Berlanga and Epstein’s Theorem:

Proof of Theorem A2.8 Write X =
⋃∞
i=1 Ci, where Ci is compact and

Ci ⊂ C◦
i+1 for each i.

Step 1: Using the previous lemma with A0 = ∅, B0 = C1, K0 = ∅,
µ1 = µ and µ2 = ν, we obtain a compactly supported homeomorphism
h1 ∈ H[X, ∂X] and a compact set L1 such that

(i) L◦
1 ⊃ K0 ∪B0 = C1 and L1 = L̂1

(ii) µh1|L1 = ν|L1

(iii) µh1(P (L1)) = ν(P (L1)) for all P ∈ PL1 .

Step 2: Letting A1 = C1, B1 = C2 ∪ supph1, K1 = L1, µ1 = ν and
µ2 = µh1, and again using Lemma A2.12, we obtain an h2 ∈ H[X, ∂X]
with compact support and a compact set L2 such that

(i) supp h2 ∩ C1 = ∅
(ii) L◦

2 ⊃ L1 ∪ C2 ∪ supph1 and L2 = L̂2

(iii) µh1|L2 = νh2|L2

(iv) µh1(P (L2)) = νh2(P (L2)) for all connected components P (L2) of
X − L2.

Step 3: Using Lemma A2.12 with A2 = L1 ∪ C2 ∪ supph1, B2 = C3 ∪
supph2, K2 = L2, µ1 = µh1, µ2 = νh2 we get a compact set L3 and a
compactly supported homeomorphism h3 such that

(i) supph3 ∩ (L1 ∪ C2 ∪ supp h1) = ∅
(ii) L◦

3 ⊃ L2 ∪ C3 ∪ supph2 and L3 = L̂3

(iii) µh1h3|L3 = νh2|L3

(iv) µh1h3(P (L3)) = νh2(P (L3)) for all connected components P (L3)
of X − L3.

Note that the homeomorphisms h1 and h3 have disjoint supports.

Step (i + 1): Continuing in this manner suppose we have inductively
defined a sequence of compact sets L0 = ∅, L1, L2, . . . , Li, with Li =
L̂i, and compactly supported homeomorphisms h0 = id, h1, h2, . . . , hi.
Applying Lemma A2.12 to Ai = Li−1 ∪ Ci ∪ supp hi−1, Bi = Ci+1 ∪
supp hi and Ki = Li we get a compactly supported homeomorphism
hi+1 and a compact subset Li+1 with Li+1 = L̂i+1 such that

(i) supp hi+1 ∩Ai = supphi+1 ∩ (Li−1 ∪ Ci ∪ supphi−1) = ∅
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(ii) (Li+1)◦ ⊃ Ai

(iii) When i is even the measures on Li+1,

µ(hi+1 · hi−1 · · · · · h1)|Li+1 = ν(hi · hi−2 · · · · · h0)|Li+1 ,

and when i is odd,

µ(hi · hi−2 · · · · · h1)|Li+1 = ν(hi+1 · hi−1 · · · · · h0)|Li+1 .

(iv) For P ∈ PLi+1 , the measures of the components P (Li+1) satisfy

µ(hi+1 · hi−1 · · · · · h1)(P (Li+1)) = ν(hi · hi−2 · · · · · h0)(P (Li+1))

when i is even, and when i is odd

ν(hi+1 · hi−1 · · · · · h0)(P (Li+1)) = µ(hi · hi−2 · · · · · h1)(P (Li+1)).

Because the even indexed homeomorphisms have disjoint supports
there is no problem in defining the infinite composition

he = lim
i→∞

h2i · h2i−2 · · · · · h0.

Similarly, the composition of the odd indexed homeomorphisms is well
defined

ho = lim
i→∞

h2i+1 · h2i−1 · · · · · h1.

And so ho, he ∈ H[X, ∂X] and µho = νhe. Setting h = hoh
−1
e we get

the required homeomorphism such that µh = ν.

Finally we note that in [39], R. Berlanga has proved a generalization,
to sigma compact connected manifolds X, of M. Brown’s Theorem 9.3
for compact manifolds. In this setting (when X is a sigma compact
connected n-manifold (n ≥ 2)), we have seen that the set of ends E[X] is
a totally disconnected compact metrizable space; thus we can construct
some subset E in the boundary of the n-cube, such that In − E and
X are two n-manifolds with the same set of ends. Berlanga’s Theorem
shows thatX can be viewed as the identification space of In−E obtained
by identifying points within ∂In − E to other points in ∂In − E. More
precisely Berlanga’s generalization of Brown’s Theorem is

Theorem A2.13 Let X be a sigma compact connected n-manifold.
Then there is a compact set E ⊂ ∂In and a continuous map φ : In−E →
X such that

(i) φ is a continuous proper map onto X (i.e., φ is proper means that
the inverse image of a compact set in X is compact in In − E)
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(ii) φ| Int In is a homeomorphism of the interior of In onto its image.
(iii) φ(∂In − E) ∩ φ(Int In) = ∅ and φ(∂In − E) has empty interior.
(iv) φ extends naturally to φ̃ : In → X ∪ E[X] in such a way that the

restriction of φ̃ to E is a homeomorphism from E onto E[X].

Furthermore, E can be chosen to be contained in the ‘top of the nth
coordinate face’, i.e., a subset of [1/3, 2/3] × (1/2, 1/2, . . . , 1/2, 1). In
particular if E[X] has no isolated points then E can be chosen to be a
‘standard’ copy of the Cantor ternary set in ∂In.

Berlanga notes that when the dimension n is 1 or 2, this theorem fol-
lows from the classification of second countable manifolds (see Ahlfors
and Sario [3]). For dimensions n ≥ 3, Berlanga’s argument, when
E[X] = ∅ (so that X is compact), reduces to those given in Brown’s
proof of Theorem 9.3 (in [45]).

Berlanga’s Structure Theorem can be used to study measure preserv-
ing homeomorphisms of sigma compact manifolds in the same manner
that we used Brown’s Theorem to study measure preserving homeo-
morphisms of compact manifolds (see Chapters 9 and 10). Thus for
example, OU measures on the manifold X give rise OU measures on
In − E.
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Poincaré, H., 32, 36
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